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j! ^a^. .c~J ^L>l jlS"^ca^l ea-i -ci^.-L ,^15" jjL 

j cj-olj ^j->- aJjj 4 jL>-jLS^U Lj lap aJj7 ^JjIj ai> 1ji <a£j ^ 

ja^p b" a-aUal JU ji <aa*J ^^1? 45"b (J**b2 ti (_£Lfej^7j* 

^Lfea jJj_j 4jT pwiLj 4L*£4i jlLal>l p_u \y ,JuS 'aJ y lj jy*C,JjS iS^ jy y> J jl c£aJ y 

.aavlj .Jjlt (_^IaojL~* j (_^a**vj_^>- ^*0 |» «i , aP’ (jjl^>-jJ? ^_j**b£ aaju I 

jj_>-j ^a^-» ( J^>»lj (_^U4a>- .c—<1 c?l jj i y* ^ j 

AiiS^. (J ^L j jJb! jlS**j c^7IS^lj ^jUJa^ tl^Ja-a 4*Hla>* j Jl a^jjLp aJL*j^ jl i ^jta 

^ 1 

b JfU. lj 4>-jj j aaS*^ jJ^sw lj cJ^ 45^c~*-l (_$j!oLab j>) 45" c^l qjJ» 

dil^ «£7 a«i_* 45" U* oL^b j ..>cJi^ia.^o (_$l$5 "y j r^Li 0 1 a>- 

4_iT c ^l ^g^.iwLa (^I^aIj jl*ij I® 0>aA> .{i.>jj I ^ ^Alji tpM 5 ^ l *-~ j * t j* s y^ 

uk^ J 10 ilfllp-dl b l^j ^J [1 ,,M t3jU< *CLiw11^0 V. jl lj JL. ur-aa^. 

^a-i*-: J-*- lj «JL** 45” Jl^- ji -a^UJ (j 6^ J £ aj^ 6^ 

j*J"lr 1 4^uL> ^1 ajl^,^-* ^14 ^j oa-i ^b»^l (_^l^jjUj9.iUj jl ojI_jaa 

.xib olfT ojla^j 

<^jx| ^ij L^J I ^jj 45^ajjj^ jlS**4 j ^a^. (_gL^U^»j ji ^^a^a j jji? 

JLj J ji 4_S^^jpuL**g« 4 j lj! ji 4S"^UtfL j 

jLI-w^Lj j .a^ipwtJ ^L^np J Li1 3 t^bS - ^I caa^I j-Ju aaT^^ 

Nj-iiju# <5^ jjTL 'jSf j I jj Ijjj taJiapUa ^j * <bS^ ^»l Oau^ jl ja iS^j^j ^ 

.ajloa-i oJ_Jla*aiS^twij^a^s j^* oL^bj 


1- Saaty, Thomas L., Mathematical Models of Arms Control and Disarmament. 
New York: Wiley, 1968. 
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Jl jas*.-* j cJJb«-L£j Aj - ! j\ jj)a> ^&+J 2jy» Ol £• ye y> 

jl ^yj*L j>- AS”* d^l <_£Jj C£ JJ j>l a 50L .cdd jlS^ jJli I Jl JxJ j »Li 

flib jL£J j I aj jU aS~ j I j50 Cd-I «jlU ^J*-* j!j5 y £j-^ y* ^ j* **-^i 

t_gb$jd ^ jl^S' jjJj aS*" jlL Aj ,J5ld» aJLw» d£L< L> ^1 x 5*"Jl (_>iLj Lgl^d*^ .dilj o-Li 

td-^l OwLij doUj U^A^Jb (i^kj J L*J j) >) AS^d^tjcfl jlJjI aI^»~j 1 . S x a>- 

*•*-■ J aS*" C--wjI o Jl* I Aj jljl f ( ji*ijS"” # .djL <wjlxS" jljj^y* Ij d^L* ^i-d 

jUJ.^T *(j ijj* aS"* jJj^1 4j .-Luili Ji : . ^ jl I^ 1-a.i J^-b 

.JJjb iSy 1 ". 1 •wjLliAJ ^liljj td***»l 

Alliedj_^ ij*j-^> L_i |*jb j jU-1 jS 'Ijj d£j L> ^L^bai jX-Ij 

L L*-JLd> Jjl ojj-w .JJn^w d . " ai*o a^* a> jl> L j^j ,i-ijd ^ £^jjd 

-i>- A^"" jj L**l>vfl J^lj^ ^ JJXS^ j* slS^toS" JU —J (Jta^a jXd^JjJjj J A J .AjIJs'Lj jl ji <w-J llS"" 
j>«— d' i ^ (_gl ^.j lj ^ j^/ d ^ jLw* AS"" Jj jb i i,^ j*** ^ Ji A J .JX J^»^7 Jjlodi 

A_S^ Cm^I J^^ jr*“ I d J^r I ei-ii 4j|^jl < ^lftn?^-*' j ^-^Jj l I; jjjL-^ 

^jlii J J 0 ■JXS'"J« tt^ sJ L 111-a j I | ^>» Ij ^-*1 ^ cijjb J . A «. >~ tfi J ^ui*J 

^!AS"aTIj ^IfiT tXjb ci^^J c-jI^ jA .di 

y>j (wjlidl J S JdA 

jr* C- •* Z 

sjpt’j .d l^I j Lj'iJ^ JjI^w* jL> j aJ Lw» Jjn- ^ xT lx cjlxS^ ^Uj 

Oib >-l (^3-1—^ jd (_jl4jLS^Ii_>- J bib jljS Av- JJ i jyt J~j I j j7 J^als*" 

dwwOAj L L' ^ ^ Jjb«JL«£ Oib ^J Js^Aj L^jtlfl j I^Xj jd •ijlo«X*i 

j o*-l oJdi ojb j*J \ j ^ * t ^ tC-^jl ^ ? lo&'f cjIajwJ j_ 5**I c JL-- (_^lj—i oI 

.JJ y^tjg* JJjb jL> C-jL* 3 » jV-'i U Aj aS" ^ I^Xj jd' y 

jl JJ Ij “V J \ (_gl ^UdJ .SjA-l jJ-J J Jj C_jb5^ ^1 C_jLla>l jl OiUdl L jl JJ ^y>» IJ jJ-* j3 -U>- 
. 3 j-> jL 5 **d iAIfjd_j jlJX j>- d L y>ila ^ ji 4 JaJx >*-8 ^b- jaaIa j ^*>- [ j^jjJJ i_$\jJ JjJAj 

Jjhj ojlodl | jj J»- dblJLfl L d^fibfl ( yjjJG ci^ ^ Ij Y jl 

.d5^S^ jlil ji <j; o'ly^s* ijjb jtS^jtS-iiP ^ aSTIj jiUj 

.jjIojJ: (_jlA»tS~!J>- .t.-xu ji i^-Jlixa ^j>l jl Ij^j o ^ 4-^7 bi^/jlS^ ^j jljj^j* 

.JjlAj jf jlj? OiliXdl ij JJS Jb* jf* i^?" ^ l*'^' •* ^-jlx5** ^jjl dlft y&y* j *.».,; 

J.d^jjl ol^laj jl jlT ^ I ji AS" da*il 0 J-fl I ji ^J^iAj Im_JUx* ij Jjd tj 

jIj Aj^Xj l-jIx 5^ji i^Jlix* AjIjI y j jl .d^l eJ-i O^Udl J-JU-1 jl ^_gi1 Jjc 


a_S"* ^oy $—> 1 ^ j»^ jL— m) jjUI jl aS'"’ ^lAiuib u j>l JmOT^iJ td—*^l ^3j>- JUt-l 

j^ 1 ^ U ^ yi3 |JiL« U j> I 
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(Jull; oL^»L j ^Ii5^ \o j ( ^ i A i V i "\ tf (^l^Uai *w»- jj ^13" ^ I 

i t ji>i Ojjj—^ v ^^ ^(J-^ ^ ° ij -1 ^ iJS'ljj ^’.i 

4S~Cm-I j! ^1 c J g J* i-£1.5^ Ij \ jl lj ’! j <^jl>Cul lj /iJljy 

L y l a .j- j^—>■ ^ji J - U ^* OL^Lj i/*j* 45". UC ^ A ,J-*l-i o-Li it iglfllya! 

45" ( jJ iia^^aU, o J-1 j ^J^aJj .wU^i^<* j Ju jl^ I JLL^-* j JuC**Jl,> j} 

!j 1 ^ 3 J 4 Jj y ijl ijr^^^d- 5 *■—J ^j j-a j^ !j l^i 1 l* jL 

£jt I t— JLix* j I - v t »o |^J I y 

cC-m-'I oU—i ^j-Lj (jr *-X^—« j ^jU jL_^-JCb (_jIj_j L-L-! j-^L>- 4>- j5l 

(jl jl wLLjl^^j^o J~_i ‘C^jJ-.J j Lr ^ljj (_^U»4I-ij jIj ‘Sj.^ 

.wLo _/ JJ*tOjQj y%> Jail»v* J li CjViU.* J»>- (_jL^ji Ji 

L *—il2f ^1 jL-o^L I j 45" ^y’L-5" ‘WA j&aa j! ^Jla^ ^j'bf 1>-^I j> 

^jjp. X jl_5j ijliLil jl j> ij_>- j Jlj—• ^ (jlj I 

jl j-jI iJj3j_i 0 J,^p4_t lj <»_jll5* ,51 j -J _y 4 j 4$^ ^5*J5^ ^dia.^.4 j 

U.g,..4.t^ ^_3 iJjljLil) I J 4 ^ua-^ 4 jLTj^ J Co jj Jji 4*^1^^ CCiU^-j ji -^-> jl 

C*>*-4-i uli/^j-oI ^i->- (J^-^-lj—^» ^UJ ji 4S" jljLiil j ;i^llaP (jlj 151 jl °Ji^ 

.^S",j* J>^X‘ 4iLk^W7 irCjl4l*il *\j iS 


ijU>Aj!y^ ^u?l 
Luciijjj 

IW # 





IgtfJjfc) 1-1 

oL-^Lj ^>-^*-LaA ijj_» j>-ljl j-> t P oL«<5Lj ia^j jl J-_aj 

. jcj^ j!^5 aj-jj y— ■~i ^ ji ^ • * u "' •’^■j ^ 

j'u^i ■ J - i jL «^ Jr-j | j^- J0 ^- >L ^“ fly' J** li'ji iStv-J* 

oT -U—y 4 ^ iy t y'^ Jd-V (^—1 J^j^-ji i_r ,9 '-»- 0^*1 j\ yJ jy* <S) Lfj» J* yI 

t oV jl^-o Aj (OjLj <—jI jJ> Ij oVjl-*-o jl ^.^aAj 

—jIj-AO C-'V^L^wa (^L$ — O . Jjj-J t-cL- JjU ^L^T 

^ ^ 6j>- . JjJ_J c£ j-ht c^L*-* ^L^UJl-oaj 

I j ^_£.iljj o*>l.> —kj I jSj 4*£ ^IjlS* ^ j j aS J-2 ^ j V 

((^a^&->ay *0 ^iA£A ^p a-L~- ^l_»*jl ^UjLS 1 

. O—"I C^^AjJuJ jJ 

* {^lT* jl * cy ^-"— ^ ^ ' J iSiyt- 4 J* 

. Jyj^l^ cJL?-jjl ji i-uljTi j Oj>* i-i—I kJj/j jjl * 





t) 


0~i ‘ *Ji ^ j* J c 0'^ ^y LriS^j* 


o 
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(2 -3 

1 

\j IJiiil b jjb> ojlJul y ajUj . ^1 Jj>\ <j! j^cs- j c^l Y * V ( j-j^U 

^■ li^ . : . — * If—jyU ^Uj l . o~T* J ^^ i 

j '^i b n x ^ ^ <5W^* Wili' 4 ■ i:jL ~* 

• 1 x * o~iy^'*& j tjy^* jky.'^i b n x 1 o-iy^* ^ 

j -A. u iwj^ Jaii>i—* i1*ipl L^jT j^cs- <S ^b '~iy^* 

b o^fu ‘ j^ib o-iy^ ^ c^y c —** u^ u-iy^ ^ ^ jj^i • 

b <j~iy^“ jr—^bp- j ^-i5 ^y» oiLaJL—l <2 ?jJj >■ jl b-M*jyLfl oLJU 

J (jblj A L ^y» !j Y X r jjL* (*5b jj-J . CX* ^ 4_5 • — >- \j 


yr~iyi 


a li a 12 a 13 

a 2 i a 22 a 2 3 


b j *alfr J>«-4 C—w-1 yy »—* pj:> ^Jul j ^lau*i <Jj| Jul 4jT J-+S a_>-^7 

<5^ ol j** 4j p*~5 a^L-dl-A (t3 ; y) j i />T > v* jl C-■.*>i j^-{ * yS ji 

. j = 1,2, 3 j i — 1, 2 4 Y x t jj-jjjbi b j j i oljjyu 41*1^ 

■ ^ jrT^ j^jj^-^>-JU- 

jr-v^bp j jL«^jr LgjT aj^-b^ J igjl——* (j-Jy J-> i (^5 jL-j) )- 1 - ^ J^yU 

► b*1 jJ&[^La 

j i j* ^\j,\ aj a5 jiAi ^ 4^5 A = ^ oL? jl t B = (/?b j A = (ap 4 OjLp <u 

' a 'j = b ij‘j 


1 2 3\ /I 2 3' 

4 5 cr 4 6 &r 




a 11 a j 2 

a 2l a 22 


-5 3' 
0 2 





* ^22 ^ J ^21 ^ ^ 3 4 ^11 — 3 ©l^ Ol 

=(a.. + />p©l?OI ifl = (frpji4 -(a..)/isC^) Y- 1-1 di^ 
ijijJl yiyL© jJ 4-£ kl~-l y-L oL^La'i -Uii £©*p~ <5 C~-l j-ijj jl 

^yly Li . ~bl ^jA ja^Lp L ji . Ju-iL <l-i!i oLmJC» 


1 -2 
0 4 


2 2 -2 
-3 1 —3 


3 0 1 
-3 5 2 


lT* ^ -kljj' C-W>L^- JJ>- Lj_^yL* O;-y li 

O^yP Lfil C^LjI 4 Oiyi 4_>w2i jyftj-jt>* aJm^ 4JL>-LL I yj(y>- jl ^jLi ^yl 

yy^ 

©tf o' cOJOiL wi x n ^If .»jyL* Cjfl t 4 ^?1: 1—1- 1 4^) 

Ko3y4iM^c^l^)o^lmx« u ^yUoSL^ + B (uill 
(^y-L C^yoUO A + B — B + A (cy 

(^yJL j-i ci^^U-)04 + ^) + C=/4 + {B + Q (ty 

• c(a ..) = (c^) ©L? o*f t J-tL .> Jup v_£j c ^?l: (pi£L*t c^L <y^») T -1 - 1 J^y> 

. # c—l e-Ui c ^Jp) pi^L-1 ji (ap jj-jyL* ^ 


oT^py* ^S ^ piiL,1 cSjjJ !j ^y U XS'^y* jly NL w_4jyJ 

, 4 = (ap ©lyJi ^ i$'y, oi'y W ^ <y Vr^ pi5L-1 o*? 

0-1-\) 

l(a y ) = (la j; ) = (a 0 ), (till 

-l(«ij) * (— lay) = (-ay) = -(a y ) - -4, ( v 

0(ay) = (0a,j) = 0, <v 

pjjL y ly Li , yyli jjL &^4 JjyL^ <_£Ia j-^P i j 0 ^yjyL© 


A 4 0 = A, 


<Y-N-\) 


If— j yL» jyr j-5 £«->- J^-p yA* jlyp Oly ^y* ij t* w5(j y oL^i L 

4^) -.4 jy^yflpO-p LTio 7 ^ ^ 4 ^ Lrio 3 ^* y* 1 ^ji ‘Cr^ y ^0 5 


• ^ L triy^ 1 ^ j 4 uriyi* ^ ,Jj y * 







A + (-A) = 0 , 


-) N-N-^ j* 

(r- > - \ > 


t *Jui ®^b L ^5"O—-'i oJ-i 0-5b j y N1* ^JUx® j:> 



• 0 - i1 — 4 

<yi_r^ lS . (j-i ^'y*- 

y, = <* 11*1 + a j 2 .r 2 + o l3 x 3 , 

>’2 = a 2 \*i + <* 22*2 4- a 23 x 3 . 

>- . jlS\«jlJm) objj j x, i jCj 
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<T-^> 


V * >2 J >1 


^lj(T-\-U .Jbl^ 


a 


a 


12 


a 


1 3 


A =\~' 1 

P'2 1 a 2 2 a 2 3/ 


*i -- t z t 4- b ]2 z i-> 
x 2 — ^ 21 2 1 + bl 2 Z 2 - 

*3 - &3l 2 l + b3 > 2 Z 2 ’ 


AiJjb cJU- 




b** J x 2 4 *i ^l£ j^d- 5 c^*" Ji“V^ 

^ j' 1 j i = 1, 2 4 <■ j v (< ^ <kilj <y> 

^1 ~ ( a 11^11 + C 12^21 +°13^3l) 2 l +( a 1 1&12+ a 12^22 + a 13^32) 2 2> 
y 2 = (a 21 6ii4a 22 6 21 + a2363i) 2 i+(a 21 6, 2 4a 22 6 22 + a 2 36 32 )z 2 . 

j t3y ^ i L* jL«J jl ejla.....«l li 


<?-\-\) 



Y = 



Z = 



lb 


B = 


11 ^12 
^21 *>22 


\*>31 *>32 ( 

yj (£ — \~ ^) j (f-}--}) CjN.il** <jT 


y=,4X j X=5Z } 





Y = (AB)Z. 


ju <d»b* jA ^b 


»f Vr> ji3 mo* 5 t \L ^ **-y L 

w x r ^ = (fr) jmXn <S*A=(a }j )£\ :(L^yl*^^») f- 1-1 

^j-Ji ^ jtj o j <» ^ C—-1 m x r i^i — C<^j jJ> l>- oT 4 JLSL 


C = (c jk )= {£ a iq b qk y 


<VM-\) 


4^) . C—*1^ ^y~* J ^ * ^la-* coT ji 4^ 

Z?^l £ 0^ j ^1 _/ jil a *^ j . jt' .C' <£ C~b l)I <i (i7 ;Jt ) ^b-» L 5 ^bbj 4^ Jl*- 1L 4-I-ib 

AlJLjJ <5 ^^ .kii AB<l* ^1 obi: (V->-W kbU-* Jj . (c—il b. k 

u jlaj jbJ u-oj ^ju . 0-JiL B ji l~* ^Ijlpu j>} j* A y - ~* 

^bbj^a«P lj jia~* JJjjI• Cw»< l o y ~ * * jl jh* * •"■^i 4**1 

b Ui^ j *■>/ vj- - * <>r ji j jj ,_^jj t jj\ ji jjO 

A^l i Ja^ «-j J -J> jl ^1 /: Oj-s—< j fl i )*-* j—^ <_ri ■ f^er* 

■ (*r^ u" gis- 1 b W—i/^ ^ ^ • -^u* B^\ koj^*j* 


^~J>jji> jij 1 - 1 -1 Jt*» 



. JLlS^ IJlj Ij AB j BY i AX 

r^ lj : >■ 

Jl -2 3\ / ^ = /l(2) + ( — 2)(-3) + 3(l)\ / U\ 

A 1^0 4 5 /i J V 0 ( 2 ) + 4(-3) + 5(l) ) V- 7 / 

I 2 2\ I 2(3) + 2(— 2)\ / 2\ 

BY= -3 i f ]= [ —3(3) + 1( —2) j = ( -11), 

\ 4 5/ V " ' \ 4(3) + 5( —2)/ \ 2/ 





AB = 


-2 

4 



2 2 
-3 1 
4 5 

1(2) + (- 2)( - 3) + 3(4) 1(2) + (- 2)(1) + 3(5)' 

0(2) + 4( - 3) + 5(4) 0(2) + 4(1) + 5(5) 

20 15' 

8 29 

jjl* JS jjiaj j t Sj** c-4j^aj \ — \ — \ JlJL* BA L **£ 

'j jiJ 0*' *J*“J 

. XI«jX j Ifj^X 1*LX 

«l^C)T tjJLiL j-jyU Cj5 t AI: X- 1- ) hJi 


C^r°S? • c 


k (<j jiljy^S’j* (AB)C= A(BQ (will 

(jL* gjj c*w»U^) AO = O (i^» 

(^—jl ^j;»x c*w»UO A (B + C) = A£? + AC 

(c-ilij jl jc~*U-) (A + £)C = AC+ BC (o 

JLi >XJL>- 'JL jj> aS jli 5” Xi>-^L>j 

e^LjC-X AZJ = fiA ®X^jX ^jJijyju B j A® oj\y£ j! <. ^jJu ^u^ju l ^ •-» ^"1 ■* 

. C—<1 Liljlii. jll-iT lj C * If-jyU ijljjJ _£o ■ f»~$ ,_** 

j A ^?1 b = 0 Ij a = 0*1$* jl =0 jS\ Jail.**.* j 
jLX Jli> jj c-JUxi^jjl . A ^ 0 *1^ti? = O *£ liJ ^ 4>mX Jl ^j ^X Ai? = 0 j juJX 

* C-Wfl 0JX fljA.} 

1 1\/ 2 3\_/0 0 

0 0/1-2 -3)~\0 0 

• yuo ^.yU C—t jA~e jj- ji U- 

S' 

*9 pvS a*** b o~iS^ ^ j '- Jk b a "‘ LfW 1 f 

y.j *; j a jl J (/fV ^j-* Oi 1 • c ~* i ^ X. &-• 


V 




oLiJ A 1 j A t JLiL m x n L ^iy^» A = (a ~) y) A-1— 1 

A T = (%). 

^Jjb 4, ^ — \ — N O^lal^wl lj 


*'-< 2 -3 1). fl'-Q 6 4 ). 

. -U »-Li Jjj ji IjJ 

BjA li'ji r-f-'M 

t(A + fl) T =A T +B T (OJ1 

i (AB) T =B t A t (>-. 

.(aY=a ( v 

L o..A jAjt aS ..I »S <>-jj ■ a ^j^qj jI^ip aj L^jLjI 

■ cr^ ‘r-r 1 >“lj ‘ ^ * il *V 
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. A = 4^/L4 7 ’= 0 jl aS'j^c-jU -n 
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. c—l ujtiuA +A T 
. iJL~iI jjLiioL A - A r (yj 


oStoUc atfa«» Y -1 

*->'>• Oi' • ^ ij* 1 * lSj~t -Art ^jb 4 j-» 

U « jlT u* £ o o <1 jL»_4 c >L > - l^j j! *-S o«j ^ jj jj i)lj-i-i! <>lr»ii ^iL jl 

ji • J^'-- b lS^-^ tiW-Jj ^ ijj^r xJte-X* L J.—<JjL>t»^ 

. j*~ilj Aiib JSjj~* iljj ^\AjX£* L (<]jl*^ j\yk i. ^i«) <JjU-» (JjIjJ a\JOu L l^wiI 
*S -La (^J>i>->- b j' l - : -~■' f ^jy* i>s' 

■ J .K -Li* jL-j jj&a jA jl j> l* 

J^-5 4j ^ A" jJ lj j-iL* ji j *kl-_* Jj L lOil 
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b jbiix., j x, b>’ jX<jU-<> Ij . -Ul c/ Li>-t 6, 

O “■ Y - \) ji J (*- : ^ J * J j j^ cSlfAl£i**i aj 4 ib p-fcl j>- <J| jl aS* I j j j 

,x ^ J-Ua <5aL« j*j* jj <5 d-1 (x t , x,)yjy tSW-T Jj ^L: 

. Jl^*i fll£^*i 4—//j>" ^ 

■ dJ^? yia-» ji <1)1 jj ^jj *—■*jj-^ *i JjLo«i^ dJl>- 4** jj£1 

. dv**1 £j j '^i J-*bi U-ii k*-j\y>- 4p: I £J1p 

• ^—s' '-T'J* gJJ &* s **j+>^'’ U*Jb 

. dwl iwJj* g-jj (jjiljtiu J-*bi c-/1jj>- 4 jP j*>i* : III wi(^ 

4 -Uib ji jJ^ Xl j7 ^ <j ji jl l# 5L i iuJ J ^ ^jj-i-* al &~* j* J 1 jd 

t Jlt^ . ijlJLi ij>-j iSj^l* cJl>- ^A Jj>l ji « -bjl^jb^U ji 4j ji dJl>- A+* i J*i 

w*J^jj ji bL**i jT v^lj-*- 4 _p^ 4_>«yi ji <£ IJl^j (\—Y — \) jli»L* jljJ 

J ® jl^jb>*b Ji 4j Ji^ ^r^iil^l Ji . I UT ..,.,i A £iL* J £il>- j^J (Jj3 dJl>- K*m 

II cJl>- ^f~±j ■ X^UI Ij t _ r li : JL*^-I '*jja> ^ pA j L»-v^l ji p* J^JL. j ^.U-t 

^ vLht t<s, )^-» *S *• JjLi> ji . Csv'l jlfjL+U ol^d-O Jdj ^^ -b! cAc^ 

OjJ j-J* . oJ-^Ll jlfjL* 4XJ-b j-» £jj ^bjLaU ^il-Uo L 4^J J^Li 

« JbJt Jlftl j>- jlf£*il \ju*J ji 
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x, - :^x 2 = 3 
2x | — 4 x 2 = 6 


2x, + 3 x 2 — 2 
4x, + 6x 2 = 5 


3*1 + 2x 2 = 0 ( ^ 

-2x l - x 2 = 1 
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j J 3 - Ot'j 1 '- i ^- 3 - j' a-i jj'-'ji j Jj a l2 i iyi ^ A OyX- (jJjl J 
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oL^a (Y*~ Y — 'i ) i— j 1 03 oj >Ap . $A ^1 j j ^1 i Jk a^x oJl?- 
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: c—*1 jij 

S Cy^U) A -A (i 

K0jUIcw»U)5-AcI?jTa -5/1 (ii 
.(/ju:c-^U)A~Ccl?OI5-CjA -5/1 (iii 
jLJLi (x t , x,, x 3 ) (jl *. rt % j} lj Oi hm </j j , ’ m 7 4 a^m jb Ja>- a3^Ljc-c vJ& —TT 

aS ^LfJU- *lj jr*-^ 4 -* Lj A—^ ^iiA (^U»> . JIAO 

^ c—A *—A^>- jIJju j ojA# 4 li& *-A y? (^Ijb <bLn> <*+ 

• ■V*J/ 


^ ottiW r -1 

O^fbJLJ j! jjJbj JjjU \^Jbj->u aS* ^~ob OUtJ ^ \ ^ji>o 

O^AjJuJ L iUj! A^ lj < j*s4 O^jJuJ JL>- JbTy c—Ai jZ -0 /a>- 

^ x ^ cT-iy^ lS* Lf'JJi iSs~tl Jr- 4 ^ ^ 








y* n L ^Ujb y 


( 12 -nuw ,-+*•>-**) o-rs) 

\-2 4 1 J\ X J \— 2jc i + 4jc 2 + X J 

(•*, + 2x 2 - 3x ? , -2 .Xj + 4x 2 + x 3 ) t ^J ygjj ^ J* ^i l J* JJk&^jljLJ 

OjLp 4j . ( * tO^ljOT 4^6 4 A) aIojJ 4 ( jj\ 4 . Cwl 

jbjj <jc J <u3_j^ ^(^1 jta *S (juj«i ^ 6 Jl^IJ jhjj 1 x m j ai x 1 y l«) jby 

\ j rt L ^Lfcjbjj 4_«A ,*Je\ % JL>- . CU— I eJ L ^ 

• fir* ^ 

‘ *<S* oLii jij y^ ^ *& C —*\ 1 X rt jib \j£j 4 jby *Jkj: 1- Y* — 1 

X = (* 1 , Xj, » . . , x n ). 

aSajo^ JXu R" tfjby ^Uai Ss c X ^Ujby ^ 4-^A 

. c —*1 yj yi- (jijb 

^£0 OjL^ aj . c^l R" y jby u + v «l^ jT 4 oiJiL R" y jby y v j u ! (i 

:c~-lyjy^y-tSLA* 4 c£j^y'l j^ji c^*rR" 

* 11 + V = V + 11 4 R " y V jU yb ^ly - \ 

* u + (v + w) = (u + v) + w 4 R ”y wjVjU j*iS^ji 
4 R* j*u j^(S\y.<S i$jy^.*jb*y*-jR n j* O^y -T 

. u +0 =0 + u = u 

*5 _^ki Ajb ^ y*-J R^y-u* y <J yl^L- jby ^4 R" y U yb i£\j\ *J -f 

. U + (-Hi) = (~u) +U =0 

, c-l R n cSjby fu «Lf 0T 4 JL-it c j R rt ^jby u (ii 

^ISLil 4 4>Jy - c-^/- cjlwC^JR n 4 

: *l jiJ 

Scu-uc 4 ybjR^^u yb^ljlHj - ^ 

S c(u + v) = cu +cv 4 yb jR^vjU yb^ljl^j -Y 

‘ (c + ^)u = cu + du 4 d j c ^wLp yb j R" u yb ^\j\ o -T 

l(cd )u = c((iu) 4 djc ^yy^^wiP yb j R rt U yb j\j\<> -Y 

, Ou = 0 j 1 u = u 4 R rt u yb ^Ijl 4j -6 


*S (jjy* >yrj R" -u V <i 


^ISLil 


j-** 


i ^ ^jj-* jj jj-* 

1 x.n.jl «--jJt—V tj jj-a^'C^-yl-ir^ljJ .Oi^-S* jl^-i^li : —I *jj~* J—<a-« jJ 

• oLi-i *W— '-jjj-^-'-1J 'jL^ 4 -^ ‘ (*^ur* ^j- 1 - 9 '-* 

L^-P - f^* 4 *yJ l (*r^ n x 1 l~* j' (»e'y <_r* 

iS Owl jTjUJ jjl i _ r -aj_v« iS'j* JJ^ 1 -^. • j-5 W— ijh» jj \-V-^ <-Ajj^ 

{\-r-\)ji.c~iyAx=y jV-IwOj^^J ly^lj(\-r-\)iiJiU_. 

i? ■ Ji 0j—i JjJ_j jl >J> <-Z y <• R 3 y A J— 5 (JiJ-ri ^ lij^y 

• -Jj'i j'j* 

(_jL*jl ^L*j jl i rc (_gjb_y ^LwiJ i R" -US l)Lj 1 —V- \ '—aj^yu 




X = (*!, JC 2 .*,,)■ 

<u*-* i JLi* iS^j-t ‘ *b 4->-jj i jj-* R" t_$l . ^ i»jl 


u = («,, u 2 ,. . . , U B - 1 , 0) 


'-*' • <_r* 


• pr* j 4 ‘-*y ; 'j • -^ty J^- 4 b R” j' ** 

V^UJjij iSj W.lS’iT t J.JSL 1/ jjj Wj ^Uai V J\ : r-f-1 Oty} 

. oil iSjiijt ijLii iSi> W »L? j* i Owl 

* Jit* j'y • c—y LaiyJ ‘ tsl*a* *■& jl ti' **_***~bdj .7* ^ (*t^<y 

^jJaljij t o ~ J LaJjjJ «-&i (■*,. -V 1) JSLi^^Ujb^ R 3 jl ^1 apjw^w^J 

ufi-k iS^ijij J> iSJiji .y • <' y.yfi iSjkjt '-&'-t- 'i uJjyJ 

jjj C4 > i^fcjT 4 j jfj ■ (Y 0 jli_^ -1»4> J l ij9“ ■ ijb 


. XjI 


- <y 


O 4j , jL-*U 


V Wal? oT , Wj (5jb^ (^LdJ V' JLlS” 2 1 -?- 1 kd) 

. JLiU <1 mj s^Jj,J> j (J - ®^ W J j^1 C—1 

t aJ~S C—\ -T- > Ji (51—^ lT * 9 '* f cr^ 

Ij U > —T— N Ju^ai . c-l jylS' (ii) j (i) ^jy. ur^jy. 





ij 


r? 


J i^ - *Ji '^*\j->- J^j^ji Jrr crc X*iL jIjJ^j tj^\j->~^y*) j£\ <-£ 

. JX^j£JL-W tXloX^Ai^- 

^jj«u« \j t5U^-i L>- v,jl lJ . Jjta obi j^-1* fjj b^UU aj ftjljj^ L* iX>« 

*i j 1 ^<-?'y. i^j'—! b oT (*-ei j ^ j>* Jj (' -T '~' 

■ (*jj' j jb 3 iSjr^x 

J*y . Juilj-V^Uai jl S = {U[, Uj, .... u ; } 'jJ’ji: T-T~) Jqyi 


V = C,Ui + C 2 U 2 + • • • + CjUj, 

. A yX ( y aJu>1j S jA UjbjJ j! t Jjl^AyA>- aI^aI Ijb C- 01 jA 

£\ tjii* ,jl^j . c—I jL«l» V^Lai <0 Uj^3 v jb y <£ jl •£ *»-y 

u, = (2, 3, 4), u 2 = (-l,0, 5), uj = (1, -4, 7), 

jb^j.tfoT 

v = C|(2, 3, 4) + c 2 (-1, 0, 5) + cj(l, -4, 7), 

s^Ujb^JLb^Jji .c—i^l^yJb-ilJAlCjjCj tc, oTjj<T 
3 1 j'- 3 ^ (*r^ b <J'Vui* J J *~“* ^J' 3 tjdW\r! “3 J “2 ‘ u i 

R ' *S C—l £~*1j O jj_A jA . 'L_ij^Ujli^ ( v ( jl jl Ja>- Lfr! JyCJjy^>* i d\y l ^‘\j 

■ |^-jb jb 3 £>? '-by u ’ S ti - > " ' 0 ' 5 ' i$b* ■ <_r* as" “j J “j 1 u i iS^j^y. b ■*“» 

‘<t.y*>*A . JLil ! V / ^UiijjUjb 7 ijl t 5l4A_ r A^.5 = {u p Uj,..., u ; ) J^Syoy: f-T-)Jny6 
• xili S jA Ujb^ jl ^Ja^- [ _ r S y V jA jb jj j* J* 4i4j Ij V cjUai S 

V .-UjjLb-lj <£j\jSj -b-b S U_- J 4j V ^jyS jA 

• 

<£> X>3 (jUL) l-f-1 JUa 


S-{(l f 0,0), (l t 1,0), (1,1,1)} 

Ij jl <£ ^ jL-ij j |^xS'^ jLvX>- 1 Ij (jc p x v ) XJL* R 3 oi: J* 

cri • 5 t$l>jb^» j\ ^ <>• 


c t (l, 0, 0) + c 2 ( 1, 1, 0) + c 3 (l, 1, 1) = (X|, x 2 , x 3 ) 



rv 




Cl + C 2 + c 3 = X, 
C 2 + C 3 = X 2 
C 3 = *3- 


' Lf* J p ^ jl jU O"Vj>U -0 Aj aS 


(V Jiyfi 'l Oi' V'j*" 

C|=^1-X 2 , C 2 = £ 2 -X 3t C 3 = X 3 , 

l Jli* {£^j> <1)1 y ^p* jl flj>Lal-^l \j 

(-2, 5, 7) - —7(1, 0, 0) - 2(1, 1, 0) + 7(1, 1, 1). 

l>-^jl^1* a*a£ ^—*1 i^\*y±j ^Ijb \— T"-~^(Jli*iS'^ 

iu -4 Jlia ^1 ^. JLjjl X> 1 j 

T={(1,0, 2), (1,2,0), (1, 1,1)} 

2.t| -* 2 = CT R’\p(* p ^, * 3 )c$k>b^l*J . Of 

j.*>* oL r jl l^- ij *'j 

. ZjjL ^ ^AjyC jij CJjy* Aj J *j\* f U J^J^f 

csUi vSj J* ^ S = {u,, 113,..., u.} J^s ^ J: d-r- 1 Oiyi 

r — 4 Lj k^ jj}* J *. T . l >- ,>LlpI fjjj )jS olf d\ . J—il V ^jb^ 

4_bljc4 al^^yb 


C,u x + c 2 u 2 + * • * + CjU, = 0 


(r-r-o 


^\j\Aj laii 


C[ = C 2 = ‘ * * = Cj r = 0, 

. Xt\ Lf ii>- ^ i jipI u c. of -*5 jutli <jbL* 

<jl wJ»b- <S* Jj! Js>Aj wJjU»* uJjC'I a L ^Li>- ^IJLpl OjLp 

Ij 5 al^ol 4 JL-iL jl jiy C f - 4 -^j (jjl j\ 4j Jj!Ju>- (T — V~ ^ ) <bbc« ^^1 . ^jJL» 

Ujb^i JJ.L- jl IjUu.j! tcJU-^1 

J)a+ ^pSy &jj~* <i ^ J" 1 ^ 

• J b T’ ap. JjJL^Jl <S^ C—il ,J,\ *,*% '&.a Oi 1 lt-- 1 ^ >j! * 







oLj I jlxi 


6-r- *i Ubj*; ijjji yj ^LLaj . j»-~Ujb^ ji 

^ Cf.s~^ f** 5 ur* j'-^b 


T-f-^ M 

. C—ljfl>- Ji-j (>-i!l 

. vZ~a\ Ja>-‘c-i\j jL* jbj, (u 
. Cwil »XJ<Lj ji (J^^ 1 ^ J* jl (_gl 4S>jaJ^A jA (u-J 

4j L i*£j (jl Jj ^jA (, ajjjjfjb-b ipJ i^ a ^~ —J 1 ! A j^A.# j\ <oLil~-t Lj^l 

* ^*tS“ V d _/ b 

-oL <*_&> 5 aI?uT . Ju*iL V 7 ^jta^ ^Lai Ujh ^ jl ^1 <p5 ^y: P-T- 1 

.l?^c~.lV^ 

j t L S (i—aJl 

. ^^jT x Ib V 7 4 5 (^ 


s = {( 1 , 0 , 0 ), ( 1 , 1 , 0 ), ( 1 , 1 , 1 )} 




<jL t(^ j+j) c~^1 (J tf " - ,iM -* j 0 ~~T"~ \ Jll«) JbJ j lj R 

{ J*± as~j\ j <S *yrj<> b ji S <* ijjhji j*> <■ U R 3 ^y 

j' J^j< P '-j-j-^ ^ J&i* >~ij> j 1 • ( v i)is~) - k i J J b R 3 (*■* jj* ‘ 

Ij R ’ijLai j£j> J J C—! Jtui- Jil—• p+ jl <£ -LfT 4 _^. syrjtj t 5 

^olj ji . *JL—*\ t 4 jIj J* jIwLmj ±S JUki ^a jLJL, v_-.Il la* ^1 . JL> 

. jU oi_^ ^ b ji3 <^5 


ijlj ^ aL? o*f ^ JuiL f? <o!j ^ j?t: T^—I*—f 

. c^-l jbje« J-Li 

y jr*r j-?? b *^-**ob ^bJ! 

. OjL; (j U J £ 



j*r- 


r<\ 


* ps** t/ ^j' jMj (i<>** Jl>- 

•tv ^J Si^ j*> ^l«bu *1^<j! 4 jL-il# <flj (jjl j!j> V 7 {jjjlj>^rl t^L^ti V-T- $ U^jaJ 

•Iaj jl^ 4 j -A-*** {J- 4 ^ 1 iSJ^ji ^ ’dim (V) n L j joU 





<-*A l>L^ jt . 0—1 jli J> tx J-«Li R n {$\j{ J* 4 0—1 tl Jjy R" <j— 
: c —^ . C---1 


e, = (1, 0, 0, .,.,0), 
e 2 = (0,1, 0, ... , 0), 

» 

e„ = (0, 0, 0,-1); 

J^ 1 ) • (*rs y £y 4 'j ^Oi 1 • ■*—*-* l * u-ij^ l**,- ‘crM 

. (ju^ij \-r-\ 



R >-f-V Jfci 


jUpl/j>Ui 4 V - JW jj ^ J . jqIjj JU- 

v gb ,_r*i 4 0— l^j/Ji-4 oj^U . -U.*^ Otli 1j x ^jj »xi ^U»il 





iJ 


?« 


VeV 4 /J ^ O^J 1 j jl-LJ-ji ^ Ju_» J tX 

ip;ob)> = x logx J\JU ^ 1 ^ . j jb jU; I4JI0 y j x *S Xz~a ^U<pj*^ 
U 3 jJ Ij gt . dwil {>’ :-<*><>' <<*}ipj^ j {x .x > 0 } 

(- 00 <3?< 00) ^Juv- .kx^jj J» \j (x> 0 ) U Xj_^a C-X- '<uJ V = x log x^ti JtU^I^ 

• 

* XJ>\j ij>L*jm j <jjby<» R^j R” X-^ ^jJ: A-f- \ J*yj 

a\£jA z ^0 oX>lJ R 1 <t R j\ ^^joX Jmj cisj L : R* —* R m ^jlxi* <J*j x-XtCj 

j t Uu + v) = LX u) +Z.(v) i R"j:Vi u/,jljl <t (i_AJl 
L/cu) - cL(u) i c lS La^ JJU-yA j R fl jj u/ (^ 

, 4j l XI ^laX jij O^jJX JxS" 1 JU.D 


J eXi ui/itw,, « 2 , «,)*(«,, u 2 )^jj^aj*S L: 
't oXi ui/yu £(«,, m 2 > m 3 ) = (u ]9 u v 0) £*jj+ 4 jaS L : 
. cxI eXi !(«,, w 2 ) =(m t , « 2 , I)x>jj^<iaS’ I: 
tXi^LyJ L(w,, « 2# w,, « 4 ) =(tt,« 2 , zi 3 aS" L : 


3 


3 


2 («_iii 

5 (^ 
» 


%R 2 (o 


—» 

2 . r>3 


uu^-41 Lj.LXuT . V = (0),, -Uj, Uj)jh = («,, u 2 , u y ) a__^ 
L(u f v) = L(w l 4- u 2 4- i’ 2 , Wj 4- w 3 ) = (a, 4- i/ 2 4- is), 


L(u) + L(v) = (u„ w 2 ) 4- (v u v 2 ) == (Wi + t>|, « 2 4- ^ 2 ). 




L(cu) - L(caj, cu 2 > cu 3 ) = (cz*!, cu 2 ) = cL( u). 

'jiJ * c ij 2 ^ Ji*v ^ (^D uiijifcj 


^ (X f , xj iJai tj 


tJ 


J—* 


X i X 2 J> (x r Xj, x 3 ) iiaii jl A-S' 

. xx ^ !JY-r-^ jsa . 



^r -Jjl 


(x lf x 2t x 2 ) e R 3 


1 (x u x 2 )en 2 

= T-r-> JSLl 


ij-i' ^ -^r-^ I 

j (x p X 2 ) i»Uu45 


Ij (^->) C. . ■ »J 

^Li; ^ c x i -** ^ ^jia .UUJ jl (x p x 2 ,0) 

0 

'r's* ^ o\y ^ tj «jJj' • JjIj •> >rj 


A 0\ 

(u,,u 2 ,u 3 ) 0 1 =(u lt u 2 ), 

\0 0 / 


*i ** J- 4 °Jj' 


/1 0 0 
(u,,u 2 , u 3 )j0 1 0 
\0 0 0 


= (M|, U 2 , 0), 


* Jj! Oj jiff 4j OJlAO 
(*-> v = (v,, v 2 )jU = (m,, h 2 ) ^1 jl -o G_j) c~—i Jj 

L(u 4- v) = L{u x 4- v u u 2 4- v 2 ) = (u 2 4- v 2 , u x 4- v L , 1) 

J 

L(u) + L(v) = L(u ly u 2 ) 4- L(i; 1? i> 2 ) = (u 2 , u h 1) 4- ( v 2 , v l9 1) 

= (u 2 + y 2 , + v u 2). 



pjjb (o) —* Ji . C 5 { Jaj^ Jj-U Sj ,^il l-tfjUi. OjLc- jJ> j^>- 

/.(CUi, cu 2 , cu 3 , cu + ) = (c 2 U]U 2 , c(u 3 - 12 4 )), 

J 

cL(u,, u 2 , u 3 , uj = c(u,u 2 , u 3 - uj = (cu,u 2 , c(u 3 - uj), 

■ ^—X Ji-V ‘- S 'd i^d 1 <• o'—X| OjLc- OjJf 

(J^ d\ji iS lj (y>) Y -X- \ Jll* Jj-U 




(“l. u 2 ), 


* pr 4 ^i_r* o'^. 'j n x 1 0 1 * n 54—dy'- a f^*"' 0^ (*-» %-* *5 JjX >—ijyO 

'j t 3 i J -r J ai' (^- ;l 0 ; ^ 11 J 11 - 5 ^v-* ijy-* ■> < 5 ^*-)'^ Cni^olojJj 

‘j'ri ji jij ^Jy* V 



0 

°\/ 

^i\ 

n 

(0 

1 

0 ) 

u 2 



/ 1 

\uj 



. c-*^ j»-*l j>- jl5 <j I j oT l J-iL *S ^lo5j> j j jb j ^}j* j' l&jA 

lo^l • cr^oi <Z Xij\i { J^ 

■ • x 'O^L/ , '- a i-r AJ "jiO Cj O^ < ’ 4j . cr^Oji 'o ■V ^ (J 03 ^ 

>-X ^ cX I j W ^jbjj^Uii^j V LSo'^jiiiXai j' L : V —> VV ( Ja»- JjOJ uX: f- 1 

. u = v L(u) = Liy) J\ 

o ‘■—• —0 i-X <j oX {< oil) Y — Y*~ ^ ^Jd-OJ 45 jli 5 <>-jj 

u 2 , 2 ) — /j(w^ w 2 , *') = (u„ ^ 2 )* 

. -Ui^yO 4l^J4jJjJ_j03_^4X 4J >-Xj ^ VY’-Y >-iyO 

-*-r* tx* _/*— 13 J* A ji 43 y. j*'-^ (*,05 ,j~j*j' 4-5 < 0 —J jl j0+. 

(Oil . (TA ,jij-*j) -u5 ^ JjO-O J-Xo jbjJ4> lj J-L# jb Ji ojlj_«-* ^Ja>- JjJ_jlX 

■ (*iOjl cT* '0 jij 



J-*» 


tiLvfl-i ^Ud-j jl (ji^ JiJ-J >X L: V -» W ±^S : 1 '-T -1 

_jl Cm^I oj L p 4 ^ 4 ker L o 4 j 1 j ol aS" /- 4 »m > 4 • VV 

. lly ) “O^aS^ ^ 4 <w> <b V v ^L^lc-1 ^L*j Jl *jl£ ^ 5n J L> 

. ^yi oU-wI V j W j*-*p ^Ia J^ji OLIj \S^ji ^ 0 V j 0 Jl 

■ 3 J S'0L01^J 4 y.lj ji ji r Ai 


uXiLW ^jb^^UiA, V^jb^^UJjl^ JjJLSJ^I:V-> 1V /l:f-f-l M 

. Owl V ^jJ w£j ker Z.ol5" jT 

• C ^ (*£>l-i? <_** <j tj T-T- ^ Awai olJI 

i JLib W |jU^« Aj V ^g\i,ia t jl ^ • V “4 VV^ !; A-T'- t AmAI 

. dim (ker IS) = O^^l JaJb j ^fTl owl »*Jnj aj Okj L el^ ol 

L pAi OLJU ^ jT. ker L = {0 V } «L_f ot t dim (ker L) - 0j—fl : ^LJI 

o"f J-5 . -L-ijb jJ—«J V *J V 2 j v | 4-£ £(Vj) = Uy 2 ) .L ^ S j-3 4 0—-1 sSj <1 lSji 
l 4 Jj» 4 V, =V 2 LVj - v 2 =O v J>J i _ r >oL_^J A_r 4 /<v t )-L(v 2 )= KVj -v 2 )=O w 

. Owl uJ>sj Aj Okj 

>j>r . I(v) = O w ^i>b 4 ker Ljj jT c jLil {J S^y t 

. Owl jA^Jju ^Ijta *£ 4 ker L = {O v } V v = 0 ^ t (TA = 0 ^. 


aS'owI^^ Jj-L?Las' ker L^I^ajUvX f-f-1 JUa 

Owl «Jl«£ wLyu 


L x 3 - 


- x 3 + 3x 4 

+ 2x 4 

- x 3 + 5 x 4 

- Xi + Xd. 





TT 


1 ^ er* Jd-V 


J* 


j^jAAjaS^ 


■i R" j* <jS*J*j* J- 4 ^ ker Loy? : 

pi;^ b ^dJ u^*-* 


*1 

*1 

2^! 


%3 "k ^^4 
+ 2 x 4 
x 3 + 5 x 4 
*3 + x 4 


*5 

*5 

*5 


= 0 
= 0 
~ 0 
-0. 


h <J~iS^ ^ J -tf~ <Sj^ ^ 


t l 

0 

0 

\o 

^yr 


0 

0 

0 

0 


0 

1 

0 

0 


2 

1 

0 

0 


uri 


0\ 

0 

1 

0 / 


a 4 jjc 2 45 x t =-2 x 4 jj, =j: 4 i x, = 0 jjw^OLU^ 

1 jij *i 0^*-* 


{( — 2 t, s, t, t, 0 ): oV>OJ } 


^jUker 


IA 


0 


\° / 

\o/ 


- 2 \ 

0 

1 

1 

0/ 


> . 


p—A.i t J* l-Xl^i 45 * J 4 j 4 jU *S >jJ Ia jlij jl 

(jL^ai . dim (ker L) = 2 ^1 (? Iy*-) s = 0 j r = 1 j\y j s = 1 j r = 0 

• <y L ijTji b^** ui' j L &x > b by Sib j *i 

^Uas . ^ Jjdlla^ I j W ^jb ^l^ai <» V^jb c£j jl 

a£ 41 * b p—* jl j , o J^aLi JjOJ 4 *a/j> j+A Wjj\,^ % j JjJLj Ai*b V 

■ lib'* jdJJ** 


t JLJ^li W ^jb l 5 ^* *d V iSj^ji <£{*** jl Jd-^ ^ ^ : ^ 1 -f- 1 >-* 0 ** 

L >jj i jjb jLd V <> v <S <, L(v) ^Ujb ^ J^LJ; W}\ <j \j L: V —> W 





. LZjj\ j JjAJ ol? jT t L$jt — W jf\ . ^ •*V 8 ^ 

.tfoTjLSUW^jjtfUAi^V jl ^ JLjl: L : V -> W J\: f-f-t M 

. C—J W ^U<ai Liji 

* - — ■ ^JLSL-I' >j~J? j >• _^ c^>«j L> *jj ^ ^<*0 <jl !Li juL i 

. -i. „.,tL L ijj jj jIj j j v j ii J. * C»^" » Ij ^ “T— 'i * * •> 

(*jb JL_>- . L(v,) = v j Ku,) = u ^b V'jj v, j u, jljj—i jj ^Ijl o cjjj-v* Od' -b 
. j> jljJ L ij. ji u +v jl—iJ <l£ u +v =L(u,) + L(v,) = Z<u, +v,) 

eSj L jjljjbj . jjb jljj L jjj jj ru jlm^ Ot-ij ^ i ai = c/^u,) =L(cu,) 


JSLi Aj j C—1 Jj-Lj" SjLiS jJ (J-j L cS'jd 4 jb uSCj f-f- 1 JUfi 

1 oj-l Jij 


L: K 5 -> R* 


^ lSjA 


L jc 3 — 


- x 3 + 3x 4 

4~ 2x 4 

- Xj 4 5 x 4 

- Xt 4- x. 


^ *i ‘ R 5 <ibi f- 5 ’ Cr^“ c ~' 1 1 R 5 Ji-V ‘ c -" 1 - 5 <j>r : J*- 

Lr?> -^J-* ^ Jd-V 


(1, 0, 0, 0, 0 )L 
(0, 1, 0, 0, 0)L 
(0, 0, 1, 0, 0 )L 
(0, 0, 0, 1, 0 )L 
(0, 0, 0, 0,1 )L 


(1,1, 2, 0), 

( 0 , 0 , 0 , 0 ), 
(-1,0, -1, -1), 
(3, 2, 5,1), 

(-1, -1, -1,0). 


Jaji- « lil* jbj, 0 j J-S lwL->- \j ^ . OJjjT ^ JjJj I j L J S' c—<1 J <-* }> tibjb y 

tr~iiS^ji beSji 1 *- J^Oi 1 • rrfbi (*^'y ^ ji' 



fP 

<J ^ ■ pOi c#* *i 4 Xl ~ A 3jj-4 i^L>jb^ oT ^^lau- 

pjjb t(j^ lj N \ 




. dim( Li^) = 3 JL*^^y» OLii a£ 
• <•* Olrf lj lj LT^VCri 1 

V tfjl^ (jLii Ji JiJJ Si L : V -» Wj\ :Cj^jL~ dy\i) V-f- 1 M 

itfoT t Jl-Ij VV^jb^j ^Lmoi 


dim (range L ) + dim (ker L) = dim (V). 


JLS l W Ui 4i V jb ^ ^Ui jl J*± ^LJu L: V -> Wx* ^:A-MU 

. Jwi j /I c—LijjL.tfoT .dim (V) = dim (W) Ju*^> j 

W i 5 4 , v rf UU jl L:V^^^:^- 1 M 

. dim (Li^) = dim (V)£\ .ki* j c—»l l50 aj ^LalS* jT . jJSL 


a>- jJ . ajljjT—Y'— \ ^jb^J <j^i ^LUdJi \S^y, 

L^yx:\y^ V jl tfj $p ^Ul^KSIU^I) jL(pJ=0*juu^0lJLj jCitf 
Uj jj ij—i lj ker L j.> Lfil JjJlJ a^ V jl ^UapI 01 . Jj-LJ ker L ^Ua-^1 aj 

• ' VVA^bpA jl^lAPj^^yjL^ L*S&i\jpXj . Lij, Jj 


0 A^V -> A>f) < _ r - r i£il James J. Sylvester * 




L : v —> w r-r-\ jsLi 


f-1 


R tjijitjjj (j:,, 1) ^lw J>Ll R kpj-»«jjj j—Ai jLli - ) 

, <^j!j >y c$l—^ c£j -^L»0 jli aS* ^LAi *u*j> jLU — T 

• ^ J*- b' -r- ' J^ c/^u* tiSc-i -r 

<P.Xjbjl “T 

T = {(l f 0, 2), (l f 2,0), (1,1,1)} 


*S R 3 ji (*,, x v x,) ^Ujb S' jT LfJ jlaj OLii jLS" jjI ^ 1^ . >jj T^ -b-b \j R 1 
• • x i J i T**j+*la j> VL- j ** 2-tj - Xj - x, = 0 l*il ^1 j\ -b 

. jufc^uijT-r-M^ii -a 

JL*i ijbw 

S-{(1,0, 0), (1,1,0), (1,1,1)} 


S = {(1, 0, 0), (1, 1, 0), (1, 1, 1), (-1, 2, 3)} 


■ 

4P oJbj — V 


(w>) j JjJj Ij R (*—ill) 

APjLL» —A 



s = {(1,0, 0), (1, 1, 1)} 

. ijjT^ ^ (JjUaj (v^O J C-w<l (J- fc --* ('wiiJO 

. C«xl .^la^- (v-^) T — V— ^ Jli* e JUi iI>Llj — S 

. J**CoU IjT-r-^ -w 

•• « ^ •* 

a-»i uLb - ) \ 



JU j Jbj 5 jJm k—jflj y yj Oj<> AfT l j L, \ R —> K O—i l^J “" ^ T 

L(u }) u 2 ) = (w 2 , u lt 1). 

. O—*1 (_£j\juL* Onj C—jLij (»wAi^ 

YI^Tc-^JiJJ^c-SlftojIUT ( v 

. Jl^ 5 " i. a.jJ ^~iJi» ^iiijl lj o—(w 
. JjJj R ^Ia jl t^5o piJ^T *S xcS ^-*ju “ VT 

{(2, 2,0), (0,2, 2), (0,0, 2)) (will 
((-1,2, 3), (3, 2, 1), (0, 1, 2)) ( v 
((1, 1,0), (0,0, 1), (3,3, 1)} lu 

tfUjb* JLtf cJi (will -\Y 

v, = (1,1,1), v 2 = (1,2,3), v 3 = (2,2,0) 

■ XA - 1 <^' J^*^’ * ' i lSU ^ 

- ('—«J0 --• * ■ - » j-> V ;L jUjb^ wj-jJ Ij R' (y 

; >> bjiJ 

u, =(1,0,2), u 2 = (l, 2, 3), u 3 = (-4,3,5), u 4 = (11, -6, -16). 

U ( j\ iw y Onj OAj Ij Uj j JjI 4 1- ^lj y 4 J U 3 4 u i oLii 


* -V-O^i u 4 J 





. Jul JJilw u, j t u, JLaj jLLi (w 

(X, , X v X ; .pO) 4j pUj ayj <1>L0J 

. R"^Uiyju£ 
i Owl yj ojjLp L A—T—1 Jyo <l>lw 

eli*c Jt^U R * <J K * jl Ja>- ^ ‘ R —> R ' 4 j *^£0 C-il^ *-^i 

^wl 4wb 6 j a ^yJb- yh j R" ji v j u y* ^ly 


L(au + 6v) = aL(u) + &L(v) 


{(1. -1,0), (2, 1,0)} 


APyx>< JOjo (j LJLi — 


V 0^7 Laiyjyl a*u . JjjT^ OjOj R ■ jl UaiyJ i£g 
<■ j\>Sj^\jS . J- 5 l R 3 >> elyJ^ tfjby (*i> * 2 > ^) J t-^’ u-*y 

^ C^Lidi yj 

■ *i = * 2 =*, ^ dji & ^ bJi 

• x 2 = 1 MI J l S. *S f ^ (or* 

. x, (^ 

. JLX—A Ljf i 1 «U>l ^ j JTj i .X, L$jl ^1 y iS ^Ujli y fUl (o 

X, + x 4 = x 2 + x, i—S tfjy. L R 4 Ji (x,, x 2 , x,, x 4 ) ^Ujb^ f L: J—~^i jl — JJ 

jam JLAi jLJLi jw - Cw<l R jl V jjj 


!(1, 0,0, -1), (0,1,0, 1), (0, 0,1,1)} 


• <s - L .- ij , b 17 
jum jLl; (<_ill -r\ 


■ Ji-'r 1 

b L u—^ f jf** ( v 

■ J S{bj jjj O^-Ll jl eSjjA iy j -C— * t^ljj «jl -TT 




oL^Lj 


*■ 


L 01= Or L 1 = 1, L 0 = 0 


(^iJl 




1 - 3 2 - 2l VJ 

(1,0, 0)t = (0. 1,0, 2), 
(0, 1,0)L = (0, 1, 1,0), 
(0,0, 1 )L = (0, 1, -1,4) 


1 -2 



ji -L>x(0, 4, 1) J (1,-3, 2) lj R jl (jjl— a—tyj -IT 

• ^ jijjyJ *i Jij jl X^S . XjJki 


(2, 9, 5) 

/ _l _J_ ,.i\ 
1 2 • 2 > 2 ) 


{(1. 0. 2), (2, 1, - 


<v (i.i.D 
( c (0,i,-i) 

’y tj jij ** 

2 )} 


(V (2,9,4) 
(2i> (4,7,6) 


« ji 


{(2, 1,3), (-1,2, 1)} 


|(1, 1,0, 0), (1, 0, 1,0), (0, 1, 1,0), (0, 1,0, 1)} 

;a, 1.1.1). <0, i,i,i), (0,o, l.i), (o,o, o, i)} 

(<—*) j LI-a — i jl k ^y l£o 


»->l j Jjl e-Li olj jjj lZJj j Aj aS R' j 

K-l. 3, 2), (3, 4, 0), (1. 4, 4)} 

!(2, -2, 1), (1, -3,4), (-3, 1,2)1 
;< —2, 1,3), (3, -2. -1), (-1,0,5)} 
1(1, 0, -5), (4,2,2), (1,1,6)} 


(uJl 

(o 

-XT 

-TO 

(will 


4jlj(2,0,-l,3)> J . -X? 

« jl iXj .1 Jj... XT —TV 

• -H'(_*!»>- 

(cJl 





6 \ 


R 3 ^ *,1^(2,1,1)j (2, 1,0) t (2,2, D^UjI^-L* oJi -YA 

(1,0,2, — 1), (3, -1. -2,0), (1, -1, -6, 2), (0, 1,8, -3) (^i]| 

(1,1,10, -4). (±,0,1, -i),<-M,3, -i) (v 

? -ill ^Ja>- 1 R jiJ *-£■ JJ*->*-* Jt L^J ^1-lS^ ~Y* * 


u = — 3e t -f- 5e 2 + 2e 3 , 

(_ 

u — 

2ej - e 2 + 2e 3 , 

(^i)i 

v = 4e t — 3e 2 — 3e 3 , 

♦ 

V = 

— e j + ©2 — ^e 3 , 


w = 2e! + 7e 2 + e 3 


w = 

-2e L + 2e 2 - c 3 


u = 4e A — 2e 2 + 3e 3 , 

(0 

u = 

-2e, + 5e 2 - 6e 3 , 

v = 2c! — 8e 2 + 7e 3 , 


V = 

5ej + e 2 - 3e 3 , 


w = e L + 3e 2 — 2e 3 


w = 

-4e t - e 2 4- 6e 3 



|j j c—I R‘o R‘ j\ ^Ja>- Jvj-; ‘^jc/>Uu* jl c-jII -t\ 



(*,, x 2 )L = 2(x XJ Jtj) 
(jt 1 ,JC J )L = (X2,JC 1 ) 


^ (JC,, x 2 )L = -(jc 2 , X|) 
(x„x t )L=-( x 1 ,x 2 ) 
(x,,x 2 )L = (x y + x 2 , 0) 


(<—j 


b { a j Xj tiX| "I - + cx, 4^ ^ ("^i> ^ 2 ’ x^, x_j) ^^ 


. Jllaj 


jLlj . -LltC ^i.i J- jljle-l c J 


^ lijA; ^ C*i> -* 2 > -* 3 ' * 4 ) J * 1 - 1 y til* 

.x, +Xj +Xj + x„ =0 

: C—1 Ja>- JLU yj C~il£ JUo OLll 


-rr 


-TT 


( cos 0 — sin 0 

n n 

sin (5 cos 0 


8 *dj'j • *i *r*i *>■■*-* j> o\jj> Sj JjOJ jA : o*jS) 

. !J0* {£j*^ <— ■ pL^ (jjL* Aj JaS" 







-T6 


(JLmS' jl I { t r a/ J) . 



*S JujUj j £.jj 4 Jul »Jui oala R 4 jj (1, 1, 0, 3) j (2, 0, 1, 1) jj -T? 

? Ij>- ?'" U . jlla ji R" <jLj jla ji 

. .ul ij ml j lm 4 juujls .jIj ji *s R 3 ^ R 3 ji o%-u- ji ^ -tv 


(*|. *2. * 3 )i = (*2. *]> *1 + *2 + *Z>), (^Jl 

U„ X 2 ,X 3 )M = (x 2 ,x i , - x , - x 2 - x 3 ) 

(x t , x 2 , x } )L = (x 2 , X) + x 3 , x t + x 2 + x 3 (*_j 

4 

(*i, *2. x 3 )Af “ (Xj + x 2 + x 3 , x 2y -Xj - x 2 - x 3 ) 

■ ^ j**+ ^ 'J c5^ Ji*V ^ ‘V 5 ’ A 

^ a — - ^ Ij Ij (_£j] A~* ^ ^ (Jli* jJ '“V ^ 


. J-jLj L $ y (Cl y .^lo ^jIj »-£» W" ^ jl J C—O 4j 4lf L 

«•• ••• v» y> v •*«•*«*• » « 


m Xrt 


Ax = y 


6 i« isfejbjt s yaw* *-1 

A (. Ax j+fi ji t JuiL ^y*u* j\$j* x 

^ p>.* Jj y j' j y< 1 ^— | 


Lf^JS. L> (jrT U- jTja j XS^ 4_i;yu~ L :R'‘ -» Jj-Lo 4^, 

• p 3 ^ 

4 Jj-iU j ,j J^«S <j *S o^xl jnxn -o Ij ay- p-_jJ y>ojx 


Ax = /.x, 


O-T-^) 


JJicS; . Li-I ji 

j.ji,. ^1^, j ab d)liJi4 ^ L l)!^^ Ij i^So 

«(jjl ji 6 — ^ (j—ji) ■ Jjb ^jL>- ^2*T(jjL«t> (\ — f — \) ji aS x jb^ 

pr^ y^-tf x j'- 3 ^ -c>- L; 4^J 4 A 4^J 4 . (ala ^1 

AXpJ jb^j L <^_la jla^j Lj tjijJij j 41 j ^Ujb^ . -US' (^- , f-^ )iJaU* ja 





. i^ *oJjj jby * ^Xlx**! jl U . JLlaU ^y 

jfJl* *£ X jUu ab ^ — T — \ ) Xbbc* a£ aJjj jby b jtLjL* 

• *j\**yrj a *V^ jiol* L $jfj 

(NA^O—■^AT ^) ^J-S jjj j\ if j mm J J k jI Ob^^Lj j* .k~*y AiyJ^A j* ^Ujb 

ol^JLO Jl lj ^ix>- O^LjlJ ur LS' . -1 6 J t ^L^ul ( ^ AfO“ ^ A *6) iJyt-L—* Ia pL-Jojj j 

Ax = Xx XbL*-* Ji 4-£ 3b ^y jl^J y 3jy* lj ^jUjby 4 ^yA-J * 3yJ oJlia-* 

jVoc^ tSL(V-t-' 4 V - A» ) . J-yU bjjLl ^Ujby lj L^l j aJ^^y iix^» 

b Jlo t^Uirfl 1 eigen - 1 Jjyi^j Jl ^yL^Jf OUb» 3 y jb aj Ij a «a^ > a JLjjE 


*V f 


» 1jl~ 


■iy yj OjyJ Aj C>1y ^y lj ( ^ f™ ^ ) aJ^I** 


Ax — Ax = 0 


(A - AJ)x = 0. 




(r-T-1) 


^jj^T-T-U^U^. JU . j^x^o-y 

(on - A)x, + a 12 x 2 + • • ■ + a lB x„ = 0 
a 2 iXi + (a 22 - A)x 2 + • • • + a 2n x„ = 0 


a m x \ + a„2*z + ■ • • + (a„ - A)X„ = 0. 

^H-h ‘ x , =*2 = ••■=*„ =°<s~. ‘ ^—1 ^yr ^ tS^ <j^T 

-Lis Lj ( _^ij . X^^ jlj ( Y—T — Y ) !JjL_j ji yL*s> jby l C->jL^- 4J JyJi oJL-jL 

( Y — T — Y ) ol&-*0 jJ !j-jyLj i ( J_jly Li . ^JjL y J^ 0 k—iJL>>_J oJj_) t^Lfcjljy *J 

j*-* ji^ji jb^yj i <J*i tr^Lj) XlL ^jSZ JjL 

1A — AJ| == 0 . (r-T-^) 

i kl—xl •* ■ y n (_$1 *Jl**-X>- cSo jJjsLw l y\ 

(-1)"A" + • • • + |A| = 0, (T-T-Y) 

j A 8jJJ yJiti* (jl X fl t ... C X, 4 Xj ^La A„JLjj . iyi ^y oJyU A lj} Lt* 





At 


. jlj5 jij ^ jjT o—- j <» I j A jl jj 4^ l£*S <* 

' -**4 jii L rij^ ^ jt l J 4^ 8 jU J °jiJ jt^ 1 - r- 1 Jlto 



I* - ^1 = 


pjj/\ y c—o *jA-)J ^ L> 

-A -1 -3 

2 3 - A 3 


AJ^Iaj IJLZjI I ^Jl>- 


~2 


i i - a 


= — A [(3 - A)(l - A) - 3] + [2(1 - A) + 6] - 3 [2 + 2(3 - A)] 
= — A(A 2 - 4A) - 2(A - 4) + 6(A - 4) 

= (A — 4)( —A 2 + 4) = 0. 


jjk Li — 4 _jA*j — 2^Awj — ~2 j\ jjj jLp b jj^LAb ^bLu 

a_jJ. y <J.y Jjj <ijjy*>*jAx = Xx \\ { -2 ejljl *j . ptjjy c— j<o \j ojjj 



L 

•• 

2x x - x 2 - 3x 3 = 0, 

2*j 4- 5x 2 + 3x 3 = 0. 

(I, — l, 1) L ^i <■ x 2 = — x 3 4^ 3ij^ j\j x \ ~ ~ X 2 a 4 ^*tr‘ ^1 

=2x — X —- J-iJ» <j . C—l X, = -2lj J -kh:— 

L ^Lx* j\*j» (-1, 1, l) r * c--l A*, = 2 L jb^> aS i(1, +1, -l) T 

» (jxS \ j^j) A. ( = 4 

kbbu* t <Jt!L* * ■ ^■* 4 ^ ^lJL*l L«j jJ ^ 4 n - s T' 

cr^U^-^cA* ■ Jd-r*^ \>b cIjj ji j <■& ^-3X 2 + 4^-2 = 0 

. JJjb iaAi Lfj! * .*> <5* pjjb jlS j j~* yX* L I.* 


\ -Y ijij jlJi« Vj JiLs* i^l»Jij *}u >* ^* 




^ i^.a_«j j* • jj (cjjLiiw*) jjL>- * ,« jjjLi* 1 -T— \ Jli* ji 

■ LSjrT tSj' ‘jD 


• jij o~iS^ ^y. *-> *J 4 J J ,y_j f- r- 1 JU» 


,4 = 


-4 5 5 
-5 6 5 
-5 5 6 


|A - A/| = (-4 - k)[(6 - A)(6 - A) - 25] 

— 5[-5(6 - A) + 25] + 5[ — 25 + 5(6 — A)] 

= (-4 - ;.)U - 1)(A - 11) - 25(A - 1) - 25(A - 1) 

= (A - 1 K-A 2 + Ik - 6 ) = -a - 1 ) 2 (A - 6 ) = 0 . 

I \ /i * °jUi X. = 1 1 1 t = 6 j A^ = A^ — 1 jl JLj ^ a ^iJ ^I^jLj 

jl c—l OjLp jU^ c— j*> -JjU* <-SL LjJAx = Ax j j jlai* ^U- Ij . c—*\ 

—5r, + 5*j + 5* 3 = 0 


fi> : <> 


Xj = * 2 + X 3- 

*£ Oi' *i ■ c — J *< —■* *>.J J l V. j' 5 j'y ^ J 4 •!>*)■> ^ J ^ 

=0j*2 = 1 r* J ^j | j J urr'J x 3 = 1 j-*2 = Q r *^j | ^ 1 -^ 1 
(1, 1. =6^ .(1, l,0) r j (1,0, l) r j! -LJjL* ^ 

(0-l£ *]a>-^K» IJ T . -IjT ^ c—J <> 

JjJj (1 , 1, 0/j (1, 0, l/^k^ JiL-» A^JJ (^Ujb^ 

°jiJ cSUdi (1, l t l) r o^jj jb* OU—I R 3 (^LdiJjj <-£j Ol j ^ ®-U*U X- = 1 

. (j^S 1j T c—*1 R j*i ol *S juju 1 j X = 6 

• L* jl> <jriJ^ tS^ji b M* j±J J «}u ji^ T- Y- * JU* 


B = 


-1 -5 -2 







^ =2jX ] - 1 jl xjjLpo^jj jpU* : J*- 

Xj + 2.y 2 + 2x 3 — 0 
x | 5x*2 ' 3x 3 —- 0, 

tji . (4, 1, —3) 7 jl c-I coL_p ‘ *, - 4x 2 t x 3 = -3^ L_pt 0! jl a_£ 

c--ib ^ = \ = 2 


*! + 3x 2 + 3x 3 = 0 
*i + x 2 + 2 s 3 = 0 
-X'! - 5x 2 - 4x 3 = 0, 


•Ju J^ji * *1 = 3x 2 J x 3 = ~ 2x i f*oJ<S ^ <j^S^ JiP^ J l ^ J 

.0-1 (3, I, -2 ) t jT jJii 


0 jj j jl ji^j b XI(jjj 1 «jjj jl-L5-* 4_S XA3 uLX j ->4 JLL4 

\jij <■ *yrj *jt) J^ji J*'-*-*- p- r -~ * br*^ * j-k^ 

? (1^7 ) ■ (A — 7j)X = 0 0>V^bc» «1^1*0 fc iS ^ 

(JjJb JLl* Jl jl I 4 —jjl ^l^J aX-l O— 3 Aj fijjj jb^J 

. C.J ^jA aS JjO IJUj . J C*1 


4jl*J 

L* sb?y& jt-jj jS B b <i\ ■ IjA 4 JOS b rt X n La B j A ^1 : ! - f — 1 u^ij 

. P AP — B AS ^jj}dj JLili Oil3 lj?fj P ^j*£jb 

ttji bj 1 J A— JJ .A jl <, (j * oXl 1 ^jj Q—A -i ,_■■ 4 4 J. ^44 i j ..O^jL* AjLJJ 

al&_—,> & w»l jj>- jLS' 4 Aji— X *S ^jjjS- ^^j ^Ljl^ <16 — ^ ■ Xjl 

i j—•>b AjbiOa A jS\ *£ JL..5* *^J* j~ tib>- . JOS' Ij oV^bc^i 

fTT'iyi ij* ^XibZ)^^iaA 

P“ 1 AP = D = diag (a,, a 2? . . . t a n ). 

C—1 jl—A a, i< i >i ,~a ^1 aJl-^>- Jl?7 b D 4 .4 ~»x JJ ^1 aJL*j^Jlj^ aS ^j_J- A^m.«X ^jl^Li 

. (x* Aii^^- \AB\ = AI IS 1 4Sji\ oL51 ^1^ \j V- \ ji YV 



J**- J-- 1 * 


ov 


|J0 - A/| = |P“ MP - kP~ l Pl 

= \P~ J (A - A/)/ 5 ! = |P" 1 1 \A - A/| |P| 

= IP-'PII/I -A7| = \A - A/|. 

*jij jd-sLS-. OL*> ^y L a n i ... ta 2 <. a ]L zJoi *3 j j-i ^ U- j>\ j\ L»l 

t A »jjj «15* jT <1 xiL D l< A yijb jtfl: l-f- 1 juAJ 

. ,l--._a< D ^ jLi 

A ijjj (jUjb^ jl Ij'VL jiP <S Ct-.J jjTt-A*; Li 

iW ^1 jl T-T- \ Jli* ja B ^-U j Y -T- 1 Jti, ^ A jilj ^ . ijjT c-o * 
4 P~ l AP = D3P y,j*A 

j oil j1_>; Cr^T B o~iy^ <S*y. *■* P ‘ •a—’I L y A - i 3 j^ a u* 

. jj JJj . C —j ^jLLt B ^ 

^1-kLi j ^lc—ULi^D j>i trt yL.JjlA mXn ir0 :L.^:T-M Ml 

• A-il ft" (jljJl 4 jL vX A ijjj Jjb jA k^-yj^j, 

jXb" ft" ^\y jl«jL j x-il A i>_, jUjbji X » ... t x 2 <. X, M : oU 

»lf jT. 


Ax, = AyXj = x,-A f , i = 1, 2.n. (<i—T — \) 

J J»*lj X ; . jb jT i j^ -Lili ^b P 

D = diag (A t , A 2 ,. .. , A„), 

L c —1 JjUi (£>-?- ^) ixbUi jT 

AP = PD. 

P" ! AP = D, 

t : .l \j£ tjij+j o\y& 4j < wJLj i» oLJI i <z~*\ D yyu yijb* L * y -■• * A . tj*± 


. LLij jtf o L rij : ^ ^ ty j3** 1f_ ' (jr**i j* 4 * b J-^Jy * 






P = 


. I j 9 ->j-£ ^ 

• Y-T-> JlS* >» A ^-jyL- JUo OLt; T-T-l JU* 

4 - 

pjjb t JbJj*T c~*o <» Y -T - \ Jli« ^j> aS" A fl^jj jjUjb^ jl oli^A L : ^>- 


/l 

1 

1\ 

/ 1 

-1 

o\ 

0 

1 

1 J 

f , ’=: 1 

0 

-1 

\1 

0 

li 

\-l 

1 

rH 


. j> j-J* V {jij+5 olJj^ . P AP — diag (1, 1,6) ^jI^Lj 


jT jUoJ^-L 4-5" C~- I pj-> ^ L^j^—' l5j^ p-fr* 

J£-i ^ * ^0** 

a* 2 + bxy + <ry 2 , 

__ j*^^ j-isP bfjt Jl j JL*t ^IjlpI c j b i a <S 

• «Ju^C VJ X 

• tr={ j* i-JU« ,p f*-*\P 

L> > A u 1j pj^ i*\p C-^ - J**jy' x ^f J-* 

JsL-^ j ^l—fll c im£»*Lio 1 *-*»^ > * ^ *j^p pj^ <-^j^ 

■^ A r*rs* Jp-*ij^ 

^rdj-JL-* ^ jl oiL-lj—-1 L J^-i 4 j Oiy jj-* 1j pj:> ^ y» 

yJ Y-T- ^ mo-J j3 fJ 3 ^ c JU^-^ • cJ^jLJLjl, 

*y>uf*-*y 


pj^ <_>-ji 


<,: '- v) U°i> 


a i 6V* 

kb c \y 


^JejjJ^A £>Vju> Oj^L-1 <j1 S' J >*\—i tT'-t-^ 4—*ai j k_JJa*^l jl .iLLl—1 L 

• (*-r 5 ’t/* b • L *^ 1 * '-^ • - A i' ^ C—O <1 





x (xj, , x m ) j y (.y15 y 2 , • • • * ^m)» 


yjxyt4£c^U l y s 2»-<5JJk*)^UC-l*Xxy (= yx )^^ 

Ijyjx^jj** Je'j* ^j^-poIU- 

u«*>^ ^^rJLLA JiUJ jl JL»IkJU i£l*jbjj 4-£ ^b ^Jkl^>- <jl—Y ^J^ai jJ . JlJJ^? JL*L^m 

* p* y. 

(^2 ,. : .aj~) jjliJ-4 ^ j* '-^ , *j^-) ji- 51 -** b jkbi> ‘JdJ r - r ~* M* 

> X juLc* 

XyjXjj c l.j X; jA-jl. »>_j jdjLij L jjUj_j j-jyL* >X A -L_^ : oLI 

0 ->j~° <ji' j j ■ x - ll i W<* ^ J* 1 ^* ‘jo J^y. ^r*s *i 


Ax* - /.(X,- J Axj = 


xjAx; = A.xjx,, 


AjXj. 


(*i> 1 ^ ^r* X ] J* ->’ b J->' J^ 1 


(?-?-\) 


b *Tjj v* 3 'b j^' 


xf Axj — IjxJxj. 
xjA T x i = xjAx, = AjxJxj. 


' Cjr*T <3y y^bw 0 I 4 JIy 


r _>b lj<?-T-1>iJjU. /H, 


(>j - ^i)xjx, = 0, 


■ V*» j! j 

(*s^ ij* "J 1 -- b jii f-f-\ *r** jl olii-t L 


5x 2 — 6x;y + 5y 2 = 8. 


\x£i J* b jL) f.J J X>-jj Oj^ 


(i ’ 3,) (-3 DO"* 11 ' 


l^jT l ^UUi* *j*j ^Ujb^i j A j Y jl XjjLp A • jjj jjjli- . C~J A <jjUi* ^jwyL* (^1 jb aS' 



. (— 1 , 1 ) j ( 1 , 1 ) y 

i-rt 1 J-j ^ L> *jij ^ -V 5 ^ *i 

jp^er'JL^!(l/V2)(-l, l) r j(l/V2)(l, l) r o JJ ^*,l J .>.j LS U J b^ 

pr** cr* 'j jiJ a~ij '^ 


p=-( l " r 

M 1 1 


^ j'-r* jjl 


p~ l = 


1 1' 


n/2^1 1 


= P T . 


a^U^ LrS yL« Lj^^jyL.^ • c —<.,_^*j 

. ,x;:,..-a j j-«-* (*■» * jbjj J j *j' ^ c-ol *• oT jl jjl 

. C-—> jj u r u = 1 <jljb u 0 y-» jb jt y> y oj^b- 

jjbjlji L 


X T = ( X, Y) J x T = PX, 


r^ 1 


xAx T = X T P T APX = (X, Y) 


"2 ovr 


0 8/\ Y 

\ t 

— 2X 2 + 8 Y 2 , 

. J 4 T t ^ J 3A a + 4^ = 4 <o 5x 2 - 6xy + 5> |2 = 8 aLL-a-a j 

j Fj ol ^ jL ^I (JfL* Cwj! Jj[ al^L^o Oj<*j ^ya.«.i iJxj 

J.>Ia* oLdl>vi ^J-J l^- . Jj Jjgxy f 4>%j*0 ji (—1, 1) j (1, l)iku jl L» jj >^*<jjl 

. CL* pi—« (_^bk 4 j^JSp 7l/44jjlj ijlJJl 4j y j X fS^Jj > * A O^JJ^ b 

. kjJ>- <>■ y>%j I j o^Lo>- *-+a i*- o jj-s^ 

• **ry ji J j^*^e ‘ ^ fj- 5 ji^:^ ^L-L lj 

j£-i <0 2 j F 4 a- jl o j j** 6-T- 1 Jllc 

/(x, y, z) = 4xy + 4xz + 4^z 

. -l^ bM>\ ^) = l fj* ^rj«> L> 



J®*- j*r - J-** 


jiJ &jy+*i&y ^ b/(*> y> ^) : J*• 


(w) (i i 50 - 

'-r*y*i ‘X) j \ = 4j X 

(JL £ I j *-j 11 


P= -1 


0 -1 


p- 1 =- 1 


1 -2 


1 -2 

1 1 


-2 jl JSjb Jy o-y’L. jtdJu 

= (1, 1,1) T jX 2 = (1,0,-l) r t x ] = (1,-1, 0/ 


o>) J-> 


S 


2 lWO 2 2\ / 1 1 

1 -22 0 2-1 0 
1 1 / \2 2 0 / \ 0 — 1 


ft- 


-2 0 0 

0-2 0 
0 0 4 


J* jL> ^ jj —2X 2 - 2f + 4Z 2 = 1 (j:, y, z) = 1 ^ 

. I j A CX-1 

TT ^~\ JtJL* ^J-*Liw *£j j) o l Lf &^> 

*uUr* j^-L- V> j* V-\ j^S%j >> . c.— y 0^jj ^ 


. Xi JLfci 


J*- ur^J-ri f-* JV 


f-1 

\-f- \ Jlx jj 1j - 4 j = 2 »j±j j£>U« L ijij (^Ujb^ ^l> oLj^>- - ^ 


it* 
* <*y« 



, Iju Ij *j±j ob jiJ o *j 4fai~ j\ 


^x+m oL>bj 


PY 


A 3 - 3A 2 + 4A - 2 = 0. 

( . JU-iL Jab>u ^£4-* jJ^Uu • **?jb 

• b Y ~> JH-jb* 
. xi~j* R 3 ^Uaij^j A = 6jA = I aJ^j^LaLvOa juo jLU c Y—T— \ Jli* <, <*>*lL 

( . JkJjjLi^tU- j-i 0^ ^ —X— \ jjk j4j Ij UaI u*ijJU *4^bi*/j) 

J-M0LU Lrr * .-uLT-f-> Jll-ji b^^rO^* ijij ^J»lb 

* J®*' Jfc— 

jJQ> <u L J L w* A J lw^> wmJIj ^y jI-p^ 1 JuiS*Ij Y—T— ^ 4.i^l oLjI 

, JJl Ja*- ^4T«.a j *jij c5^jbj^ j-'- - (L)T i P l AP — D t JLilj 

£\ jljo QIa: . -LjLj Ij P 4 T—T“ ^ <Ji£^<> <*>■ 1 ,* L> 


/i i i\ 

Q= i o ij, 

\i i V 

. Q~ l AQ = diag (6, 1, lj.tftf 
» jIj ^ji <>-j^ ojj j~~0 *£ ,x~S t yjL>u j x^S *™»Ij»> 1 j P 6-Y— ^ <Jli* ji 

4 jW-LO <5^ <J^* 0U^ 4 a J-i 

• Jij j 1 ^Lr* * jiJ J ‘Ji J 






• jdj J 1 l> $ ‘jLf J ‘jU ji^ 



( V/-3 -1 -6\ (- / 4 6 6\ 

2 4-3 13 2 

\ 1 2 2/ \-l -4 -3/ 

- •‘siW b j±J iS^iy b i j*j tiUjb^ J *J*J Ji^lb 


/0 2 2 \ 
2 0 2 J 
\2 2 0 / 




4 

2 

—6 




-r 

-T 

-6 

-9 

-V 


-A 

(iuill 

• 

(iJI 




CJJI 


(v /3 0 0 
0 3 4 
\0 4 3 



*“ J-** 


• -hki b jU *jiJ J 0±j ” ' Y 


1 1 1 
1 1 1 
1 1 1 


4 - 2 -1' 

6 -3 -2 

-3 2 2 


1 1 3 
1 0 1 
1 1 0 


(uill 


tiJ 1 <S 4 jlL. lj Ujbjj J «>_j j^LL* - > f 


-1 -2 

1 2 3\ 

0 1 2 
0 0 1 / 


1 2 1 
12 1 
0 1 2 


JLjUi tJjjU 


7 - 2 -4 

3 0-2 

6 -2 -3 


2 4 -2' 

4 2-2 

-2 -2 -1 

-3 -7 -5 


0-ill 


. O^jjl 0-0 4 j Ij Jjj jl ^Svj> ijjj cSW J ji J °jiJ ji ali * ■' ^ 


1 0 1\ 
0 1 0 
1 0 1 / 
5 -6 


3 -6 -3 


(.—ill 


. J~ — — a u^JLi^lal "VI jjJl* ji k^^lJlS" 

• -4j/ 1 ■> ^ jdj y 1 * j' J* L> W' ji& "jiJ tiW-’ji J ■jdj jd^ " ' & 


2i 3 — y 2 — 4xy 
x 1 + y 2 - 2xy 


(J! 


1* b jdJ fj* **vP ^ 

(l^ 3x 2 4- 3;y 2 + 2xy (c-ill 

* 

2x 2 4- 5 y 2 — 12 xy 



cf —oL^L_ 




■ifi Vi 'j jU 2 J y ‘ * <r—f **-J J iS'wjr* j' “ ' v 


2xz 

7x 2 + 7> J + 4z J + 4xy + 2xz - 2yz 
x 2 + 5y 2 + 2z 2 + 4xy + 2xz + 6yz 
x J + 2y 2 + 4z J - -. xz 


(wUI 

<v 

< v 

<o 


jij j j ’-> '+■' ^ ts^j^ j *jij 


A = - 




. c..A A’t \j j j’ 1 JX- Osj 1/X.lf jl t JuJiL A ‘j>j jlxL* Xnj A.^S"l J x$ * wjIj 
£r*y lj -b-b Ij A - X/*«c —a l A j*-* 

. JLAJ 
* 

. JLiU ^ Ja5i j C-rf! A iyj jby jA-P OjU 
^ 1 j\ 4 j X 1 «L? jl 4 Ju-Jjl> x ©yj jb y U A L* ij-ij jIjljL* X j£\ x~^£ c-jU 

jl : i^Ui+tj) . c—lx ijajjby l;A" ^ n c~L> j gy-»w> ^ 

O-lS* o l al^l *1yfcw*l 

jtoijjLL u .- 2 yL< . Xjy?^ oly^y*-1 jA 2 = A li A ^yU 

. OjU A 61y ^yb ^ly !j yj <y*ly*- • -XJjb jbTj^ 

.A = A 4 n o*JL* j ^ JLi& j* (jj l j I 4 j (wJl 

. Cm-I y b Olyiy*- y&U jj-jy L» L^J (c-» 

. ^ Lyi-^ylyAo^jy^U* <W 

. C-—I A L J‘^ m (jjL* Jkk»M ^(JLhj yly Xl^Jfc \ y !y A • y^tL* (o 

ju criy^ ^ l y 1 j <3y (ii> 


n 

Y 4 


Y> 

YY 


-Yr 



*1 IA Jy^y “Y “ ^) a u ihJL* jj X Jl i yj- Ju>j — 


YT 





jJflM OltUO ji JjJjlf 6- 1 


,yiL <j\j, \ 4 -j yL* jl ioL-iL>o ^L>;1 j lS'j-! J-^-»ji' 

, u j c Jl!L» i./Jil y*~ ol jr ■ *! jLjlj s'^- T iO j_>- 

J J b Jdj >-r>ib'* ^ Jj 1 Jr-'LrV 

X, = X] + x 2 + x 3 
x 2 = 2x, + x 2 - x 3 
x 3 = --8x, - 5 x 2 - 3x 3f 


Oj^s Aj al&Ldj y \ l* iLu L . Jl* a ^ jLU Ij t A> O 


x = .Ax, 


-—J (jj-? iAiii njT ji aS’ 

^ AlJ^ yj iiL 

(\-&-\) 


■ 1 'V'ib^ ^riS^ A j X = (x,, Xj, x/aS" 

L. J x = Pv 01 >> t X = Pv a£ LSjjiaJ j^L P ^jj'U ki^j p-Ol^j J?l 

a£ jlT^ ji Pv = APv o aj (^ — 6 — \) aJjI «_4 i ^J a *~ ol -<a ^JjJLJ^jjl jl ojUjujI 

s\ p j£s\i' j-ijk* *\Sb\ v = p~'apv jTji 

l»jjb j jjb j 


v = diag (A,, X 2 , A 3 )v, 


(Y- 6 -Y) 


> A ijjj jol<L* U X.aS’ 


( T—&— \) <]^Lm _4 . j j** iS^j* 0 ^ y JLj*- 

Li j *£ ^ jLJU 1 J AJ^*Jl ^aO U^La-a 4 U« 

j^, = =-l 4 A., =-2j»jjb jj . c—.1 Ja-Jjli 


— 4 -3 0 

P= 5 4 1 

7 2 1 

I .• J 5 U P a 5 


c—.I j£ft P <S pj:—» ji-JaA Y-f- ^ i^-i aa ajj-j; L j ( jl+S \j \ yjyi) 

01 V b-r j v , = - 2v t jl c-l OjU^ (Y-6- \) VJ^I-- ^ . (Y ^-) 





±j 


?? 


jl (Jj-r? Ji^Sol I Jjjk<5 i v, =c 1 exp(-2r) 
v = (Cj exp ( — 2t), c 2 exp ( — 0, c 3 exp (2t)) T 

4j e~' + c 3 ^ lje 2 ' (T-6-y) 

o—<; Ij ^• C—-10-6-') Ai:>U>i_4 yr 
aJL_. t£p ot t-LiL o-o ja x(0) = (2, -12, 24) r jU»l bb /l ^jj! 

C«- 5 b L *Jjl 


x = Pv = c, 




. ( Ij V ij* ■ t il Jl? ol_j^ ^ 

: ' jdJ *i <i>* •J' 1 * J*- tiU •'-> ^ 

<; uii>^ ti'j'i ,>> j j* 'j *= Ax yaL-«— ij—ji 

Ojj- j-i\ ji . j—«I c-jLj jb^Jt5L>c j jJlSL-l i_Sj A,«_S' tc_<1 x = c exp (Af) 

I_*1 . Ac = Ac U cA exp (X,?) = Ac xep (A,/) |*jjb * _»•_._i ji i x = c A exp ( Xt) 

c<_S d\ -l»j—cjL ill<_4 j—>- «_S ij—.. . - .11_>-j^l jl 

> A j —^ o~i • “*—^ ^ —*—-• L jtlij —.A „)jj jbj., 

q\ .Ij » O—o^U.: •*! T- ^ $ J^jj i JlJ»Ij ^y Ju*t ^ jJoj 

. JJl oJJhi ob 

■AJ jT Ij yj a 1^1*0 )— &— 1 



. (jlj^> Ij Y—T—\ Jli<) = 6jX [ = A^ = 1 jl jjJjUp *^j\jJ? «jjj 

JUO ^ oLU 4 (1, 1, -l) r 4 (1, 1, 0) r 4 ( 1 > 0, 1 'f jl Jj£ jUp Iw^-J y <; Jb\^L* 6 jU {S^J^ji 

^yr (1- 1, D r exp ( 6 1 ) j (1, 1, 0) r exp (t) 4(1,0, l) r exp (t) 



J-** 


9S 




X = c 


1 



exp (0 + c 2 



exp (0 + c 3 



exp (60- 


<— j' uK-^J 1 'Ji3 ‘ c ~ - ' ••*** •■>'■> • L&-O lSJ*-* ‘r'ijT j-r^ OjL* 

^ ‘ c ~' 1 


exp (0 exp (f) exp (60 
0 exp (<) exp (60 
exp (0 0 exp (60 


exp (80, 


• ij-i y i-U^lj »l&~, j w'lj-*- **" jjj . j jj^o j> j> j 

. c.—«l (*»JuTc —jjj <5"^! ji ^——*1 jjl—I j jjj 01 ~»jJj jJLiJ jjL^i 

.oij? J J_>* j~rf V- ^ ud 1 

I*j j& JH jj (j 1-4- \ ImU 

x(0 = A(0x(0, *0o) = * 0 , (T-6-1) 

j ti—,1 >»& x 0 j Jil *z-*j*> a < t <b IjLjM(0 i n x n <S” 

. j jta j (T-6— 1) **_Jjl j L l « _ « «l1\ ■■ » (_jl j) l_k»>lj_>- »l_?ol . a < Hj < /? 

Xj(0, x 2 (0.*„(0 

4(0 = A(0x(0 (6-6-1) 

i— ■ ■ ■* i jjj ^ (T-6-1) #1^61 t .r itL a <. t <. b ijL 

x(0 = CjX,(0 + c 2 x 2 (0 + • • • + c p ^„(0- (P-6-1) 

.jL Oljj If Ijf^Lil b a < t < b IjL, Ja»- (i4>1>^ i*j->*~* 

c^-OJ 6U_.jja ^Ijli i J 1 <*■>*?“ ^ J j • Ji*U tr* 

^ ”6*- A tjll» jj> . c*<«l«jL 01 ^ jjw? 





9 \ 


{(1, 0, l) r exp (0, (1, 1, 0) 7 exp (0, (1, 1, 1) T exp (60} 

Jiiwi ijjj jhji n tj \ijb (6-6- \) jS\ . yr jl til 

o)ij ->1-^ ^ <» L - i: .-* uly ^y b ^y■-r'l yr ^ o! t o-il 

i. JiJiL e^Jj jlJli* J£>- L» a£ X*\ Jilijl j a£) JLil rz ji J.lc£ ^la 

. jli A/ Jbl> <_£j5sjJ> C—•»l «-Li o.>b jLU <_£ Jjo (Jll« a£ aJ c O jy& <jt 

b ^S? 





jTL o^ij j\ = \ = 2j\ = \ }\ X2jL^ *jij L*r^*1 >> : 

t *j\> >yyj J * J-> W* 1 ^y7 • <_r* ( 3 * 1 * ” 2 ^ J ( 4 ’ b “3) T 

cfb^-*- 4 Jr^lyP jl ^ yU^U»1 L p-r-iyj b ^yy^ v 1 -^ by (**' y ty^ 

iaij <—>b^“ c c*oU jb^ tibl A^crxep (2?) Ai j ^y ,y-^>- ^pjjb 

<y j j y yJ tib* * r*b< b c ^ 

x = c* exp (20, x = c [exp (201(2* + 1) 


c(2* + 1) exp (2*) *= Act exp (20 

J 

2tc exp (20 + c exp (20 — Act exp (20 = 0- (V-£-\) 


i yjj ixLi yA aJ^Ljv* i(f jj\ ^jcl^a ty t£ljl <* * exp (2 1) j exp (20 bl 
JjL j c = 0 ybj . J- 2 -iL j - 4 -^ t exp (2*) j exp (2*) *0 a-S* Jl _JiL j\yy JJ )y i y 

(? l^) . c—J J_jJ Jjli ^1 yr x =0 IjjJ 

Oj y^> A/ J « yX^- l5nJ <£ JL*J> y ObJU (V —6“ ^ ) <JjL»-4 ^-L_>wj i^jt 


x = b exp (20 + ct exp (20 



J* 1 *- j^r - Jj'' 


Ijd' J- 5 • ^15 ud^J^jd c J b dS 

x = 2b exp (20 + c exp (20 + 2ct exp (20 

*jji ^ x =Ax &U* 

2cJ exp (20 4- (2b 4- c) exp (20 = ^(b exp (20 4- ct exp (20). 

^ yj thU* j* p-jto jly —• Ij ; exp (20 j exp (2/) jJ> J\ JU- 

(A - 2/)c - 0, 

(A - 27)b = c. 

y)y. c/'-rrV* = (3, jl 

b = (3, 1,- |) r Ah ^—e^v'-^tfbfcjjji 1 jMA-2/1 = 0 ojb^. 

(3, 1,- ~) j( 3 . U-2) 7 t (4, 

ojUi-l tfjlj*- j' ^L-l ^y^* cSbi j'y tr* ^ j'J OO*^ —* 

jij ^jy* *i ‘j'j 3 y b yy* vb^ u~i ■ ^ 


x = c, 1 W + 02 1 e 2 ' + 1 

\-3/ \\-y \-2 


3 \ / 3 \ \ 

1 e 2 ' + 1 te 2 ' . 


j ■ Oj^p ji . Jv.lL laW>i* ^ _ ty^u* ^_Ssj c V_j -5 ijli 

jLjl (jLjJjl oUiU L (*Jly . AJjh US . a Lfil^ (j-l—»' ** j-***-* 

• y gts^ b yJJ ji' ^. ^! • Jd4r* yyyS i yyr* ** b j^* ji 1 

• -^Lj lj yj oL^-J yy* ^yr r-A-IJU* 


* = \2 I)*' 


jl I 


2 - A - 1 


4 — A 


, = (2 - A) (4 - A) 4- 2 = A 2 - 6A 4- 10 = 0, 


X, = 3 + i jljl <> .^y 

;)■»*»;:;) 


,i^X, = 3 - ij = 3 + 



V* 




U- • 2*t “ *i = ( 3 + 9*1 U 


_ ~*2 _ C* — 1> 

*' / + 1 2 2 


Ji\^A »>_) jb^ (i - 1, if £Jjy> 4j ol^I ^ lj A, t L bi* t>_j jla^j J 

c ~ - ' ijr^T ‘j'y* Vb^ - i_ri • (*' + b <j Xj = 3 - iL 


/i-1 i + l\ /*i exp (3 + i)t\ 

~\2 -2) \k 2 exp (3 - i)t) 

f(k 2 - fc,)e 3, (cos t + sin t) + i(*! + A 2 )e 3l (cos t - sin t) 
= \ -2(k 2 - fe,)e 3r cos f + 2i(A x + k 2 )e 31 sin t 

__ (c^Xc os t + sin t) + c 2 e 3, (cos t - sin t)\ 

~ I -2c,e 3 ' cos t + 2c 2 e 31 sin t J 


1 ) cob t 4- ( „ ) sin t )e 3 ' + c 
-2 VO/ 


COS t + 


sin t ) e 3 *. 


(A-£>-\) 


b ^ «>b j\J lj c 2 *x* i(k } + fc,) <, j c x K - X, sW *i o\ ji *S 

(. Xl c 2 j Cj *S c^l eJul ob jLbj Ur jTjj *£ xxS 

'-ris* V ‘jiJ iiy? ■ 1 iSjjs* Ur j>\y 

. JuiLj (A—6— \) IdiUt* *_—1 Jjl ylaj ejX c~-*i y _}*-£■ >—*1 y Jjb 4 X" 

do J *It <J *£ l y\-$Ay j vX—4»_-il y- *S XAly jb r J o 1 ( ^ ) i^ Ja i Jj 

Jbi_» yyj»S- (A jb ilLli jl^J^ 4 Jbi* I^iJj . £ilj jJ .1" —.* 


* = ^1 (( l) C ° 8 i + ( l) S2n *) e3 * 

+ b 2 cos t ~ sin t'je 31 . 




ol y oLf il>T tXiU X = Ax ( _^a>- Jix—» X 2 (0 jX,(f) *S X^S yy 


jU <J yy>* 



Y\ 


J** j?r -JV 


x(0 = C x T t (t) + C 2 X 2 (0, 

jl JL>- . ^jl e*j£ ^J jl*-< oli—.a Jail ll 

t L f Jl i i C~x«l !^l*^li i *?j* Jj«***I_/*£A Xjt*Jk L> • j—u 4 bLU 

(J^. v'j -^*i l J *jTJ fiJj'c* 4 j- 0 y**~ v l ->^ t -^ J - 

J-> V^ 4 Js-j'^ °^ l4 ‘ 4 _P £ t*r*'j^ J2*<jtjj *&-V c^'y- • pr* lt* **b<il 
‘ Jj • *ji -*■*'>■ l r*r**~ vIk - J j ‘ ^ (j 4 ->'j* • J * 1 ^-' 1 ■»j^ 1 

• (*r^ (j 4 **'J'J cTJJ J A j* j' ud^Jb* ■ iS o'—' lj v ^ 14 js* 4 ^ ‘r J -'j^’ lT'JJ 

J-jLijij *l&-o *~>\yr <Sj ?- fi-) JU* 

/4 -9 5\ /1 + 13A 

x = | 1 -10 7 x + 3+15*. 

\l -17 12/ \2 + 2St) 

if 

a*j ‘O^ 4 ^S-dj' cjliw'l* : J*- 

x p = a + b«, i p = b, 

^jjb t o_l! ojb tl^iuO ji Oi j*j <jjjiCt»- b ■ JLijJli JbU j J L ' —>».* OjII h j ;i <5" 

/4 -9 5\ /1 + 13A 

b = f 1 -10 7 (a + b*) + | 3 + 15* J, 

\l -17 12/ \2 + 26 tj 

oV *4-^*l* J C-*l Jfl-i J J^l—J ( _Jo>- £*1J jJ *ff 

!j t k-*jl j*p j\£ ^jjl i$\j* * c . -*o 4 j 1 j b I-UjI -lS' c^I b j a 

a = (0, 0, Of (j-j— j b = (1, 3, 2) r ^-. (•r* i c r* j'^r* f-* lSj'— 

jl c—<1 ojU> ^>*>>■ ^ i_ri • (' * ■ -^Ju 4 

x p = (t, 3t, 2() r . 

WjUj (_j1^ Ij U^IjL jjji: ^jj JU 

x = Ax + f(() 

c—-I x»-. c~«l fa* A i ft xn ,j-if L* ^ L y jlJ <i 

o~j oL-^Lj ^ jj' jl Jib—. L.I -OL lJ Lj^ 3?^-: ^1 






VY 


aS c_-1 cwJIj j c—il ujUi* JjjjLj ^tU-<» . xA^ 

• f<P ^ OjU^ t^lf—4>U b * lSj'— J-^» ji 

/' 


X = CjX] + C 2 X 2 + ■ ■ • + c„x, 


X =^x j£*-» ^J* 6, ‘T , '>r 


Xp - H [ X J "f~ Ur2^2 ^«^H» 


(W-&-S) 

t j! ^yul y l*W ( aS* -Lilj ( \ • — fi— ^ ) {J »x>yA>- 


=Z “ iXi 


i= 1 


i= l 


(HJj'.y ■» *i 

*„ = £ (Uji, + Ii,x,), 

C—ilj J O * ~A _ ^ ) ^-> 1 *-* ji ^ j 

n 

Z “i(*/- Ax -)+Z £i,Xi = f ^ - 

1= 1 

1>.U^ • i <±—\ jl^e jlijj <Jj\ Ul 

<\r-ft-\) 


i= I 


^ £i,x,. = f(t), 

i= l 

lTT^ ‘ u j ^ r ^ J j\jd\d\y i y^ 

S^£ <^y . >yl y ^y*>- *->\yr (^ ^ “6- ^ ) ikl** ^ ^^ 

L jl^jj ^ lj <J^ J C—'L* U • *- 4 jl ^ Y —6— ^ 

•l^L-O <S* ^-JL-Jk . * j£ ft Jji !>Lj 4 ^ JJ lTJJ 

4 c *-*"' O? 5 ^ Vi'j—^ (J-iy 1 -*' Uj ‘C—L^Iii-^Ijj-^ jb 

. ^-5 Ij tj <3j* • l »- ~ < 1 ^ X = Ax al&UO ^-*LA i_A j*- At'jt+J **a 

^yr ft-ft- ♦ JUe 


-1 1 



vr 




C-l OjU 


x == c 


cos t 
1 1 2 cos t — sin t 


e‘ + c 2 


sin t 


e 


2 sin t + cos f 

jLuLj ^ l 


T^ 




X = 


“1 1\ . /cos 

-5 3) X+ ( 0 


pj/ iS + jii *i 'j 


cos £ 


p Ul \2 cos t - sin t J +//2 v2sin^ 


sin i 


+ cos t 


e\ 


*- : <+■ 
(\r-b-\) 


* j' • • Jb -' • J jt J (y J’— "■* ji' jl 

pjb 4 (\r- 6 -\) 

UjC r cos t + u 2 e l sin t = cos t, 

Ui(2 cos t — sin t) + u 2 (2 sin £ + cos t) = 0, 

L oL? jT iJ>- (^yJL>- U o-U-li Jl d^Lai^l L) w 0 j w ^4 j 1 j oV^Ljc*^ 1 

j jl y Cwj 4j Jl>uj 1 jl o^Ldl^l 


, — i 


u i = —- (1 + cos 2t + 2 sin 2 1), 
£ 


— e 


-i 


u-> = 


(2 + 2 cos 2t — sin 2t). 


u { = —j e '(1 + cos 2 1), 
u 2 = %e~\2 - sin 2 1), 




^ a>wJ (\ V—&— \) <tabc* jly L 

cos t. 

j-£jxSj*j pr*^ | j'—^ +* J J'—^ °U ^ 




JujUj \j jJj 1 JUfi 


'4 —2 


x — 


X + 


—2e‘ 


- 2 r 


+?* J 9 } : cb 


A = 


4 —2 

1 1^ 


_ 2e r 


r~»' 


|A - A/1 = 


4 - A -2 
1 1 - A 


= A 2 — 5A + 6 = 0, 


jl^^j X-! — 2<jlji 4j . = 3 j Xj = 2 jl JeJol^i—» j> Jlaj olJLj *£ 

*r*1 ^r> * -^u** 2 * -04 * ( 2 i ^ J 0. 0 T ijdj 


*c=c ( jy+jy-, 



. x*l c 2 J c, *S 


P = 


1 2 

i i;- 




A *>_> ^ J 1 ijs 5 ^ o~ij^ 6i' 


P~ l = 


-1 


1 - 1 . 

Ojj*a <i j <i x 

Pv = 4Pv + f 


Pv jX =Pv !»~*J j'ji . P"'i4P = diag (2, 3)_, 


v = P~ y AP\ + P _1 f J)v + P-f 





V£> 


V f 




V 1 ^" 







J 



^ (NY -6 — \) aJ^U-* ji o jj—^ ^1 



fdjjl tr 4 ^-—* * ^^ t3' 

iij = 2e~' 4- 2e” 41 , 
ii 2 = -2e‘ 2 '~e"\ 

^ <Jl j£s^\ U j 


u l = — 2e r - 4t , 

w 2 = e~ 2 ' 4- $e~ s, p 



^yr jdjfa 



x 





J 



i *JLi 


J*- c$Lrt j-t' Ji^-H i5^ i **JJ °r -4^ 

• Ji ' J* 



oL. 


V? 


>\IL« 1 1 jl ^ajIj XL L xXL; x = Ax + f(/) L> x = Ax A <w*jIL* ^^1 

. jlJmL ^JiLj <*-* >b^" O^jjl f-**^ ‘^ -, V-^^ ,i,u * Ow*l al^ 01 ^ JLiL A(r) 

. JJLJtli J> JLwO> Xjl ^j X*£ JUbl^^ 451 jl JLaj (_£iXP j jJ 

j-Ju-« v-SO jl L^jT jj 4_S^ ^ilL—4 jl c—-1 ^jSv^4 

4-£ Ow*l j^J — (J-rf^ ^ <JLX* w5\j £ XJlXL eXX jjJrflj ijli J J-^TJ 

^ jl oljijT w 2 j m t U-^l . c—*1 «xX ojb OLU ^-0* \ J£X 

c-^r j ^ ^ 0LU>’ 2 j > ? , L J^U; I>UJ jl ^ jj <.L>- . xx~* k 2 j k x 
OjX l>j^j t Jjl aXX £j+1a 4j OJJ Jl jJ j^f 4 U**J* * ^ - * *1 *XX jLl>-l 4—4j 

L / J <Jjl 0l£- j-^J ^ oly ey* b . Jjlx jyr-j 1^ XJj-^ j x^l~a Ojj 

■ *j/h> oL-> <j fyr ^a l w50 <j ^L - lX. JUp! L j ^ jj <Jjl 



* 

>'2 


>-0-N JSLi 


yi f^b* <_y y 4 ^ *->b iS^Jji**^ j Orb^ f>> J* ^ 

prr^jH b 


m^j = ^2(^2 ^^1) ^i>'i’ 

m 2 5 f 2 = -^ 2(^2 “ >'i)‘ 





JU 'j I f^r .>■> (jr-^ y 2 - > 1 1*- ji 1 J> 

(fe, 4- fe 2 ) , k i 

y i =--—y. + — y*. 

Wl J £ 

^2 ^2 
^2=— >1 


y = 


j A = 


(k l + k 2 ) 


6\j**S -Ay 


jl p-jlo_^ Ij dl£l^ JjI 

<wjjT j* J'JJ-* 9 *i'J 0*1 ^> ur* • Cw '' Ojlil- ^jb j f>> <J£-^ <■ J jl 

y = Ay ^L^dLf uT y = a> 2 x exp (tot) <■ y =x exp (cor)^^^jl : ...aLil 

j a jjj ^Lfcjli^i JLjIj i oI^LmO wl 0$jj\ Cw»J <U . JLj! i4x = O"X O Aj 

j j-i ^ jljJ*lj 0l>* ^ 4Jl—* jj\ oLSj->- . puL# A t* >> l j Jp\^» t^jj jjjU* 

. (Jul5 l j ) & Jjj j^j) 


6-1 tSl^O® 5 


jD a~iS 


XfS I.Lj lj Ifil l Ji\z* t jjj c 5 '- fc J lj ^i J • JiJ 

• ‘‘si 1 - b jL) l riS^ 


J c 2 L c, jiJli* l x(0) = (2, -12, 24) r gj\ Jjjli. jl olcJ L Cf-O- \) &U* jJ 


• b c 3 



oLjLj 

jl Jii~4 1 j*j>\j\*i tQ\p(2t) jexp(2r) jlaa jlii 

(. jJ c~m* <> c t exp (2r) + <y exp (2/) - 0 

*— A j>» 5 = (3 f i jljo oLu Y- 6 - 'i ji 

(A - 2/)b = (3, 1, -2) T 


4PJuA^ jLiJ 

{(4, 1 , -3), (3,1, -2), (3,1, -f)| 

. ^ 5 . * ” < - 4 4P | 

. jla 3 ^Jwuc> lj T—6— \ Jli* 

(JjLvs r-6-> JLX. j(A-6-0U»U- JJ y, 

•±JA 4*^5 (1-6- \) &U jl lj (A-6- ^ > UjU, 

. ~LjLj 1j b j a t T—6”" 'i Jl!L* 

. JlijjT *j (f-6- ^ ) JlJL« lj J^5v» *—■4 j?? 

■ ^rib' b ji3 vb^ 


i= (-5 a )*’ 


(, XiS* <~ulL* 6 — 6— 1 JIjl* L) 
** *• ^ • 

. JUo Jb ^ Jl£* oL^L>vd 
. JULi Ij w 2 j t u 2 4 u ! v ?-6- > JlL. jj 
4-5 4 ^IjT SLJ-Ji ,)■> ^ ^ly I; L+il li ^>bL4 »jjj <^L*jby J « jij ji- 5 '- 5 -* 

. juIj w, -m 2 =m jk { =k^ =k tJ ^\j>- cJb- 4*J-i »jb OLiJ \-6- ^ J£Lij.> 

• ^b* b ^i3 jl vb^ 


/ / 4 “ 4 \ 
x (<_j i = x 

■ V12 17/ 


*-(? ’> 


/ 1 1 l \ Z 1 ° °\ 

x= 2 1 - 1 * (i *= 2 1 -2 x 


-8 -5 -3 


3 2 


VA 

-T 

-6 

-P 

-V 

-A 

-> • 
-U 
-\r 


-\r 

-u 

- 1 G 

(Oil 

(o 


1 -2 
-4 -1 





• -L '£ J>- Ij jiJ vjjl jl-li* jl eSj^ V 


x = Q ;)x, x(0) = (1, 0) r 


*-(-8 ‘eh “(i)-' 0 - 1 ’' 


± = (| x(0) = (4, 12) r 


*=(® -D*' x(o)=(_2 - i)T 


n -i 4 \ 

i = f 3 2 1 I x t x(0) = (3, —5, 0) r 


(Ui\ 


• hr* b jl> JL»1 ^ A j\ L^J *“ ^ A 


3 


><> 


X = 


1 X = 


sin t 
— cos t 


<^ai 


uJl- Ji dib ol 6— ^ ^ ^aljT A— Lol^: ...o ^ ^ 

> “ --j «- > 2 = ^3 J —s-Mjlj-* 


4 K = 3 J*i = 


2 4 ttij = /n 2 = 1 






. Jbjjl 4—^ 

• ^ Ij j*j jl ^l^r 


'6 -7 
1 -2 

-3 8 
2 3 


<- *-C 0* 

(o *“(a I 2) 1 


-Y \ 


(cjjl 


• a ii'* L> jij ^y+^^yr “^ 





s= (i 1 :!r 


'3 —2 

5 -3 


-8 -4 


x = 0 -1 


T 

0 / 


(k_ail 


• 0 jtj j' “*v 


-2 - 3 


i -l 


(^i3l 


* ^U jij 3^ s ^ij* ^y? 


x = 2 1 -lx 


4=2 


0 -1 


-lx 


(^31 


>Uxi^o jlaj —T 6 


tt = 


11 “12 


’21 “2 2 


x = Ax 


. C—11 A ojrfj jlJ lLs X aS" cC— 1 f > 0 4 X — Ct 
. jl^L> f > 0 jij ^jA v^lj>- 4 T & ^tj^j j\ c^Lajl^I Ij 


-3* 


*-(“ ;>• 


/° - 1 - 2 \ 

4=1 0 lx. 

\2 -1 0 / 


^ ‘*~(l D x 


-T? 


(v_i3l 


R 2 i£\ &ji “TV 


. c~ A c~i* OjU ^ a5 X5^ j>- 

. JbjjT *JU—^ Aj Ij ol —» <JyuljU (^1 

*1 *^C^%A L)l~« 'J> J* Aj ejrflj <S^j '^ A ' 3 oLl, (c_J 

jiJ XSjU* ^ R 3 Jj <jl ej^ 


“TA 





<y*> 


X = (k 2 - k ,)u i + i(k x + fc 2 )u 2 , 


. JujU lj oji ^ 

Aj Ij T*—6“ ^ Jli* yj±fr *—■'Ijj*- C*—^ — T*\ 


-Ul 


4 y^u 2 ja 1 ^-L^y. 


. Xs£ y j jLm» 6 *l£ ob ibl« ji Uj^u, xj>* OLU 

-Ll^A eJj fiib «l£lwO ^LfclUj j U, JLa.> jLlj 

*■ C 2 j C ( iw-jlj—*0 b (A”A~ ^ ) AbL-R^a aS Xj&j <>vij 

. Cwl 



(3^ f -1 

lf?T b Ja>- L$^IfAl^U-O ^1^1 4j l r ~' 

crM 4 ^^ O^- 4 ^-r*)r* crij^ °jbi1 pjj-* y 

oL-Lh^ ^yu ilJLpI ^jI ^ij . Ju-ib aJL*I Cw<J4j ( j£jI« jT t*£j ^Ia ob jl <l5 JLpI 

i. X\yj>y\QiX>jj^A>^yL*^^j%L* y*j jlS A* &X* 

L y-^ ^a j\j 4>»^ij U ^t*I j^- ^ ^jj-^» Oi . jJj-i c?jc-l 

j' ‘ •>>-* u/ 4 J* lP- 1 -* >r^ jUfl-Ma>wL^ 4 j <j*' Jr** • *J* 

<JT ^Lp^UpI . o-**l (3^-4 oLajl^I ^* «*o ojL«il ^1 b* t_ilJjhl 

v^' “V- 4 Obb^bj e$L* W-^l j*> 

. Jujjl^4 Cm«) f ^->1? L^«5 4j 1J 


J>tf QVdUo elfa-0 

* pr^<>• crO vH 0 c£ sr*r Cj cXj J>- tfL+J'jj lojal 

b^-» ^l^>- 0 *Vt a^b * <*i ^bl >-2j j$ yljS' cJjj^--* i-lpli 

u/j>, ^ <r^^° OjL jjjl je . C-! ^jj ^ijJoL- (J-ib 4i£b 

oJ >Hi (^j^ 4b»bc. iu> c)T Ja^ Aj 0by4> J ^ <- r 4 ^ 4 • J j^u*V ^ * * * 4 

ijJL>- jJ oJupU b «J^Lr4 oJ ^1—i J^- <3^ ^ C *w *l ®JLJt JjjTjj . C^I 







AY 


^ . C—lfjM V*/' •*/*•' 

4-S" C—*1 (_J jL»_e-l jl jl_aij |jjl j ijS n-5 elj c^j . Jj jb jLJ yj ^ alS jl 

y)y o-iy ^ j^rv* • Ji-V *1 ^y.y ls'h— ***-t^j* 

(jl^l 4 -U-5L. t jk-* JSLi <1 If—jjj’L* ^Uj je'jjb • o"l j-^Lp <-> j-J> J~eL>- 

.c-IJup r l/i^U 


jl cJ.Lk-1 coljjjjTeiL* i pjjJi ^Jk* LI 


bjL LSLj v'-Hf d - S " Lr i J->ui* ■ c “'* cr-J^ <_**■■*-»■ 

Li JlL* J-i_» , Jje~* J*-e <~M L-fJ Ijjj c—it ol— ojijJl Ij jl A ^- > 

uA 4 ^ L yjj - 1 —j (>• ^ J j' ^LbU- <1 jLJ jj jjl . jjj ^ jl5 <j jJai* 

tj'j< ^ 'J—' "- 1 -- Ajjtji W • ^j '- 1 >4! ^b'A ^ £ 4 ^ j_,k Ij 0 jLj *S dbjj-^yjlf 


cAjj j' i_Ari “b>ji 6 * ijj>- LalijJ - ^jLS* (jk*^ ,_ji_>j ilJjJ rt) >Jjjj n 

■ J jb I^LU* <1 (jiis- 

ol^i4__jl^o'i/U. ( _ r ku jJ . jJ^jl^ j>- (_Ajj J>- U 

cl^-ij *Sp~ij€ u*^jy* 3 jdl _;•> ‘ gb <5 J ~ - -» 

0V> «'b>'» ^b c-U. j*t ^ jJiL j>j 4 si-l d&L~*U 

<A *V3 ui 1 J j £frj- ciLfcbb' J 1 ^ ^ yA^LS - L-»« <jljj . J-JL <_^ jl 

. JLjUj AjkpAja i JjI o-L> J> 5 jbU 


41—I f jM <-S jj lSjJ»- Ojj_^ Ai Ij ^J-Jjj'l—• ^r-jLS’ ^>^5- ^ijj 

j-v»Lp XL jLS'jjI^Ijj . J-iL Xa-tjjjljj 4^i^» J _ ; J-^k-,y.jj 

jl t J^ili j-8-*e> <j ^-Lp ^( ^^1 j c . *». aj j..A,.*a c^aJL>wa g> Aj Ij ^ 

L jT jj jjb tJjrfjj f*“ f^^ tr 5 Jj • ^ c— j <> ^ p_-i" jjI 

Oj J^JI ijl 4 _i Ij oMjLw ^JJ jjl Ji . ^ A>-I_j-* ^kjS" 

• \r£ j'j* >* bJJ j-** ^ Jl ^ lt* 1 ^ 

0-^1 oNjL*-* jl <_$! ^-S" i^y* ^yil) L>* oT jl Ua^- jJkjJ ^-J-4 w5sj 

A>wji , JJl d-Lji ^j5*ojljJl OjUl* ^yUjb^-lj Ij 4 S J-JiU -UjI jj ,j-*> ,/&* 

jjl . J^ilj ^-ilj L|b>J J ^jji S-i 1 ^ CjVjLw jl ^ 

‘ jb* b-a- jl 4_-ij-j» jijJ^jjj jj jkn j-» p—-—«J 4 Li -Jiy^ jj 





Ar 


• «-»> JS 

cb ^y. j£i* cr-Jj j~iy^ j^W J - iL i j&k '-r J )j-*> j-iyL. 

*S A Oj (1)T jA C jjill i ^1 . C-loViU.jl.lSl-A^i 

k ** |*y j^* J i Lj . J J>* ijd 1 -ul^ »1^A <0 Ij ,ji JJ JL* 

<i' jd 1 • J j'-> jL • jLjl ^<! J'^-J - tS J jtf ,y i>- JJ 

cr-J 1 ^ jlii^l jl tC--l jlliil jl jjA 

Ax =b »1 ^i»*a ( J»-<u^ lijl . Jul aj_l »jl -y yjj ^lijl *. A j ». ajIa 

• y J^f**-* «•> j *LL* J*L 


jJ> J-*-P jl Jju 

rr<\ 

T T* 

\ * ♦ * 


£%j*- J*-P jIJaj 

tA6 IAIV-l^- (^i3l 

WA ^ 

T6 » (wj 

A 11 * ^ ^ 1 V*^ 


<_$! ^ji*o j«> JJl ojly ti*>o *>j jh“ oV^Ljc4 jl ^LjJ ^jj 

a.S' Cwl uT jl ^U- fU^jl * # - L r^ * ( » ? *- ; — * (^Lf-ijj» <S JJ jJ!^j\jJ 

^lj4b ojLiL* ^L*LS' ^jj • ^ vLj-*’ <i J J*-* .aU«J jl J-« 

tJlji- J ^U^JI ^Ij-*- tf Ij 4 U-ijj 0i l J J * >yrj J-S> 


^ijj A$ $ y-* 4j 


ti'ji (i! 1 * <j£j*> 11 




JL-jAjlj^jl1 'ijtj-flj< jJj&J fjj tS^/J^yjJoiy 0 *^ 
jl £\<e-y***£\ . jL-^j tJ - r -j ( *-^ ( _ r .^j !-r i:lj c ,ijj ( jj|ll-iil.a r -j* T .lj f 4j 

jl JjL> jjj ejljjl Jiijl *S -*-JsS lJ^i — 14j I j l^jT (*C^^ <SJ1 a oVaL* 

lJ cJ'*"^ Oi^ AJ»ilj 4 JL>£Ia u L -J> jA j^Lp jjLa ajljjl <0 »—■ Ij l j£*+A 

I j jl o jj*e ^jjl js . JJl •jl! Jij ^Li#* p-j£ ^ l jJ> ji . (jllsIj ^ 


( ^ A6 ^ ^ A »T) ^LJ jli t Carl G. J. Jacobi • 
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ij- n . 


J X 2 *i 


Jl 


J lSJ* ‘ *1 *i 


1 / 


*r = 


a, 


\ 

ftj-^ayXyj, i = l,2, ...,«• 


S~) 


0 -p-o 


\ 





2 ' "1 

* j jIj_i ( WP— O c—-ij j* 1j jjjLJL-«^jI , »U 

^1 ap (\ ■“ P — 'i) ^jU-» j \ jlS" <utal \j . ^ 

J 1 *S ij&j* 4 f 1 k L flI (k + J*j . fjjSW >*l x i<S'ji 1 j Jd j ^ j 


t ('), , (!) <■> 

}J X t ... t a: . ^ r 

* 2 1 


c»j — 9— O. j 


jljjI ji c JuiLj <j 

: c-iji 01 ^ lSj 1 ^ J>-> 


.ifc +1) 


«,( bi % a,jX] " 

\ J*' 


\ 

) 


i = 1 , 2 , . . . , n. 


• -V* j^LpI ^ ^ 'j jij 


(T-P-\> 

1-P-1 JUo 


8 *, -f x 2 ~ * 3 = 8 
2x, + x 2 4- 9x 3 = 12 
x, ~ 7 x i + 2 x 3 = —4, 


(-l^' i iO-P -0 : J>. 


x, = 1 — 0.125*2 4- 0.125*3 

* 2 = 0.571 + 0.143*, 4- 0.286*3 

* 3 = 1.333 - 0.222*, - 0.111x 2 . 


ji j ^J' 


( 0 )_ ( 0 ) _ ( 0 ) ., . 

X i ~ X 2 ~*1 -° jl ^ 




. (jLlS" |j Y jj^) aJLi 
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0 

1 

2 

3 

4 

5 

6 

7 
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1 

0 
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0.995 

0.993 
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1.001 

1.000 
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2 

0 

0.571 

1.095 

1.026 

0.990 

0.990 

1.001 

1.000 

,<*) 

i 

0 

1.333 

1 . 04 a 

0.969 

1.000 

1.004 

i xn 

1.000 





<jf jOL—1 . ft J Lii jJl j>- 4J —y {£*jJlil Jl V1 j JLi* 

^' obOUJ^^-Uj 4 0-1 osJjjTo-^4j^j-S\; 

ol?yfc o—l j£+j* x (k+ 1} = b+Ax <fc) 


max 

Tor j = 1,2, .. . , n 


IS >■" 


< 1 . 


(r-?-\) 


1j J—l \ jl j to *> i jA y Jblj i Jxl+m (jgl ^ ilia 4 jXi c OjL-tf 1 Aj 

• "*.*■* jp—J 

jl V. J' 5 J* 'jii iA>J ‘ 15 Lp ■>-> 

u*JJ ■ Zj-^IJ* JJJ-* Ji jl J~i 

oJjl— w »L j^1j>P 4~—U»W (^IjJ t -L— \j O *-£ Ql X; j* jl *-£ 0—1 jl jl Qt 

*JJjL- - ( ^jLf ^jjU «^LLo-! ylj-rjb^i 

lAj j <_£ o—l «-Oi OjU . o-l^^51 j j jl yO -w t j—- V j—•—*_* j *jb f U 

l-*j1 j - *J> -* 4*_£ jT i <0 t 0—1 oJjl j_A (_$lj1 4j J JjI 

u'jj—*’ J j j-r-*^ ^■ ?* 4 ^ 4 >iJ ‘- 1 —*~ v * * ix-*-" 

L^^^l^iUxsjJLij^j^jl ^Jai Ja~. y»ji ^ c— l j\y y_ 

‘AJb 

ff 

|^ii| ^ j y 1 1, 2, . , , , fl, 

7 — 1 

j*i 

^ r* ^ l$\j{ <y LS j i»& c—«1 sijS" C-jIj j jjia .j l^jili 

A sJjj j4il tf ,..s s_«jb <l 5" <1)1 X—S L1 (Ax = b 4 ^) b iXjIj jIj y y* j 4_Jjl j* 

4Jljl ^Sjl^ XjljJ ^1^ .jJjj j...:, > .,.«.» jl . Jiilj \ jl jik. jJJ jl 

. 0-<l oi ji 


*3<j i «*i jw 14 * 

1-^ b A ’AJ J “jU y.^ ' J-*~. j J 


.JiLjyl^cUVT >; i _ r< L-l^1 JlJ ijj 1 j i l4S'(\A , \?-UrO I P. L. Seidel* 






• JLojj ^r°Ju ji*'^** J T x T jl jiloj jj 

jl Jia <lU. jl ^Uo-t; Jl>- . jj-i ^ D-Lo OjXj J*_P _)■> *£ |*J-Li JjtS lj (jjLfjJ jJj*LA 

■ y c-_^j lj j: L-U~. ijlj-ijj *S j yJ ^ly*- *>■y «jij 

l* «-^d LSji" ybjy~oJ.j,y i ^ ^ 

Ojj-^>4j1j jl jcJw»l)A 

n 

tr (A) = ^ a,i. 

J- 1 

alif (jl i bjji <0 -XiL A oJjj l ... 4 <. j^l a 5 ^b jLU j!^7 


n n 

(A) = ^;. i -* )^l = I~[ 


Cf-9-\) 


j J»\ y)j t a jiJ ^j^Ub ^ jjl jp ** J ^ • uj* jl—lj j*j> ^^[>-'l l O *S 

#1 _r 

{ j~j yU Jj kJjiUoa (J|L^ <-1 jj ^liL jj t x~-l jXa jli~«jb ^jIj^ l$Jl jj> i y^[>- 

. JlaI jjL- . Ub 

IJ Ljjl . pjXi jjblj oLJ>Lj jJ Ij jjLLla —~Jyb ^jLj 

* <^J-4 

I itf jl . JLilj M X n jjLdZ^ yU jj A XVfT ^jjf jj i 1 — f- 1 Jyydl 

* A *jiJ ci'-*jbj ©jjj (Jl 

^ JjJU»L»0 <. jjLwi © jjj L o jjj (Jjbjb^j (‘—J 

P ! AP =diag(^,, /L,» ...»V)4S ^jyU lJ i«j icJ jJaiA (<-j 

. xi*~a A ^ j ^pUU U Jl. a5 

jlj^^ . cx-lxjjjlx^^lj^ljjo^ jb>-ojjj jiii* jl J 

ol-^ jl i xiL jl W .* j Jj jl jlX-» \jtj^ jy, ^i ^ ^b jUb 

w s „.!r...{|;w}- 

j' 6 jiJ j'J-»-* j' J jj^y ^ O^jjTo—<^4j csiy —i tlrt' 

y ^ { _^ a jlal^l jl^^J Xiljj ^Ssj jl jj^ij ( jLp o^jj jlXL« <i ^ jlW* jji 



AV 


J-** 


f U <yV *jtJ utr^Jji o>jj1c~*.> a> ^ly 4 . c—i 

jb^j X| t i—JjJHa4 Ojjj jlJLL. A.J . J—i ( \ ^ Y ^)* iauM y 1 Jjjl <£ Ajb 

I C~-i jj C\ y Ij yj a l? *jT t JU£L «l jj«b <_$jbjj V ( 1 j i <jl Ij jJsLl* 

i4v (0) = c lV (l) , 
i 4v (1) = c 2 v (2) , 


Av {m) = c m+i v<" +l) . 

Cj Oj y*& ^ yup oT A-i j ^ v l0 ^1 i ^ 

^ ^ j* • c ~-'' y}j<}? v<l y J (< ^y *y. 

'jtAiJi^ yj lS*ji <Vi j V* 0 =v (,,,+ l) 


jLL.p 1 ^ij U lj oL^L*** . JUiLj 1 j yj ojLfc-* JU j\>xJl» T-f- t JU« 

f b«jl 

/ 5 —2 0\ ’ r * 

*--*. .; ■:) 


t Av"” = (5,-2, Of = 5(1, -0.4, 0) r = 5v ll) .Lf jl . v l0) = (1,0, OfjL^^jJ : J*- 
^U-yjJjJjr ->l Jl jAv (,) = (5.8, -3.2, 0.4f= 5.8(1, -0.5517, 0.0690f = 5.8v* 
jTL »>_> jb^ J ^/ T< \ j>}ji *>_) j'J- 2 -* ^ jLU lj v l ”jc, 

c—1 (1, -0.65, 0.12) r 


G 

i/ 0 



5.8 '** 

6.104 

6.220 

6.264 

T \ i 

M \ . 

M \ i 

1 U \ 

- 0.552 

- 0.610 

— 0.632 1 

- 0.640 

0 . 069 / ’ 

i 0.102 / ‘ 

v 0 . 115 / ’ 

i 0 . 119 / 



AJjj jlJ-L. J Xi\J >> ii—l • ■>->'■> (*-* LI 5 *J 3 

L jllj lma^j 4 .1.m,.,J <_$Lai 4j jj 


( N — *i AAt ) ^ iJf ^ yJS Ob^Lj <, Richard E. von Mises* 



cUpI 


iJ 


AA 


L.I 4 aaj ^ j—JC Ij 0>_j tj Ujb^i ^1 . jIj j—JZ jl XJ^ J* <i o^U J-LA c£i 

t r ..*iL* & ^ Y i “Y/ ^ e jjj ^-^1—^ j-5l 1 (Jl i »L$^ji ■ ^jb* i j* 0 * ^1 

jAkaj-L* —~s- jl <5 jlJ-i^ Ji jj^b . (*—A J b t — >/^ “O fl-iSt j^jjil If 

=15*01 t Ax — Ax j»5l c » I ol ^ ^ ^jl . ., u— » — ^o>- t, jlo jj <j 

OjUIj^jiIIjC—« l aJjI«jjj jI-IjL« AJ.sU* JiiiU *£ (A + c/)x = (A, + c)x LAx = (A + c)x — cx 
j? *X> <Sj jxL ij\ji <1)1^ >o ^Jo ^jl . OJl oiL jm « jj j j>>\2* j (j-JyU i£ 

j—- t j_ j_-i jJ *lj ‘= jy j£** '■)->- v tQ) j£\ .(IV iji jL? aj 

• A-i'U jlS" jj! c—I jSb* Jj t -uly- ^ 

jlk* jdi <^^j1 .jjjjloi* ojb ^ wU^-j J-Uj .bL tJsLw jl 

tlr—b ^bJjl Jll—»ji Jij . ^jjT d—o *j Jj-i ^jj L jljj ^ lj OT j c—«l 
jl5u. L dl^' ^ lj «jo jl-LL. jjl . sjls c—«-*1 jUx. jjJ <l-»- jl .jjj jlbL. 

. A~'x = (l/A.)x L o—l Jj>l_x* Ax = Ax j y~ a j_5f Id—A -1 ^jlL* Sj^_* J^-i jj 

OiJj'b^iXrS^rjS^'^A 1 j-jyUjiix.jdi 0--S- jl njij jUXi ^jL^Ai 

■ c —'IA jik.j-ii <^-=-jl 

cA^- cSU-id 7 ^ dW>U jl oU— I If jlj :^ lj (»jij tilxjl^ j) ojo di- 5 ^ Ji'~* 

Jr*i ^JJ 1 c—Oj 1 ^^ 

JljL* <S ^ 4 *-5sj <5^ jla^ ojLa^l \-4 <j 

. Jl^L 4 C—*1 cJLflT C—^ Aj !>Lj °^ij 


^-1 

( — 9*~ 'l ) Ojj y*& ^ ^ (J^<-*>* ol^wO JLu j j^shlA jJI lj ~\ 


'r-in 


•J-jL C-<«^ 4 aJlJy O^b l) J*Xi>- ^jllj <j ij JL-AJ> ^l>»jl IJ \ — ^ JllLa C^L— 

. J—#Lu IJ Y — ?— \ Jli >9 a-Li a.>b jLw 

al &«0 


2x j A Xj —• 2 

x, -f 4 x 2 4 - 2 x 3 — 0 
2 x 2 + 4 x 3 — 0 


-r 

-r 

-T 



J?r - Jj' J-a* 


A<\ 


is'+ijj L lj 

■ cf*-^ i_KJj C«—iil 

‘(jl^jlg^-L) ^jS'lj^ijj (l_< 
‘(jl^jL^L) Jj J L._ ( _ r , J lS , i _ ; ;j J (l_> 

• “V* =x, =Jr 3 = OL (y) j (l- 0 jJ : -w-y 

.l&-o -6 


5x, - 4 a: 2 =2 

-4xj + 10x 2 - 5x 3 = 0 
— 5x 2 + 6x 3 = — 1 

lH jL> iS^JJ ^ b 

cTiJ^ 

(‘-r J 

J JjL- - ^ jl? 

• f ^ jLt^l jJj ^ b lj oL Ul* j ^ J>- ^ jl? <y i>- ^ jj LI j jij - ? 

3 x^ + 2 x 2 — Xj + 2 x^ — —2 

*i + 4 x 2 + 2x 4 = 1 

2x 4 + x 2 + 2 x 3 - x 4 = 3 
x L + x 2 — x 3 + 3 x 4 = 4 

jILj>\ pjj ^ 11 j oL>L>^* j J-J5 Objj - ^JJ L b jL) -V 

JuAJ> pL>«Jl 


x x + 2 x 2 — 2 x 3 = -3 
2 xj — 4 x 2 + 4 x 3 = 0 
8 x : - 6 x 2 + 2 x 3 = 4 


I fj&jjij elic-^o —A 


/ 3 2 100 \ /xy\ / 105 \ 
[-1 3 100 x 2 = I 102 j. 

\ 1 $ -1 / W \ 2 / 



- 1 —£* oL-J>Uj 


V 


. jI-JLpI ^ 0 ^l. a L %*< 1 L 1 j d)^ (^—jflJl 

ij-ji' ^j-J* jij^jy, 3^°-*^ y. J*-* j* ps—* ^ h 0 N 3 U- («-> 

. -XyS { Jj>- (<—aJI) c ...» — j -wU lj 01 ** 

‘l lS’Jj*" jiJ 


/-0.002 4.000 4.000V / 7.998V 

-2.000 2.906 -5.387 jx = { -4.481 J 

\ 3.000 -4.03) —3.112/ -4.143/ 


urM 1 J>- j'-fr'T 't' 1 —j- jl tjLL:-^! j ^jj L lj jl (*-*51 

. eiLlI^I ^Jj jtf>- ji LP^JUP jjb 

‘Cj— ^'j^ ^ 

. JL* j!>J 1j (eJl) C-J J J-*.* J Jjl 

. jj ^ ojU; 

‘^~ j| u*Jj** Jij •'^ 1 - J 


-V 


/ 

3.02 

-1.05 

2.53\ 

-1M\ 


4.33 

0.56 

-1.78 Jx = | 

7.23 

\- 

■0.83 

-0.54 

1.47/ 

\—3.38/ 


. J-JjT lJL> Ij « ul jJ* j * j\XL* 

j^sLw 1 :-o-y) . 4*^ j ol^_-j (>-> 

jb y**—« o"^ j ^ jbipl j y—^ L oL-«Ui_j jlJmL j*jV c~*3 

( v* ’ •T'^Y Jbu^_jc-iL 

..i,.. t-> o oLL^p ^7 C-Jj> j) L o'y b*- jj 1 j ^*ipL*p*L* (u 

» *X~£ jl^^J j^»3j '—'*b—■>■ e^Lai^l L1 j (<-<j) c^-J 

jLIj . <ju— 4 x — (l, 2* —1) (^1 jb jj 1 j ^ \ 

•*2—-jiU 4 _j1 y>- Ju&j 


X = (0.880, — 2.35 } — 2.66) r 


JlpL ^ U i*_-JL>- oJbJu <-5 sj V^VuiW j* «t^a» 

. ajb jLtJ 





jT t Ax = b ol&xo ^1 y - \ Y 


A - 


2.38 -1.42 3.24\ 

1.36 2.54 -1.62 

1.82 3.65 1.81/ 


/l.ll\ 
b = j 1.97 J. 

\2.42 / 

• 4— t» lj jjj lj\y> j! X/ 

lAI <^l 

*opii j! L lj x 

A' 1 

tJxL*^ — lj ! ^ x Co^ 

jif jj 4 Ax = b •l&^o ^1^ 


-\r 


/5 -1 1\ /10\ 

A = 2 4 0 j J b = j 12 L 

\1 1 5/ \-l/ 


2.51 

1.48 

4.53\ 



1.48 

0.93 

-1 30 

J 

b = 

2.68 

3.04 

-1.48/ 




-¥.¥ yJ j' ^y ^ j jL^pI yj 4— i; i j x 

* sjr'JJ 

^ flats'^JJ (<^ 

.(2, 2,-l) r i/j1 jl>- L j JxL*« _ cTJJ <V 

jT jJ <5 4 Ax = b el&XO ^1 

3\ / 0.05\ 

Oj j b = f 1.03 V 

8/ \—0.53/ 

• jtJ iS^jj j 1 ^y ^ j yj ^ i j x 


-u 


-16 


A = 


2 2 2 

* i 5 
1 2 ¥ 



• -US' .alii-. I jLIpI j -US' Jul(U 0, 0) r jb^ li 

? C^-w>* (i^-ail) ejjj jl JuLs L ojjj jb^j (<w-> 

. -US jI^nj ( 0, 1.0) ^Jjl jb jj L> lj (^jiJi) cu»—> (<*_*> 


4 l 

>1 = 10 2 

\0 0 


-\f 


0^ 

1 ll 
1 


« -US' jLipl f *j j4*a> 1j lj ji uSvJjhA 

J°jiJ Ji^ 

jb^j jly-PAj (1, 0, 0) r jl i\jc~>\ b I j jji U~>- jl ojjj Oi-r^-b/i (V 

A” 1 (^ 

V 

. (w-->) U - »— » jji A 1 j! oliuA l> \j ajij J^Ui<s (c*> 

, , O-iS^^S. ~ W 

1 1 2 ' 

A = | 0 1 3 |, 

J 1 1 

—•' - 

4 —- J' cr'JJ J 1 • -biW; b j 1 ytb>. j\}jj j JU 

. xiS jLIp! 

^ a-iy 1 - 4 jJiu jOi k -*^" j' “JiJ jl- 1 ^ 0~?" J “bibi b <4 ‘ ' V j-> 

• -bibi b • jiJ J 

brfbi b jij u- J .b : '- a “jej J Oij 

A 2 2 \ 

2 5 1. 

,2 1 6 / 

, -US' <oIaL*j1 jLIpI jl C^L—^bhuA jJ> 

• yj cr^-yb lj jii^> J-AS jl ojij jlj^i Cjij&tJ* J ~ r 


->A 


-n 


9 10 8' 

10 5 — 1 |, 

8 -1 3, 





■ Jj j-£j \j O J—^ LTiS^ V J? ‘ & J 1 ^ j* J* 

? mL*—» ^ 1_£j 1 oyj ^j«jLia A^a ^ ^*wj 4 <i 11 «*«>^ w a L^wy La yjl -J^ ^ l*AS" 

*yj jj$\jLA #jbj.A lj 4 JXS A—jL»*^ Ij o jjj y^LL* A^ jl Oj«Aj 

. .AjjjI si—« J Aj V j ? i (!) t T ^L^Jj {^I^aL^I^O jl sJkj^A iw-jl^-^ ,^*dy L« 

1 jp>- -L-Ai ^..m^> y L ^—' • Xjy 4 j ^ -?- ^ JL-* y^jyU ^ly lj (T*-?“ ^ ) <2 k>uo 

• c—'l^«j> ^ijj 

J *&\.IP jl c5sj jA jl lj jl jlXLa 4 C-JIp ejjj jlXLa yliL jl ( j*u l ^ V yjjX Aj A*j*-ly3 ^ 

C^r ‘X. ‘A~—j *i y.j* *& $ j 1 y, ■ -ky. j^ *> b ^y j*jj j ‘>J ^ i sX* 

. Xl C»<j Aj ,y ly oyj jlXLa , A, = —0.834 4 >wj 4 Jui jl j~?” <1)1 
jlJi^ y^L<jly elj 2LAiJb 1 j \ A j W ^I^jX^I^jI^-aS’ jl L 

. XyS jLi YT JJj*: ^La 0 jij 
yjyLa l5vj a£ iyi ^y* ( jpyyL« Jcu *y ^.Ap 1-«-^U jl jLi> XL 

jl si—-l OjU txfo yU ^yla . °sl—I 


tf = 


'1 i i *' 

* i i i 

i i i i 

I* 1 6 ■■’/ 


jT <-£ 


. si—*1 yXL QbjySj H Xaj <jLJLp (s^aJI 
« ?_-ILIjtfx =bsyly^ r (^ 

b ^ (2.083, 1.283, 0.950, 0.760) r 

? jl y ^ A>- /r 1 C>.is.jJg (sy 


^LM >i*U V-1 

^ly . ^y 1—-L c—-I oly If <1)>^ j-£j* im J A ^ j-r>r <-*lti** j-> 

jliy <JT ^yl Lj 4 XI ^il?- L-Ajliy jl ^1 <-Pj ^ LI A^S" i y* t (Jl_!L* 

(\^r-U^Y)yUlDb^Lj sDavid Hilbert* 

. C—-1 ^yaLlab n *S n x /i^yl. *JL ** 



cr--^ 


j 4 0—1 n A*" jl i tm $\ <f-^--j" oJLal Ju Ju <|fll L 4 JuJLoLaI^ 

A f>A A lT-P^ A'i i>- 1 j c—Lflli.jjjJ jl y*~*j (jM- J**- J-T>r ■ «A 

j\ ^jU,*w U ^1^ j 'y ij* lj i ^1 j*^j&LL* . ~ j l la. ^> I ^jhj jLLi 

c-K^j oL^Lj jl \j<JjLm- p-ju jj' • >j$ y.p IjoLviljj 

* Cri 1 Vi y • jl— b £Ay ji' v J vAi WIL. Jj J jjU ^ 

• i ji J-^ (jd' j' tSjV-i vi cSjJv* T* S *- J^i 


^5 01 JLj* *Jk«i jl <_£j**A_P 4j 0 ^Aku»l ^y > j-* ^J>JLaj iwJU&4 jl 

JL_p1 L Jall» *\*Le\ <p j 4 ijthr**" 3 1*^1 4-P4 Ijji* iljtpl V_Piyi y 
^rj . * OLl-* jl ^Ul^l+Jli* JL*p1 jj\ 4j ^Ij>- j J 

‘ J** <yA ■ 3 '“ u ’ 1 ^'-V lS jj « 4 v- 3 A' J vi i' i J°*~ J' y 


JU_p1 Li jaJb^ua ^1 -LpI 4 


lT5 * 


CjU + C 2 v + CjW, 

CL-?*-** R 4 y (^ y— L ^ ^km) ^Ujby wjvtuj ^yLI*- jI-LpI U c. Of y <5 

^ * 

OjLp . jJl^yJL*- jIjlpI l*u .Oly i u = (w r u 2 , u v u 4 ) 4 

c x A + c 2 B + c 3 C H- c 4 D, 

. C~^lfjT j\ ^i-k^ Iw—S" y uSsJ 4 JLl^a W X H f.wy"La DjCifi 4 Al)Tj3a5 

piV ,J 'j jij J 0 *- iS'Hn^S 

cj(x) + c 2 g(x) + C 3 /l(x) 

J 

c { P„(x) + c 2 Q„(x), 

Q„J) J P,M) J a < x<b o Jlj vi j jl ^\yh jg,f*S 

^1-Lp! 4 jL,l. : .» ^ L ^ i -p| j\ j jiaLfl ^1 jl . JJJL—« l <9?jl j\ j X j\ ^L-^jtl <k 

• ^ iji <S” (l)f 4 Jjl 

* c/* iSj^ji iS^ 

4 f»-w*Li ^^gjb^j ^L ^ gL i v-5sj Ij y L) L^L pI jl ^gl 1-V-1 Jb^u 

^jj ^y>\j—>- 4 Oj® Jl—,^_pl j 4 P 4 a jJ 15L-1 yb j t cjb i a y* ®1—^ 


j t JLiL V a 0 b (i 
‘a®b=b®a -\ 
U©(b®c) = (a®b)®c -T 
* a 00 = a t V y a y* j> aS (jjjlaj JLib V y 0 jJ&iSj -T 
a 0 (-a ) = 0 aS jiaj JLiL V -a j V jj a y* ^ijl aj -f 

j tXiLV^4paQa (ii 

iaQa = aO« 

iaO(a®b)=aQa®aOb -T 
‘(a + p)Ga = aOa® POa -V' 
U«P)Oa=aO(POa) -T 
.0Qa=0jlOa=a -6 

y *S a**- jJ . jl^ a>- jj ^ —T— ^ j \ —V - \ iwflj yj <jLtJ <i 

(otpjU£Lil> s-j j (ct + ^) + LUjJISwiI c 

£*-*r J-k (js^^ J \*J*ji*i ViJj • 

<, JJ-iU jljjj V ^$L m a pi 1 . Jjj— i^ ajb jL-U O L ^Jl£—-l«—jj-%^ j 0b l -<a, pi 
0j>- Cta j a + b jj ^y j \ -V- \ i_4i yj j \ —V — \ O jJ^p jT j* 

aj y» a 0 bot? o1 <• Jli JmL V (jjL^ lpI ^iTl i j jjj . Jul «jlJ 1 <Jl^pi ^1 

jiJ JUL* y . Jjl oJLJ* <—AijJu cjl«_p ajlJ* jJ ct4 Oj aj ccQ a j A + 5 

. (j-JjjLa aJ j Jj jb jj aJ Lj-lT aS 1 p-^S' ^ ^j jj 1 j V apa** 


1 -V-l Jtt* 

pjlj^ - y=tw + bx + c ojj^aj aJla^jh^- a*> apja^* V jljjT y (v— aJI 

V j^a-p >’ 2 = <3 2 j: 2 + by + c 2 j y { - a { x + 6, ^ + c, i jT . JL-ib [0, 1 ] 

^\y t \j a © v, j (a { + a 2 )x + (6, + b 2 \x + (c, + c 2 ) jJ y\ J y ] © y 2 t-U^L 
j^-ai c—1 <5 jI^ V aS' oUi . ij* ‘-kyv Oflj* 2 +o6,a:+ ac, 

(fi, /?, c) aj y ^ \j y aS jjS a!. (\ y,j+z) *>j*^ A^illf 

L^b^dj c R jL i j>-L> oLa> V ^jaj jj-srtJ jj ^y ^jj 



c-Ul 


iJ 




^ J V '(*dy^^ ^ '-> 

^1—X$ ji (Jl—^yC-l ^jjj^ 4j ^ji 4j J -y£j^*J^A Jjbj Ol^JJ Ij {Sj^ji (^l^ »*J>sJ tJto —&\ 

• ^ X lSj'V. 

• -X >■” + y = o iX 1 v> ‘*ki*-» ls'-h 1 ^ f*-^ J *'- 1v -v^ j-* y 

Jij ^jj-^^.hQj tXx—A^ujl: 

(*r^ { -k.j~ 

f(x) © g(x) = (f + g)(x) 

j 

X o f{x) = (af)(x). 

oi/ V-'^'j^Wj.fr) jiX 

c V / 4-jp^ . XjI ci —<j 4j aIxaj of jS f + g j!J-5-* \j ^.. :S (*-* ^ ^j I-^jT 

. (T ^jiy^) \jt ^Luai *Jxj 4 Jui i-Jbj*u o i %+x> ,vl <o 

O j © <JL**p1 Ij . Ol-^j C[0, 1 ] 1j \ j [0, I ] o jL y 

iS^ji • C~«l <_£jtay J> ji oXi k^4jjX 

*{ j* ^r*-^*- 4 j-Jw jj 2-^ ji' 


(1 A^4J^ 4 J^ ^5\J j*J> t J^l>- 




U 


[°> 1] W-Ji' l5jj Uo*'* -> *Z ' Cr*J-> 


^jrN J* jiJ *i O J ® J-*-* J- 5 ^ Ij R J- 5 ^J^y 4 ^ Jt '**. y*-*'- 4 

a ©b = (a 1? a 2 , 03)0(6!, 6 2 , fc 3 ) = (a A + 6 1? a 2 + fe 2 , 0) 


(x 


a O a = a O (a lt a 2 , a 3 ) = (aa t1 ao 2 , 0). 

'yJ 4 J** L5" L^j'^y lS 1 ^ l*j^.y jl **Oi 1 


10 a = a 


y j j yy 


4j L-«jji ^J^y ^UaI (_g\. ^a .C-1 <£ OL-w 4 _^jby (_^LaI 4^0 

Uii Xw j oL j! ji-Jljj ^ lSj^ y ^r--^ 





yj O Aj X jl pJ-> L$ W ^ I J ^jb^i ^U<ij t Jllfl i£\j> * 

I Jj j£-> j&j jJ t 

ax 2 + 6x + c. 

^1 AS> yt^LA JjL <. pjJ 4^-j^ aLo^-X^ jjioL^ApI AS ^L^t 4jb hSij 

!j Ljii pjj <-^jj lS W aL^-x^- t ^1 jJ <_^a>- ^ c-w>U- ^11 J-iL ^jJ jJ Jl 

<_£ 1 4jL*_^ *L>- jl 1J pjJ 4 _>-<^jJ £? j i? i Q <^j\j-^9 u)^>- • 

. JLlftJ t JJwJ l «/a 8 4jL 'l j t X c X ^1 _jj *-$ C—*1 <y^JJ 4 -Uji—J jL^-JL* 

lj^jj^j^^l<L^X^- -r A(v_iJl) : aS 

.(^ J& ijjl ^k>- « 4 jL ^LaC-I (v^) J i C—*5rjJ 4jb ^UapI jl ^jlx>- 

V »-L * JL>«»A p_J J 4->-jJ <jl (_£L^S-pl 4ff (_£jb^J ( ^* 

(?l^) . c-l 

Jl sj-J r J-^-* j- 5 >' <jjjj-*° c t<3, ^] tJjkji <il—4i b <jl>—Oil 

iijlV «-* fr^ iy Jb^ jJ . jb |*~»b>- £-“^ ^uj-* uSUij-* u* - ^ 

J -*-; lS 1 J Ij bjb^(^'‘-bijlril J~*i ‘C—I ,j*LuU i^jIjLaJ J>Li [a,fe] 

oL-jl J jJj 1J jl 4_*r pjjb IJ jjj ! +-$-■* 4 ; «k-> ^j-Aul-yO J-Aj l> <_$jbjJ <_$b*A-J 

- C~-*i blJnjj <-& R* U n ^ j>+a ^jb^ ^Uai j>: I - V- S iwd 

J y>-J ^UapI c5sj 4j o\£j* X£.* ~A <JL-J*uj <Si> jJ 

t^Lfcl mA> W j V j £I 4 d<>jLp 4j . JjIj )£>yA>%A 1 j Qj ® *S JLiL 4. 1 J ib 

i xJ*\j W jj LfS L ^ULi^ ^1 .a p| y y ix'j V'^Ua-^ 1 y a j ti^Lc-^jX^jb^ 

J5* b ^ ^ 

x © y *-> x' ©'y' and aGx^«G/x', 

0 J 0 jLij 1j W jJ j bwApi Ia 4»S^ *^*5' 4_: 

jl^ap L t^Ujb^J V / sApi J^l t JiJLi . -Lilj 4JL-ib J C-i^ 4j jbJ clwfl 

pLs*iJ| Ll-jO ^Lfc 4_aj^> L <S dw^Lftjb y y\ 4j 0 oL^ ji <. JJ^L AjUjyA 

aS ^r*b^ ^ 4 Jii-ilj T * T (jyl^ m ~iy b ^^** ij* 




-j 


• fiJJ 1 cr 4 TiJ -P b cf^ ^ J- 5 £^Ua-b bj 

jl ^jJau* ^yl5LL Ojj«*0 jJ j0^t>jy£* ^ La^J O ^ ^ >.Lrt urty 1 -" Vj : T_V ~ ' ^0» 


• p-r^ oLjIj jjji—Jlk. ( ^Jl_ ? ;^^_^^j| jloLi^J L 

i_jj Jxii j j?! c~»UC '—>\y? j^ljta J _^r*^ n ^ »_> ‘‘■J- 5 ^*-' 1 n *1^~o ^ 

. JwJjL tl Li y l^j (jl c_-jl j+0 ■ lm J~*t j-b 

A^y^ /\^jJ\c^\^j^<.<i^\nXn^^S<A4£AX=B^\~ -T 

. jj—iL ^| jj vj^ ^ o^j jil o~iy^° J 

iljjJ (j\j\* c—<1 k jl rd\<Jjjn xn ^y^ >SjAS\ j* *S AX =B kb be* -T 

. ob jj «l^>*b <_bfl>«* ft — rK~~*+?~y Ij L^jI <jl y aS <* c.--*wl >1 jp^- ^aLjuL 

c\£ jT tOjiL rkJj Lm Xn ^yl* ^SjA £l -f 

n — r -f dim (ker A). 

A ^jb *S ob qL^a ( ker A A a jl jjib 

* 

. y^S w4j y-*J ^b y L_$jb_* f A a jl a.>U_^b 1; ^.'.>u.fc I j j-uyU bo <~J J 

■ Ar* jt J ij ~ <i 

{yj-£jy b3j^* jjI^j ^ bo <1)1 • JL-iL rn x/i bj A JLb : f- V- 1 u^jjtf 

^ • f=!_^ ^ V^ 4 L?b^ b s x J ^ : ^ Os^ Cf^.^ 

i jl»Li ^,-vj i Juilj yup jT obi y$ _^\ ixoi j £\ O—-I <^~iy^* 

IJ jQ - * t> ibJL>m-^ jb y$ <S — ty^* yX) y. Jjt LO^^i V ^-J Jjb cij Ljj 

. | wwi^ y o^bi Y ~~W~ \ s^AjjAJ <J$y jlib sO*V l>- j-- - -' |_^ J ■ - b-i Ij 

jl cu*wl OjU ^..J^bu*ji . A = (^. / ) wXib rtX// ^w^L-/4 wLJ^ ^J : f-Y- t U^u 
J pi (^ jl 4^ ^1 (n - I) X(n - I) 4 (-1)' + 'c 

adj.4Llj $ jXj^ A J\*A\\j(cy*^\ Ji j*, ■.{c i ) i _ ri jl> . plj Oy- 

. ^ <i>bj 





x£ \-U \j adj A f-V-IJU* 


A = 


1 2 3 

2 12 

-2 1 -1 


/"3 -2 4 \ 3 

adj A = I 5 5 — 5 1 

\ 1 4-3/ 


c 21 = (-1) 2+J j -(-6 -5. 


(kj' j; ib 


a 2\ ^ C 2I 


j- 1 'j jii ■ c—>1 J-ij/4 1 jab *Si ^iUJI ^bf 




»l? jT t JLib «l _pJj nxn ^•^^hr-y-iui 


A(adj A) = (adj A)A = JjA|. 


«l? 05 t -Lib J-^ib A j£\ jj —j 


A 1 = -j-^j- (adj A). 


/-3 5 1 

adj A = -2 5 4 

\ 4-5-3 


. JUL lj >1"' t Y-V- Y Jli. ji A rfj, f-V- 1 JlLs 

i^ b: > 


a- 1 =; - 


4 -5 - 


4 pjjb Y-V- \ ^L* 4 (V \A\ - 5 l>j^- 


J C-jU lj '-C-vOJ jl^J ^ t Y —V— ^ <*sAi biCkif 4j 


L^j ^1 <_$1 Ijb AX = B t « x n #l£u-o ; (ja\j& ijfiti) f-V- 1 M 


a* = 


*" \A\’ 


k 1, 2y * • » J 7ly 





A* li f I * u*l** Ur-J <i A jl > W ^y U alW* L4J ^ , L4l^045T^i^A, 


i*w^j1A j 2 AX ~ B 


X = (adj A)B. 


* L • Cw! >y>ry-» A t 141 * 0 Oy*- : oU 
c-l^O^'y iT-V-\ k^jUAiiJl, .X = A _1 fl 

0-V-\) 


t ... t c 2k i c lk Jj«Li adj A pi k Ja^ . c~*l ^1 y*>- ei^kpl kJa*> 

y J/rAT ^y (_r* 'j ^ ^^lyU> * C—-1 


*Jc = 


C 1A + C 2 kt>2 + ‘ * ■ + C nit fr r 


A = 1, 2, . . . , n. 


(Y-V-0 


: y— i *-£—>■ I - B L A pi & o aj l>L^ j 4j A jl a-S* A ^ ^-jy L» t ^^ jl 

j-i • A yiy^ya M J^L^fcylyA^ji b. ^ Cwl 

jjlybj . C~^l oTpl k JjJL* k.—^>-y I A k \ ia— j yly (T -V- ^ Ojy-tf 

Jyi AiJly yj j y+p 4j (T — V — \ ) 


*k = 


k = 1,2. n 


. c—-I J^lsr < : ■■<?> olJI j 

. Jjb i C~)l>- ji (JjIj^ c5Uii i^\jj t C—ib JLaI y>- ^LalsM R 1 4j 

-bj^! -P b >J <iWjbJ^Li R 1 l _^J® b^ 

e, =(1,0,0), e 2 = (0,1,0), e 3 = (0, 0, 1). 

^Lfcjtay *£ oLtJ T _ \ _P 
W, = (1, 0, 0), w 2 = (1, 1, 0), Wj = (1, 1, 1) 

J 1 ^ j * P —-*~ji 0'>> ty* b R' J* *b^ a jb^ >X (jibiU. • XS—» R 3 iS'y. *-^i j-? 

{ j& Aj\j Oib OkLi (^ly VV J £ jl t JlaJJ ^jAkxJi 1 4-S* oT c5^y • d—iy L* 4 j\j 

ywAj (2, 3, 4) h . j C 2e, + 3e 2 + 4e 3 (2, 3, 4) ( , c!)0La . ^ ^ , c y ojUjlA 4iij jlS'^ 

. Xi^Jb R 11 j\*jj j :i 4^ d~^l , iy JLAiyi- 2w, + 3w 2 + 4w^ 



► j?r- J 


kjL Aj L X- jl JjXJ ^ J-* ‘- L 'J-- <j* Ji-V *j|*r il - L i ./' 

(jdl• -'-J f jl«J> ^ cJU- ji jX j 


(1, 0, 0) w = (1, 0, 0)., 

(0,1, 0) w = (1, 0, 0). + (0,1,0)„ 

(0, 0,1), = (1, 0, 0), + (0, 1, 0), + (0, 0, 1), 


(r-v-\) 


* j> J-i'Vai' ■ ^ i/ e t~— ^ ’j *ilj-w 


» » • « 


Tx w - x f , 


(V-V-N) 


1 1 1\ 
T= 0 1 1 . 
\0 0 1 / 


it (V-V- \ ) cjViLiw ji ol$Jl JZ T *S JxS a >-y 

. x£ Ji-U a,L _ e A, \j (2, 3, 4)„. jbjj r- V- 1 Jtt. 


W * -- « : J*■ 


(2, 3, 4) w = 2(1, 0, 0), + 3(1, 1, 0), + 4(1, 1, 1), 
= (9, 7, 4) e . 


1 1 1\ /2' 
0 1 13 

0 0 1/ \4, 


7" | _ r J J jU jl L 


= 7 . 


AJ (T-V- \ ) ktaL«_* i C~-I ^ 7" ,_riy 1 L. 


T l x. 


<6-v-0 

<^t v jT jj aS 


i l _1 

T 1 = 0 1 

\0 0 





. ^jl jl y 4jL ji l^U. 7 j 7"^ I o^l £. m ..u i L OjLt 4 j 

<paS JLi jLX j V— 1 ^ ^ \jij^ -P 

(1,1,1), v 2 = (1, 2, 3), V 3 = (2.2,0) 

((v-j) V jb (lltij ij'jj u f* ■ O—'I R 1 <j\j> <{t *-£j 


Sx v = x e1 

/I 1 2 
S= 1 2 2 
\l 3 0 


x„ = S ‘x,., 

*"-(:! 1 J 


«y> v y.s^s 


. cJlo-J i 1 Lf * r J> ajL Ji^L>jl i^yl—V Jb- 

x, = S- 1 x e = S- | (TxJ = (S- 1 7’)x w 

j 

x w ^T 'x e =T- '(Sx v ) = (T~ 1 S)x l , 

L A ur*iy ^ tjbb ^ir ^ 1 ^ a J -* 1 <y ^-c-^ 

- 1 y. 5 'as (jljb ajL- v j 7 'AT^jlL. <jljb 4*1- W Ojol 

4 Jjl OJui jJU jJj Jli* 4 (OV 

J* c ^ ^ ^ 1 *• b jiJ ij**- Jd*V fi_y_ * J 14 * 

L(xj, x 2> x 3 ) = (r, + x 2 , x 2 + x 3 , x 3 + *j) 

lj (9, 7, 4)^, ^Jj-L-J ajL_vj ajL_ w —j^L-4j lj JjXw jjl 

Ji'V Lr*dy ^ 4 flji ^ ^ -P b * J -- 1 Ji-V ^ : J 3 *" 


fiJj 1 (_f* Ow.i 4 j jij CJjj^> 4J 



J**- s?r- Jj 1 J-“* 


A = 


1 1 0\ 
Oil. 

1 0 1 L 


T~ 1 AT - 


1 1 0 

-10 0 
1 1 2 


/2 -2 

S~'AS= 0 2 


>4 7 = 


T~ l AT 3 = 


I 10 

S" 'AS -2 


1 ' 
13/ e 

-!)• 

13/ w 

28\ 
-5 . 
— 3/„ 






V-1 


'l -V- ^ kijyJ jj (*_flJD ^ “V“ \ Jll® fijjt jSi J^p j)j V<P JL*.> jLH 

* 4^—1 ^jb^j ^Liw V j XiS"^ j Ju,^ 

^ — V— 'l jl (k-j) ^ ~V— \ <JlL> ®JLi J* J ^ ^jU-li 

jj (ty) ^ -V- \ JLL4 jj *jl 5 ^3 J^_p jj j C[0, 1] <-p jL-U 

. JJUtf ^ —V— ^ 

j « *« . jtjijJ ^ “V— 'l U-flj J*j jl J &J-5* OKJ aS J Li jU. (o) ^ '“V - ^ (Jlt« jJ 

• ^ j'Ah j' ^ -Vi" 



oL J>\jj 


w 


^ ! X t X \ 


. JJl J.i: ...4 \ jx <, x 2 JLa^ jL!J 

Oj yU> <J 1J f jjb JL*A^ jLiJ 


• fc » 

• y 


^ jT ^ y L 


A = 



2 
1 

1 - 1 / 


3 \ 

2 


. lj IAI 


- 4j (A—V^ ^) ji lj 7 (c~a)1 

. Jjj jT tl—O <; IJ 5 (j-ijjL. I ,_yuJ> 'ajIj <0 AjIj _ V jl <oL JjXI U (>-J 

. JUL lj S l («W>) J 4j A^~ u L» (u 
<j wji ic.Ji ^ A7x n , Oj j—^ <j oIjj^ l j Ax f Jl_a^ ol—li (o 

JjJlJ .S 1 ^ AiS 4 j 4jL_ v A jl_JU . jij —Zy «c_-ijj r _1 Arx u 

. JL* v-.Ua lj S~ l AS j 7 _1 A7 C A-V- \ Jbi Ji (^ 

JLa^ qLLj A—V— \ <J\i- jj (^ 

(16, 11,13), = (5, -2, 13) w * (28, -5, -3) v . 

*jLi«jb ic- ^ l. ci^l^jb^ j ji p^JLS" jl '£ 

, jly^i \ -V- ) ^jyC Ja. i\j± L; fI^ 4 C — ? L Sj'*^ 

-l oj ^-i£*<*>- [j m x. n <£■ (c-a31 

. ftlX W jjW 9 j^L« Jail (^ 

Oj0j-* j lIpm^I n xn ^A *S c AX = 0 <*»a as> (c-j 

. J y<3~*J* L 

. [a, b] j> *^yj ^jl y L$U^i t C[a, b] (o 
. Xtj j Jb J£JL« [a, b]y j\j> n *S yu\y ai 4 C 1 " '[a, fr] (sIj 

^l^jl4du«L>-Ul>-^L ai (^ 

P n (x) = a 0 + a,x + a 2 x 2 + * * • 4- a„x" 


-0 

-V 


-A 



1 j '** ^ ol j-5 ^ 



.i ojb ibU* & ^1^1 y*- 


•51 


rf"v d"' 1 y 

“ o(r) d? + “ l(l) + " ' + a " (:c);y = °‘ 


iUj (>_i)l -1 


1 0 0\ /O 1 0\ /O 0 1\ /O 0 0\ /O 0 0\ /O 0 O'' 

0 0 oj’ 1,0 0 oj’lo o oj’ 1 0 oj’lp 1 oj’lo 0 1 , 

• T x T“ <^U a* (j\j> iSj 

? R % iS Jkj» *>? *< < ^ 

. JljLj (•—>) ^ “V— ^ Jlia aJui fl^b (jjIvai {$\j* AjU 



2 \ 

5 

3 / 

1 

3 

1 

2 


c 


-1 -2 
2 3 


0 

4 


1' 

5, 


-\ \ 
-\Y 
(cjl 


1' 

I 

2 

4 

1 / 


(o / 1 o 

-1 -1 


1 


1 
0 

2-1 3 

\ 0 1-1 - 2 /. 


J \ 

1 

4 


< 


jujLj 1 j A 1 j ; IAI i adj A t jjj ^1-4— j jjL» jl i*&jA — ^ T 


A = 


1 

2 

4 

0 


1 

2 

0 

-1 


4 \ 

1 

1 

1 



(cJl 


/ 5 

0 

\-l 


6 

2 

2 

0 


jl i^£j^A j£L*~a (. T-V- ^ 4.^,>Ai jl Q^Ld.,: li — ^ T 


1 : \ 

3 2 

1 4 

2 l/ 


(w 





<*JJI 


xa^ 0^ (*-i3l -^6 





\ 


w, = (1, -1, 0), w 2 = (1, 0, -1), w 3 = (0, 1, 1) 


.XAJ ^ J-£^j* R 3 t5 'Ji <i^ ^i 

• J - l n T \ = \ -P1J T O-iS^ ( V 

. Jl^S *u— Ij 7" 1 (s_^ 

Ji-M ^ jij ^rd J’'-* 



v, =(1,0,1), v 2 = (0, -1, -1), 


ijUjbjj wL*o jliJ (oil! 

v s =(1,1,0) 

• y J-^il R 

AJjT JjXJ AjL l T I j jjj ^J^jU {^ 





* ^ ^ J X M . i ^ P j ^ 6 j«* 4 jIj - v j 4 jL — w jl oLii*A L (cjl 

• ^ v 4* ^ >* ^ criy^ (V 

• -V* ck'V W b ^ 0*^ J* ^ 

A Vj ^ >> ^ J\ *V° 


- W 


.-us 


L5^ 




» A 


yi j——-o n j fn jl A <. m x n ^_^L* ^ r JL-jo jL-^ 

. r < max (fli, n) 

j ^ ^1 ^ ^Ijb 4 c—1 «x« A aS' i AX = 5 al&~o Jlj5 c*jU 

, -l-Jilj n ^jI^j A 4*j j iaai 

/I Jui J J-?! c—1 jlfjL- 4C—In xn^;UA^ «, AX =5 dl^j jl* c-AI 

• -^ ‘ ■- ^ p-* Ij A <uJj j A 4-jj 

ol^*ol < JutL r jljj L /tz x n ^A j^I J i~S c*jtf 


- ^ A 




-Y 


-r 


-ty 


n = r 4- dim (ker A ). 



J-** 


\EA\ = \E\- MIjuJcoU tjLSli<yUoi4Ji E/! 
i£ Aijl^JU- ‘ ^Li*//) . IAi?l = 1/41 • jT i JoiL n x n £ jA j£\ 

$ A ~ / OLiJ oJb- tjjl jj . J~S jjia< \j fjA j 

( . -X~£ o^Iai.xI XT' j Jl j*m< 
IA 51 = J/41 * [51 j\ i ^jjL+mnMlj) . o—-l L y\~^* jLJLj 

( . jli£<o Lii—M XT 

jljo jLU (lJJI 

e: idQ-o 

(^ £>rj ' J^. '-ky* Jd-V 

(v—aJ!) ^JjJ lj \j >■ JLAi 4 JLiU <3X 4- Z>.t 4- C^j[j\+j (tf, fr, C ) j^1 (^ 

« J^*U d)l jjp* 1J 

. JLjLj \j JuJ AI—* (o 

. JoS lj ^jJL» Alal^^A ( O' 

? 0—1 tJKj A>0*J Jj AJ JjI U ?0~*Ujj JjOJ ^1 a . -LjL JjJJ ^ l£^ ^ ({T 

b ^jt »^ bjl ^$1—^2-Fpl 4—fT (jJjb^J {J^l . /a ^ l^J 4 j1j ^j£j (w-ill 

. jL>Lj b Jjl CUC 4- bx 4- t'.t 4- cl 
■*« «•♦ 

lyfrg-l .,<i* Aj 1 j ^1 al^y*b yjib S* *S (w-* 

. JXZ~J* AfLll * aS j^Xa *0 i j aj ^ OKj AjL JLA^ (jLi^ 

(. aJo^-^ui 1 j ^ -T- \ b^-ij^j) 

J* l J vij cri-r 1 ^ 

/2 1 2V 

A = 1 2 2 . 


2 2 3 


--J jA ^Ij <+* . JxS^A ^jXaj 1 J ^ jyJrt-Jf <*A 4*j**%a A -Ua^ jLU 

i-tl j ' j X + f = z «Lf y» t ^ .jjli- 4— .X IJ (.t, >-, 2) 

y 

. o^-lo^U 3\ :) .tJoOLi; . 


ill 

juib 1 jX 4-/ -z 





(P§s> {Jka§ 




Jjf iiijX j^lAAJ^Uo 1 -f 

. Jjjb oLw^Lj j* jL—u dj* A * 

L*l • JjS'o'-i J--i'j-*i 3 oVjUj Oljj<; oljJ^ ^;>r* j j j b ^ 

t£j j_j b l_j* C~4 _jLSj b iJ^li.^1 jl jj_^£ jJaj —>^_vz» b lj 4jt _ _ b^j 01 y i j*j 4— t >-_» ft <j_y^" 

jjb <3k) ‘ ^ ^ 

j , ., a I_$L o' y- i j y~ 4ja jS Jai J- ^' - J j^ JC L a -_X- jl ^ 1 --^ JJuLj ^ 0 ^ 

‘J j t y^ jl - fc -‘0r i r • ^^(>>?- & IS; . S *L^VjUu, b,—^ 

Jl^ijO oV^Ljca b 4.S" . JL-i JLaI j>- j T (jjLflJurfU ji 

■ b^ 1 “• >li5 (* r ^ b^ 5 3-=?' 'j o*y jUj tfl J> 1 _yb-J» J_^aj b JJjj ^ jlS" *u Jj*-« 

JjLw jT .>•> •>_>*->* b y^ W uij^ ^ Vy 1 <31^ iS [ y, 


ir^! iji' -> J (_*l> • |*J J V^r* t# 5 3^ 0 ^~ -~* ^ oVjIjw <jjj -L-£b wjbS' jjl _,j 

l u£~^UjO j jJl--A t jjjT Iji3 

. jCjb ± j col^l~>- 



L r*' L +* 


j6 *t J iz —‘ j ■» I* Jj 1 ‘*yy ijyr t» jty J& 


F(x,y , z , z x , z„) = 0, 


- = Z. J -.- = 2, 


<>->-Y) 


* jT jj a£ I*-*!-; l j z U, y) XL oT ja *S 


O- \-T) aJjU^ . c— I jvi j' 

*i ^Su-* b ^ uri ■ - k —f v J 1 z **. ^ <^.y^ 


°o( x > y)z( x - y ) + a i( x > y)*x + a 2 (*. y) z v - *K*. y). 


» *• * 


(T-W) 


JUjj^ ^ J ^ < J-ili Ojj-^ 


P(*, y, z)z x + Q(*, y, z)z y = fi(x, y, *). 


(r-N-T) 


<JJjI jiS* . wILaIj ^ )j (V* - \ — Y ) l)L?JLL- jjj jj 

Aj ^1 aJ^I*-* ^ 

sin 22 x + z 2 *, = z 3 (x + y) 

i, ^oA^Lw^a -Lrjjl-j <* . :>^y« j> Ja>- 

^jULilJLa J 4l_~ o lj jf t* ^J *3~* 7*^ <*-£j> j' ,jr^ lJj L -Cl JJ AJUwtj 

JuIj Z y j z K ijjl *0 jA j * J-iL o*ili aJ^La^ JbLj j^j 

. JJj!JG Ul 

jU> ^\yr *S ab oLtJ ; y ob ^Sbyi ( \ A ^ r- Wr?) ^jj j 

JJ ■* jd 1 V • * jJ ■» ^ b V ur* J^J'j^i 3 LI j (r- \ -T )JSLi Aj 

L a5 j-j o*^laljiA L JuLi '. *»•jf) . J^»l! L y jS'i HiLl* b (V— \—T) itial(» 

. bb< oLjI il> jJU I j jjj A. vi . ♦ . (a aLiJll a JjjJ »»LaU ^il o^laL*A i y ^S 

A-Jl Jjl ^y*T C- | b.'«.t.a L Ajalat* { jXj^C’ : 1— t— f ifcfll 

P(x, y, z)z x + Q(x, y, z)z y = R(x, y, z) 


• =Z^ P=2^ba U » 






v(x,y,z) =c 2 ju(x,y, z)=c. j tc-.1 


dx _ dy _ dz 


dy Q . dz R 
— = — and — — “ 
dx P dx P 


c\jJ+i* F d\ 4 c~- I F(u , v) = 0 o j <i 

^jdJ Jr^'^ ibU* ja vb* 

(T-1-T) 

(? I^>-) l C—»l (T- ^ -Y) JL^ 4>- 

<fi-1-Y) 


>■ = ><x, c,, c 2 ) ol j (^-\-T)oMAUc* cy #^P^Iyr-. c—l x Jix^« C)T 45 
b v(x, j, z) = C 2 J «(*, j, z) - c, C)\y^ l*T jl 45* c~i^ 01 z = z(x, c r c 2 ) j 

• ^ j* t>b* c/ b £/* • 


±>jJ\ c~o ^ b jdi vb^ *“* JK* 


zz x 4- yz v - x. 


jQ = y i P = Zyu ta 4 \- ^ -Y Aiij jlS'-u ^UoLj U 4bL*>^1 Sl-jLL* jl : 

p±;^crj * ^ji^i 4 ^ = * 

dx dy __ dz 

z ~ y ” * ’ 

v J-Li 45* ijjT c_o 4 j Jbb* ^b 3 cx 4 ^ k • * j-l <s <**&£-i =c { d\j\*S 

<j~i • fr^c/ 4 ° J dx* + dzy~Sy j\ U- jj! ji . Xl\* 

, , <* , * . * + * , 

dx 4- dz = - d.y 4- - d^ =-dy 

y y y 


pjjb U ^ 0^ j$ 1jj»t L j 


dx 4- dz dy 


x 4- z 


!*>- \-\-Y 4 


*4^ tri • ^ uU*& r^Jty 4 (* + &y ~ c 2 


F (‘‘-^‘~)-o- 


(?-^-r) 





\ \r 


j l xS ' <->■ 


: i ~>y 'j <iy <sy** v'y p4* X 

. Q.,.,«t o1j_?*Ji i^5sj J-ai—i 4 elj_XJi O^jU ^L>- 4j 

c -‘ l o^r iir^.** csLh ^Au X 


2 2 f( X ~^~ ^ i X -\- 2 2 -jv 

x- - z 2 = /^— —) or — '- = £(* ”^") 5 

U^jlS' j:> JJ:> jj\ a_j . XXL ojli^o jL —*j xily^ Ifjl y>r J^-i «• o>UxX> 
- xi£ tjx*^ oxi o^b {£jj>* j xJji c»>i ^py*&>- (^l^jl j>- j^iiL ^j 

c-i> J5Li^aly^lj(f-\-T)o^U4 

^ 4 (x, y, e) dx + B(x, y, z) dy + C(x , .y, 2) dz = 0 . 

oX^U^Xj^a^ L*<yl£ J-^l^ kJit*L4 4 ^ 

*J-*rJ iS^ji <y^ J fJ* -kJj-* * l* 4 C^ 4 l^J-»--* 4 j-V oNiL--^ 

<_ AJ b ^5j>>- x> bxX fl L oM*-^ oU »Li <3 i~>\zS ^ylij ^wXl AbL** 

.c—l oXi 

C 2 J C l ^ ‘ 'i- ^-T 4~X> J-> F(W, V)^jll ^U- kjL—4j Jl>- 

illyXl ^y>— j x*^ jLXi ij ^.jj ji v(x >’, z) = c 2 j w(*> v, z) = c, cl? jT tXXl ^ 

<^4 Loj J ^y oX-*lj 4 i, fTi 4 ■ * c L ^y»w* ^jjl . X£ ^y3 {j X s* ? 4Jil_*-4 j.S ji l L$j1 

tSs* b^tr 3 ^ 4 «_ri • y J(^1 jL ^ I j l^ ^1 

C: x = x( 0 , y — y( 0 > 2 = 2(Ot 

(^1-gJjj-*?<<J JJ4J v(x,>’, z) = C 2 j w(x, V, z) = c\ ol-? jT tJ-il> oJ- M e^b 

L * ■ v(.t(r),v(rXz(r)) = c 2 jw(x(0, >’(/), 3(0) = ^ 

a i4JiXf ^.>oc c C 4.S x 5b xL . |>*-ijji o..-*^ aj Ij cJ^aJ^L *_4 

. ^jb jly ^?1>I (^jj Ut O—J 

kblic® Jl ^Ca\ ^Ixmw T-l-T JUfi 

y*x + xz * = 0 


(^Ar6-^V^6)^Ulob^Lj c Johann F. Pfaff * 








C: * = 0, y^t, z = t*. 


{ _^>z~‘ j\ lj 


• -V 5 " ‘ 3 J^ U* 

1-HUijt.iUu-IL :J>- 

dx _dy _dz 
~y ~ T _ ~0 ; 

^ F(x ' ] - /> z) = o Oj_^ o ^j->r • z = c 2 j A' 2 - / = c, 

r =f{t)\jf =f(-h «. C i j>^a jUjU^-l L . ijJ, ^ <J.j z =f(x 2 - /) 

. 0 —A—T J£-S>* = (* -y 2 ) 2 j 


Z 



(t— > — Y Jli.) JIjSklgU-p^-Y JSLi 


- y 2 - i J^ ^ c Jj ■ Jy v j j^- ^ *V^ 

(Jj il JLflJ J Cwl A yaj w J L j t ^y>Ww4 k_£j C oL? t }jju t_jOjP -J = 1 

. (f Jij+z)*j b 

C: x = f, j> = >/£ 2 — 1, z = t 

W c, .,.,-, J v-£j ^ cJU- y . (G ^j-^) <■ ^<-kyv 

. c-i J-k^ jty^ y. xy'49+i^j, 


1 CoU a *5 i z = a jjI t jrfldz = 0 Cj *j juL Ij dzJQ j~£ * 





m 


45 c—i c Jjl o'/ ^^->- L oMiU- ^jj ^ 

y\y ^jy** ‘^T^J* 5 . ^jj ^ j^4j ^l^j 

^ j^- oUli« L c/ibU-* 1j ^JJ ^1 yj Jli-i . O—-' ^ y#± ^ J c£** 

• ^ iS* Cr-T-* 


*~s J>. \jyj y^u- r-i-rju* 


2 X -f *2 = * 3 + 3xy. 

p^er - £J-r^ j4J 0^* ^ 'j : tb 

dz 

z x -hxz = 0 or — = -xz. 


<5jL^ <$•*> ji y ^y Ij <3jj <5iU_4 < c—-l OjIj y 45 *y~i ^y <>*-~j 3z/ch; jl o^* 
0—1 jrT 'r' 1 ^" ■ <$ jl 4 tijj? ^ 

2 =/(>') exp ( —x 2 /2), 

• - L - i ^ i5J- 3 -* c — l^j-^ <lr*^ • c - - ' y j' •i.p'k u*^ fi.y) *£ 

jijj 1 lc--J<4 t 5l^ ^ .jLL:_- 1 UftljJr ^p-* j-< y>\ jl pJy <y 

r~* <y u*j> ‘ * 

Zj = Ax 3 + fix 2 + Cx + D 

l*r^^r* 4 3 x>'Ij Cr*^ <i'y • z \ = * 3 _ 2a^-l^y <5^ jTjl^ 

z 2 = fix 2 ;y + Fx;y + G;y 

o-l J~T Lf*y>* V 1 ^- Oi'xi^ • 5 = 3y jj*S *y ^ ^Tjl <S" 
^ = f(y) exp ( —x 2 /2) + x 2 - 2 + 3;y. 

■ ^--■ s *i u—*“ ^ tx* 'j 4i'j^ 4 <Jj' W J**- ^•>!->*«■ j' _P 

yj • (6-\-Y ^) C—l JiLu» tX-JLi JaLw jj z y L z x «jj y. 

• OL—j jj$\jj£ j 2 lj Jp '— 4 j j 

y^u. r-i-rju# 

xz* - yz y = 0. 

■ -V* J^'j 







dy > de n 

dx x dx 


o Jui ojl J y*& <■—^ Z — C-, _j XV — C| j\ JllijL-P l—gjl ^I^jI ^ 

. c—I j ^hjIj f*£ i c.~J z. =/Uy) 


z x = x 2 +y 2 . 


UjU. 6 - 1 -rjUe 




j*jj J\ i _ f * c—i j tj i£j~> Jl_^jjl L t jjlJ-i ^j>~j z*J.si*-* js • < J* m 


z = — + xy 2 + f(y). 


xz x + yz v = log x, x > 0, y > 0. 


SdsU* f- 1 -rjlfc 




k-ji'-P J*- ^y <_r* ( v <jij*d ' - ' -T V*<*• JUjU^. 1 llj <1>U_*^J <p;/\ : J*- 

jvijb t v = log yju = logxJii^^Uj^^yu'U . .sUi-l jl 


t)2r _ dz du _ dz 1 
dx du dx da x 

dz _ dz 1 

d.y dvy 


Ui^J 


°<* 0 -U5 O^b <J*>U* Jj-J 


dz dz 

-1-= u. 

du dv 


( A 0 i-r~) c: —‘ J M ^k* ji 1 J»“ ^ 


u = i; + C! j — = z + Cj, 



oLJ»Lj 






u 


z = - + f{u-v) 


0°g *) 2 + f(j 

fgt 

j I (_gloiljjl>- yuL l <JjI jA i L cjN iln—* Jui-4 

J(X, y\ Z) = C j-i - P <_glA jl oily L>- y 4-5" Ia 4jjj 

j! JLjjL^ (a", y\ 7 ^) 4 lratf i ji oily l>- j* <_£^Ia ilJLpI wLiL Ia 4 jjj jl ^gl <oly Is*- 

(/x, f,J± 

Z = g(x , y)x^S' ( y J J JLj- . jLJJ (P, 

t_gilA il*lpl . JlS 4jjl j 4j Ij j-4^ Oil jjl>- 4 «£ji (_glA4jjj ^Lilj (_gl 4 jjj 

JjL lUjj a j-*—P tfly J (-*’ V _1 ) J 1 al ^£>J*Z= g(x, y ) y 

Pz x + Qz y = fl. 

jiJ (J>^ 4Jib*o A -.■**•*- -*-^ / . > W^ jl y(x, _) ? > £) = C yj <5^**P ^iJJ ^ — ^ — ^ ^*N^2i 4 jLj 4 [i ^-» 


JLlil 


dx _dy _ dz 
~P~~Q'~R 


(V— ^ - Y ) 


>*, ^) - C JLXS'^y . CJL J-~Jllj 4jJai j-> jly ^y ij JU»Ul4 4 jjj iyjlS* <S^ 

o^-i oili 4 ^JJ <• C jlj-Jfl-« _jA <_g 1 y 4 4 JL-ili j^A ^glA AjtJJ jl (^gl oilyL>- jjxjllUj 

(^gU Aiil^s 4., r7> «JLo ^gl ^ . / .. > m l o ol? jl . C.*il (i yyj» ^JU—Jll» ^_gljli 

dx _dy _ dz 

T^Ty~Tr 

. OlAi ^y jtti Ij I>ya>- 
**3iWJj J*J ^UoilyU-y i^P^lAAjjj Y-t-T JU« 


* 1_^* ol^ cy»| j^j 4 j» l * 




J?r 


1 W 


/(*, >, 2) = 


z(* + y) 

2 + 1 


= c. 


(•*->'•> '■ J* 




x + y 
(z+l) 2 '' 




dx d.y dz 

z(z + 1) z(z + 1) x + ^ 

-_jjb j —*A VJjl—«—• j* jl . c ] = x - >• L x = _y + c 1 ^jb Jjl 4 _*_- j* j! 

U*U« jl . y + c { y = z/3 + z!2 + c ' L^j>l jl aS' (2 y + c, )dy = (z 2 + z)dz 

c 2 = 6x>- - 2z 3 - 3z 2 . 


jl JUJjLp $ystS* (JjIbA 4jjj 


F(x - y 9 6xy - 2z 3 - 3 z 2 ) 


6xy - 2z 3 - 3z 2 = #(x - >-). 


L 


1 -T 

i jj jj j o j aj oijj I j (T*- ^ Y ) <^1* Abb-* <jbb — y 


dx _P dz_R 

dy Q dy Q 

, (x^S a— jUu A-^-Y li) . c—-I JJk—* ^Jcuy a5* 

lj(6-^-Y)<5UAbL*-4 z = z(x, c,, c 2 )j y = y(x, c r c 2 ) ^L+Jy*- oL-ii -Y 

• ^ jJ v(* )\ *) = c 2 ju(x> }\ z) = c, Ojj-^ a> d\y^ 

—T 


dx dy dz 



CjL 


> > A 


■ J*- b Ays 

tr 1 ^ jl >’ z r + *z v = OVJjLw iS^yr jl jU-i^ JjJ Jua. 5 jLU 

C: x = t, y - yjt 2 - 1. 2 = 1 . 

.(-L*<u-Ai» Y-\-T Jli, L) ij.if ^ 

jjj jl ^ JjU yr yz x + xz, = 0 <bl« Xa-j jlX* 


-f 


-0 


C: x = l> y = Jt 2 - 1, z — t. 


xz x + yz v - log x 


(.juS^UUT-N-Y Jli- L) 

jt, 

. -Ux£ \ — T <L..<al jl coLi w I L !j j ktabc* 

(ju 5?->-Y Jt* l>) 

« * ♦ 

. JLX£ Jj>- \ ^ — Y <Uii jl ciliuJ b I j y_j Sd>Lw 


■9 

■V 


-A 


dz dz 

-h — = u 

du cv 


'-S-l c/M 


?--\-Y JtuL) 
«* — * 

,X*J>. Jw^lj V- \-T Jli* 

JjjjI 4 j Ij j ^La jl W^sJ jpfc 

* 1 —(* + z) Z T + Cv + 2 ) Z v = 0 (^Ji\ 


A * 




■ cT 


. (z = c, J dz- O^bj t xi_*dx J (x + z) =dy I (y + Z) = dz i 0 

2 a 

■«z t +>’2Z v = -(-* +>’) (*_> 
z, + J S“Z 

JV^ + Z^Z (O 

(y + *)z t + (y- x)Zy = z (x* 

(Ax/x + dy/y-dz/z = 0** j^S x 2 z x +y 2 z y = & +y)z 

-~\jy dx + x dy - dz: ^Ujtljixz + y)^-(x +yz)z y = x 2 ~ y 2 

xz x +yz y =Q (j- 

« t + ^ = z (£ 



oUlJL* L oNjl**_ ^J u U<ai 


m 


• -Ltf J*- Ij^j^UJjU. ji c^a -\ \ 


z x - 2 xyz = 0 
*„ = * 2 + 


(will 

(^ 

(O 


(W 2,, + 2^2 = 0 
(o Z f = sin (y/Jt) 

2, - 22, = * 2 

■VjjT ^--a *i ajif <_y xi j 1 ** 1 j z r = z v v'>*“ - ' ^ 

C : x = i 2 + 1, > = 22 , 2 = («+1) a . 

'j jij ls" y** ^yr - ''T 

2 , + 22, = 1. 

-Si jj' -a *i *(_y jij j' lj 'jiy? 

C: x = t, y = t , 2 = 2. 

(Jj jjT c—I i *j I j ^yy>s- yr ->~S Jf- 'j yj lS^ ^al** j' ^ j* ~' T 


2 (> 2 , - xz t ) = y 2 ~ x 2 

(x 2 -y 1 - z 2 )z, + 2 xyz y = 2xz 

(y + 1)2* + (* + 1)2, = 2 

yzz x + xzZy = x + y 


(Oil 

( v 

(o) 


oJ—i iili JjsLi <*_£ Ij ^5 j‘ ^ JI j&j\ ^lju1 b jj j (_j0k4jjL*_* Jl — ) 0 

. JujLj l J-iJ 


(y + xz)z x + (x + yz)z, = z 2 - 1; C: x = t, y = 2, z = < 
(y - 2 ) 2 , + (2 - x) 2 , = x - >; C: JC = t, ^ = 2t, 2 = 0 
> 2 , - xz - 2xyz; C: x=y = z = t 


X 2 z. 


+ y 2 z y = 2 2 ; C: * = t, y = 2t, z = 1 


(Oil 

(i—i 
( v ) 
(o) 


j I Li. v **' «,l q -*.~- e j'o € ' .s * ^ ^ gt .*.,* L y/*& ,jLfil j>- j* yy^ ) ? 

. Jbjjl kl —,j a, *^-ja ^aS Ij ^j...»- i1^*a ol_^>Ja ^1 _jj j L^jl Jl 


2 = c *F(x + 2y ) 

2 = yf(x) 

X + z = yf(x 2 - z 2 ) 


(^Jl 

( V 

(^) 





2xz x - yz y = 


ysS' *X*AJ jL^J — 

D 

• z =f(xy r ) jl < 1 —*1 o jLp 

x + v jl ^U/slf jl i jJL* z< = z v -OaU* jj/( jc, v) j£\ -u5 ojU - 
. jl iS ( J>-1 j ^jj ^Lk<tal*c* jl 4 9— \ -T JlL. jl o L c Zm iI L — 


2xz x — 3yz v = 0 

**, - 2yz y = x 2 y 

3xz x - yz„ + 4z = x 2 cos x 


(_Jl 


^U4jjj juo jULJ -' 


z(x + y) = c(z + 1) and 6xy - 2z 3 - 3z 2 = g(x - y) y 


C-> JJ ~,0 j} 4 


l_j—^ jJu j- J -LL— a L>j S J °!_j—CL jIj L£j C jl ji ^—S 

(-L ’S <l*jUL» V — 'i — T (Jli* L) . jj 

JL '*S 1 j ^jj 


dz cz 
dx dy 


■V* J*" 'j jr^-* iizl** -YT 


( 2 z r + 6z„ = 0, 


. jiijU b ja*£ 

Ju j jl o-*o 4 j tj x" + y = C A^l ^ ^ j 

.j! 4 jjj X>- (^_J 


-rr 


ii ^ 


(5 2 u 


Uww ? 


>»yu wJt>o dfdiu r-r 

'II* c<J>j jl jj^Ij y> oIajjJL* L a_*JUx* j$ 

(jll* lfl l -**l j\} ^wjJul (J^UoLqJ 


~Z 2 ^yy» 

<3y 


d 2 u d ( <3zA 

dxFy = u ^ = Yx\T y y etc - 


jl <bbw 4 pjj'J jLS J J-* y^--> pji Vj-* <>>=!■ oLei-. L 1| dj^- 



\Y\ 


yy- ol > »? ■ * « l> 


•i.- 


+ Bu x y H - Z)u x 4- Ell v 4- Fu — G. 


yy 


OjU <6 ls-JS. l J £j<j^ 

(\-Y-Y) 

40il*ii yijid.**!— L U Aj 1*1) JO*iIj 41—l J j ^ G t .». i B <. A g)y 

cjjyj* yJ jj* j * el? oT 4 G = 0 ^?1. jj— ^ e j—U 4 4 J 3 I** c (jl^5L 

. JcS Jjj_—> 4_!.aL-*—• jj ^ c—-l h(x, y) J^L* ^ “Y-Y) ^1 j~>- jl j^ai* 

ol^Ji c-jli JjLl* j^) J*< oljJj^ ^l: ji J^Li <5 t 

L<Sc— t 4/**^^ B f-^ ■ L (^Ji 4-J { J-—JlyJLO kkl*— iJ^jr jJ> 

• ^T <s *! <_**_>*-* ‘-'Lj*' j 1 »V*k ii'^i <J '^' 

a .^j-ilA ^1 , *AJ^— ^ Jllf 41 —^ ^«il_S»- e^i j mu 4j 0”Y”Y) y £ L» * Aj j^fLfc 4 J^L-w-* 

ur^ j*** j* v-’ve r^ ^ j:> uis<sy** ** AA^ 

Ax 2 4- 5xy + Cy 2 4 - Dx 4- 2?y 4- F = 0, 

O'? 4j Ij (oJuJfctJ p_A ^^*1?) A’J A 1 "* ^1 . -LHiIj Ft .,, l B i. A aS 

■ JLAi ^ <jL— y m j 

B 2 -4AC<0 
B 2 -4AC= 0 
B 2 -4AC> 0 J\ J^JJljb 

L 1 f t \ Y-Y ) Ojj—3 4j Jti*- li (jjl> 4 4jL»£m* e4 j 

. j-iiiC-i-^A-* ~ 4 ^g ej-^Uj/^^yiA 

L StJiL*—a t-Ssjj 4_^ ijli jlSlfll 4 JUi—y j j\ ^yu\jj C j t fi ti4( \ — Y — Y ) iliLjw ji 0 j>- 

aJ^Ijc* . JL^li Jr ^LihkS Ji >yy*T ^ l ^ l JLa 

xw, x + 4- 2yw x - xu y = 0 

. xy = 0el?y> o—l ^^ 4 - j t xy< 0 el?c-1 jlj x> ! > Oel?y> o— 1 (ij-^ 

J 4 0—1 tSJ J 4]^b»^* el? (jT 4 JOiL 0»1—lliwy j X j^l 

■fcyl^-£yj1 o'b/jiU.Ai^ .0^1^^— oUfll^^Ujy^e^jj j 

^y L 1 y Olay^- <oJUo4 ji . ^jS ^^ ^ YY* ;' 'j 


^Ubjl CjIj^Lj ( -\ A^v) 4 Francesco G. Tricomi • 




y'v,, + Vy, - o. 

. c-!j\jJ^i» t y < 0^1^ jc—>0^1^ ^ jj <*jj 

L. *JjU> Jjj ^ j-51J-<v 

(_5jj-» is*'j-i C-» t £_jj tJ^ji C—«l JjL>- <—»!>*_» ^Ijjl <j 

. ojT, j c—o <> b£> jbjl> 

4. U .* o Jk J t JjJj jlS'Ai <y oU<aI>»-4 Jib oil) >’J X \»y*£' *>./! 

>yrJ *S V 1 • Mi 1 ^ c —“ l i£~° 1 ^ c*' c —e 

t |V-ll AJLib jLSb ^Ia^.jJCU j_? 1 . JUil Jil a Jjt}} 1 J jt C—-I 

t jjjb *\j l jJ-* JL>- t£jj 4JL— j Ij j-yULo yJjLiLa 0^^J> -La 1 oL? jT 

. c— i ^ ^yr j p~£ Cm*-* iSy* vb^ j* b°b**b £>jh <_y 

^ pr* L^ 1 ^* b 4-Lil oUj Jiu-* j' '‘j&iiSy* ^ 

-Kr-J* y*>l ^jja J*b-S l*Jl ji <S . ^jjl 

Jr-^tb J- 21 — *{j£ * *' L 'b- i <_y i$jj* J-L** J <iJy* 

• ■*pt^b**' ^ J ^ 

* iS^yr • pr* cy ^b' f J* VV &*-* £Lr^ ^ 

* -Li Ajiji ^JLaj | .*.-w i L^Jlli 

* < Sy ^z t <£jy <l b ^a l*T“T ^JUx 


u*x + “>-, = 0, 

a < x < b. 

c <y<d; 

l <J^Uc« 

u(a, .y) = u 0 . 

u(b,y) = u„ 

c < y <d, 

1 j^* kl^0 

u(x, c) = u 2 . 

u(x, d) = u 3 , 

a < x < b; 



oJLw«U .,<? ..» . JLUjli u ? l u 2 <, u^ <. u {) i d <. c *. b I a *S 

^y\y- ^jji & j f J- 5 ar^* jT-T ,j^ ji (J- ■ |/!,iJ l boTj*^^ 

J j~*« 4 c<y<d ja < x'-b *S ol-U iaul -r 5 ■ ^ 

oUiJLa l aJ^U* .O-Y-X J^)-Liwfc (»jLm x>’a^jL^ J-k^4 ^ J J ii(x, y) 

. -US'jJUtf <i^U> Jj jl J-kL^ 0JJ^ Ustii u(jC, V) JJfT ^ oL J\li ^1 ji 


Iy jb^Lj j ^^4 (^ AYV“^VY^) i Pierre S. de Laplace * 




J’j’r \j oN ^ j j 


ur 


A 

d 

k 

w = u 3 


/' 

M = «0 

u xx + “v.v = 0 

U = Uj 

t 


z/ = »2 

k. 

0 

6 

1 < 



O-r-r Jii*> s-t-r J5L: 


idaU» jj u —* L r*i '•iSjj'J'-**-* J 31 —* 

;(T-T-T JSli) -u£^ jL.. : - ^ i 4 -j^-LJ j^ cJjj bu-r"-* ji' s '- 2 - 4 J “^i_r* (i- 1 —« 

: Jii -^Lr 1 'd liy <sjj* -Mj- 1 J\ ■ “-V 1 ^ 

u x(o, y) = u 0 . u x (b,y)=u lt c < y < d, 

u y (x,c) = u 2 , u y (x,d)-u 3 , a < x < b. 

. Ju-*U * i <] '■ ■* lj -Jl -J J li V J U t (_gl^ AiJL.* tLf (jl 4 Jj 4 i 

jy s. r 5 ^ c ~+r j j u j«~ <>** ‘ 4 p ?L * lt* 

-Lj *1 V-T <j_j? jL*j» 4 (jjy jIjlIL« JJL—* cJl . (T*— Y—V J^Li) c—■! 

■ u x( a ’ y) =u i> ^s.j jl 

: jl xljL* jl ( _ r ^a*j 

du(x, y) 
dx 

lim u x (x,y ) = u 0 , 

x-a* 

u x (a + ,y) = u 0 . 



OA6^-\A«6) * Peter G. L. Dirichlet # 
0 ^T6-\AY*T) t Carl G. Neumann ** 






^j>r ScJla L _pj.> J—a> 




^aLjuIj _ (jlfJLp- 'f “ T jJ . Jijjl ^aI J>~ Ji 4j 1 j (jl ybf' j 4 J^Ia* ^1 

. ^^ p-Jbl j>- ^ <ljy JjJU jl d^Uwil L Ij (“oo < X < oo)^AbjuU j (0 < X < «) 

. i$jj* jIja* r-f-f ju* 

u t = ftw^, t > 0, 0 < X < L> k > 0; ■ 4a\j» 

u(0,l) = a, u(L,t)=b, t> 0; 
u(x,0)=/(x), 0 <x<L. 

(JC, 0 ^^lj) 

JLlS" C j? * * °“U -* ®J^. ^^->1 Js»Uj jJ Ij W ^jj_* iajljJj . -US'f 

. -US' t— 0 jLj jj Ij w jl-Lifl *Jjl J* j-i ^ ^!l>- jj> i (6—Y “ Y ^JisJi) 
<jJjj Ij yL>»j . o*— jI ^5vj a/jLa.* yy>- oLcJL* Ij <tal-jn-^ 

• ^ j ids. u~^! j* j u ?^y 


y 



*S ^jI <j ^y>? oLaT .t,4 Ij ktat*-* s^A y*- ji ol j_>Jj £jl y i^>-j 

^ly i Jii* . jj^Lj jL ~j ^ <J-u* ^iJ^Uji y~>- j^ ^ j^jiy 

arctan -i e r sin ■', log v/'x* + J' 2 , sin x sinh >’ 
x 

Jj . ( y j-qJ) JlIIS" ^jA |j Ju^ k]^l«_4 pi •XS'j^ ^1 fc OjlijU ^L^lS" 

<S“ ^Ip^I <j 4^y L . , L ’ . “ — » y y>- L J--JI yb* J* Lt 4 ^ 





L. ,15 . ^5 I^Lj 

V *■• V « «•* 


m 


*■ <S^)yr f-?\y ^ p : > - : '* ^ •> JJ^ 1 J- 5 

• ■>.* - LA 'a5J <j^ ^J~* s* J-> 

^jjj oita* 4 (Jjl a5 jp-« i^’yr oI <t «i* 1 j o'Vil** j ^J^^-pjljjui oN ita*-® -LjL* 

<Jl>- . JjjL—jfc c^uIj l_j—j 1 Ij oNil*^ < J^- ^1^ ^ji aJj^> Lj 

i>~ Jj' l>T jJ pjjJ^ j}al ji\j^yJj\ 


au xx + bu *>- + cu » = 0 


(Y-Y-Y) 


ju x = rf'(y + x\)^>jy^o ji . C—I cJj rS\j**J t u =f(y+ rx)^i^ j\j-i j 
. AAi^ jLi \jy + rx J- —; f£~z~+ ^ Lfilj-> <S <■ u„= &’(y + rx) 

^y^* A^-5 ( Y — Y—Y) Atal*^» j* jj±\jl* \ j! ji L 

(ar 2 + br + c)f"(y + rx) = 0 

c—b jL) ^U. jf jl J 


ar 2 + br + c = 0. 


(r-Y-Y) 


c-^1 y>- el? ol i Ai-ilj r, j r L ^jl^j ^Li-a _j j A < * ■ ,* j ^iL_i>- (T^Y~ Y) ^La ^^1 

: c ~ i ^ iS ji j (Y-Y-Y) 

“(*. y) = Ay + n*) + g(y + r 2 z), 

■ (f j Y' Jj tjjij j/^ 

.us" J*- b >J j'j iku* r-r-rju* 


a 2 “x* - &%y = 0, 


OJl ^yoJL*- b j a <L>1 ji a5 

*I~*1 a-^>»-^** <tal*-» '. ( J^ 


a 2 r 2 — b 2 = 0 


u(x, y) = f[ y + ^ x \ + g(y - ^ X 


J 1 


°j4* ^sr** v'y^ y 


ol < JLiL j »} j { a-wj ^1 jii a^j^JL• AJita^* jJ?l a5 o. 5ta a^ jJ -lL 

c —' 1 Ji3 ^ 





\TV 

U(x y y) = f(y + rx) + xg(y + rx). (f-Y-Y) 

. J lahp^-* 4-ij j A* <1 jl*-a 45 0 —^1 ^jXU^ ejlijj Y • - 'l A 


T-T 


e l sin v, 
sin x sinh y, 


. jljlji 1J *iiu <J jbwa jJ> Q w-jIj JUO jLli — \ 

JL mS JjJL*? ji jjj y JuA^ — Y 

(«—' arc tan -♦ (*-ii\ 

x 

(o log v /i 2 + y\ (v 

<5 ju^ y+vtJ -V 


u(x, y ) = f(y + r,x) + g(y + r>x), 


<bU-« ji r 2 J r ] d\y 45 


ar 2 + hr + c = 0, 

. C—-1 ( Y — Y — Y ) 4tal*-a <y j**' y^y? c ~bj5 ^ tJ~U^ 

Jjl^ tf -Y 

«(*. >’) = CiAy + r,x) + c 2 g(y + r 2 :) 

L ij *w>1^>- ^jpjl . c 2 j c'j <5 X-5 i^x+p (Y — Y—Y ) 

? -*r^ ^ 

k j'j°j>^4j Ij jjj c->Ui^ L jl -6 

. Jui5 ^y^jy 4 T ...%< jj » Jl. * *5 jjjjUj 4m>o 


« AX + 4w, v + 3u yl , + 4a x - 3u = xy (,_^1 

xu XA + u yy - 2x 2 u y “ 0 (^ 

u x> . - u x = x sin .y (^ 

(y 2 “ l)u xx - 2xyu xy + <* 2 - 1 )u y> + e J u, + u„ = 0 (o 

j t g(x - at) i f(x + at) X-~** oLiJ t -U-iL *1_yJ.> ^jJu Ji-i-* jLy £ j f £\ -? 


oju-li 4ib . -Ui*jka w =<3 2 M u ^l^lj^-/(.r + <7f)+g(A‘- a/) 


^(x - at) 


dg(* - at) P(x — at) 
<i(x - at) Pt 


-ag*(x - at). 





jl** jLij 


u = (c | cos /,x 4- c 2 sin /.x)(c 3 sin Aa/ 4 c 4 cos Aat) 


* c 4 4 c 3 4 c, c c, aS' 

1*j\ jJ> jf\ JbT^y jj c- cos Xa/ sin Xx Ojy> <o V u (x, t) OLti 

«*> 

: xiJ ^ VJ 1 J iS-Xr* 

1 /( 0 , o = 0 j u,(x. 0) = 0 

it r = ku { r ,^L»^ w-»l u = exp (-kX 2 t)(c { cos Xx + c 2 sin Xx) X-** jUH 

. X j C, t C, 


Ju*o jLLi - 


1 r .* + at 

u(X , 0 = — *(s) 

2aJ 


J-U* w/x, 0) = £(x) c w(x, 0) = 0 a 5 o-l m„ = <fu vv iJ^L^ w»1 j>- 

. col^-i }\ tSj/ J.xLa ^\jt j' • . -US'y 

('0 ta r^ <j***~* b V 0 ) * jiJ iy'fr L oN^L^jl ^y> 

lj 1 c~—^ • *b b 4i..*l Jabt* 


-U 


«(«„) + (u } y = o 

U„ x - 2u y = 2x- e" 


(y xu x + yuy = u 
(o u„ - u. VJ . - 2« yr = 1 
(j/,) 2 - x(u xt ) = sin y 


(JU» 


_>a s-Ll oala s ^* *-^ 1 a = 0 i ( Y — Y — Y ) <jabi/> ^$*1 J_*a b>L£J (i—flii 

H =J(jr+ryi^^jU- Ji J—*a jLi Jj . c—J oaU^-l J^U 






. OijjTc^j^lju^-3« V v = 0<_^j^. 

• -4’ J*- b “>, + “n - 6t ‘vv = 05J -^" u= j[x + ry )jl .alii-1 b (y 

yy^fr «_j1 _j->- «L? jT 4 wLilj iS ^> * ^j ijljla a ,<i>i ,1.« <daL*_a jL-JU 

. ajji^ *ab (T-Y-Y) JJaU. b (Y-Y-Y) UaU- 
J»4 ^ ‘ u y ,J “tv fJ J V> c/>r ‘ “ = ^(x, y) J\ <5 ala jLU jl y ^ 

y 3' 4/ i$\ji Jt®- 5 obii . x>y\y 4 p_* b 4 x_ib *^yj j iyry Lfiiwi jjl aS" jt 





'Y<\ 


-‘Oi'ji 


•«. * 


Jlji' Jij 


u = arctan - 
x 



u = c x cos y 


(Jl 


u ~ 


fx + y 
\*-y 



u ~ e xy tan xy 



XjLj IJ jJJ VJ^ln* ±-j\j>- ~ \ & 


u xx + u xy - 6 u yy = 0. 



4j I j jjj i^La j| ysS’ i— 


-\? 


“o - 9«,y = 0 

6u iX + U xy “ ^ u yy — ^ 


M « + U xy ~ 6«„. = 0 ('-J! 

(o U« + 4U W = 0 (v 


ai«*o <_£ j** #** j 





^ 'j jiJ 4jjlic» jl 


- NV 


* 2 « AA -f- 2x.yu lfV + y 2 u yy = 4x 2 (J| 

u<* - (2 sin x)« rv - (cos 2 x)u vx - (cos x)« v = 0 

• 

« AA + «VJ + U xy + au ~ V Ic-Utf) 

ar 2 u„ - v 2 u,,, = *v ^ 

4u„ - 8u„ -•- lu tv = 3 ( 


j'uJLi -' A 


u =f { (x + ty) + f 2 (x - iy) 


u +u = 0 J 


i.v n 


r"fr 


. <, ^jta Jaii>u *uljj (Y*—Y-*Y) a$> jj ^ A j +j — \ ^ 

jljojLU -Y * 

M 

U - /|(y - ur) + */ 2 (.y ' **) + / 3 (y + **) + */4<y + ix) 




+ ^^yyxx U yyyy ~ 0. 


^^ ^ c^N jL_*—*O lj^^ lj ^ #J—i 45lj1 - Y > 


'j .*!J ^bK-taL*-* j! Jj 


=r • fr" jWy 

- -^L>/^ 


* 







£*u 


<- 4 u 


( -* 4 

"*" ^x 2 4y 2 

r 4 « 

f^ 4 U 


= 0 

6'X 4 

dy* 

r 4 W 

ry lru 

PX* 

Px 2 Py 2 


( A U 

+ ^ = o* 

O’ 


d 4 u 

+ TT = ° 
O' 


Oj y& 4j (j) J* fll^ 0^ <■ JXiL V j A' jl j b -o-A £j1j j-i J 'Kj 4JO jLiu 

4>(x, y ) = -xi//,(x, y) 4- 0 2 (X. y) 

ji — -- o - fr ^l7 I *->■ jf) . X^ ^ <j X -• & jL nm ^ & J3 4J.iL*—a ji 

(xS^jJU* 


(^ 

(»—' 
* 

* 

-T Y 


u>*iu) C 5jU^ r-r 

L ^-^u v y Lbbc* 

u It 4- w rv + z/ r , = 0, O ) 

xJL>- ji lj <bl*_* ^1 . c—I ^>r* L, jl <_^ 

# . F» 

• * j*J cr^ '-^ b j* j >jj\ ^j -*-■> ** iS^i *— 

. 3 y* i j f A jaU? p(_£l-*4>*-Li jl ^jU{ j2 i *£ <jl ^Ll>- aj <bLi« ^jl c— 

Jl ^JiL E jl J—^ OJX jb<5 flXi <ob jLL» <. ^ 7 ^*^ <*JUa-fl jj 

.i^-i ^ cob j ^jy* <i j^l— ' <*y+*** 

E = -V<f>= -(<f > x i 4- 0J 4 0 r k), 

j c—*l (|) jLol^ V<() t NL ^jb j*iJ jJ***JLj j c-t <taaj ([) *£ 

^oLt^yj^dyti^yjpy .xXL^zjy fcA^Ujj>^^lSi^Ujb^^yAjk jjt i 

V ■ E = V * (-V0) = ~(0 VJ -4 <f> yy 4- 0 S2 ) = 4rcp(x, y, z), 

^4_*X Aj ^1 0 c^*-L—_* ^ xJ jl ^LLj^4j 4 7i c-jtf . c*~*4 jL p(x> y, z) 

. J y i oLj ^ila.x *Jnj L y-A-fr ^yy ^ j 4 a^ jLXJ I j JL>-1 j 

xS*^* jx? jj j Lbl*^ JLj 


. yjy>-^y j* jl <j JJ <*JUa> y j -U>U ^y J L —»» ji lj \)^1 ♦ 




jy>- oLcw L oN jL>c4 _ 


<Pxx + 4>yy + <Pt r = -4* p(x, y, z) 
(Y-r-Y)*W~ j pU v. z) = 0 jL Oj -0 iu 


+ 4>fy + 4>zz = 0. 


(r-r-Y) 

L . .> jb pU jji aJ^Iaa i 4Jj>l*_* 

'■ (Ji-V jtJ *i 

(r-r-Y) 


iSJJ ^ ^ ' <_r! U A j' cr 11 ^ — :l -=i 4 - s ’fU- 4 -> J 

£|jjj j** ^ jA aS \ dw*-*1 jjL>- i—Ai n * ^j| . Jjjb j] J jL OjJb 4~»-L jj* 

. JlS Jj J**# (jjbii jj ( V—T— Y) 4bl*-* jj> JjL JjI <j ^jS^L- Cw ^£3 1 jb 

^bln-* cu lp <j <jL.L* <i 

cJp Aj ,^-li! jS j y& Zj?** • ^ ^ J-Utf JjOi J-> (V'-T- Y) 

4 kXybpjjJUb j jjT jJ . J) Ju^ (V—Y ,,, ’- Y) kbbc* jJ> aJ>b <Jj Jb ji ot« 

c5b . CU~<J i£j\* j{ 01JL-* V *5 C—-l w V(J) = V O.^U- ^Ijb 0 CUP J*-* J~JLj 

<5 JL~- jl j c.-frj—* bi _. ^ jjJjlj ^51 j oJjl Jt— 

4bLn-* ^I^jLj , J l& JjJLp (Y*—T— Y ) <tbL*-4 4 JLILj el>- L A J^Li 

aTjj -5 ^j\y J J~~*& . ->jb Jr-jbj 

Jl^>- L ^blp j-?l . cl-^- 1 c«al jjljb jJ p^1 p ^jjj> aJ^Lc# 

1—*—P jj <SJj~? ^ $' J J 0wL-_JLS* eJjjbol^j v^>>7jb>- O-uli 

^Llp 'am+ 0 ji: >j^p cup- ^IX* v^^-jl^- aj j$\ j JUpI ^-j^>-jL>- 

l Lip (jLflj j\ cJU- jj J& L>- <jL>- ftl? ijl 4 J j-i a^b (x) ? A.^Lrf?) 

j z A—5* j-i cJL>-^l jj . -L5^ a3^Lr_ 4 jj> y) 

. ^^«»j jiii i^-i Z^ j Z. K 4 Z jjVL ^L^jIJJ j\ j—Xj aJ) j-L-> i ul —a_I—Jlw« 

^LL-mwj ^1 o^La (uL-«j jl JjLLi»<) LL cJl—>- La^ A —£ Ju^ J—l*" j± 

^y-^^L'y <i^L*wa J—j 4 »L«iL j'l jj>- «L>- L C»-l> Ajj»^j_A JLlU j 4 » «Mj> CjIj ^ba 

, uiS” <3 jl*^ 

b*4 JjjLl» (jb-Li *£ 3 ^-1 4-JUo-a 31 

jLxSla aJLw. c5L L !j j\S o Aj I j ^y>" ^jb 1 j ui 







. pXS" ^ jLpT ^ ikt** J^Li 

■ **r* J*- 'j jij iJ jj* j'- 1 " *^^~* l-^-T JU# 


u xx + u yy = 0, 

«(0, y) = gdy), 

u(x, 0) = fix). 


0 < x < 7T, 0 < y < b ; 

«(*, >) = Si(>), 0 < 3/ < 6. 

w(x, b) —fiix), 0<x<n. 


: aJjU* 


jL JJa:—a J* ^ ^ U (•*’ y) 

'v-ii jjnsjjh8 2 (y) ‘$i(y) 4 /(*) 4 / j ) j^ 1 jJAii* jxs 0 <>‘<6 t0<*<7i 
f£ J/^j 3 *£ * cf 4 -A 4 ^ • O -T-V J^-i) (J?^—*) 

A-ijl^>- jJ . .Sjta 3jjt 4j j*A>C*A l£j\±AA U l jl A^aftj jX aS 2j 

p~2b c-iljO jL iXibc-Sb >yrj — a 

lim u(x, 0) - lim f(x) = lim u(tt, .y) = lim g 2 (y) 

x~*n x-n~ >‘-» 0 + y->0 + 

. xiL xL jj j&j* a- ij? a~- tflj* ajIwi j>- j 


y 


A 

(0,*) 

/i(x) 


(77,^) 



«1 Cv) 

li xx + Uyy = 0 


^ 2 (>’) 

(0,0) 

fix) 

(w,0) 


O-t-T JbO jj^jU-adL, >-f-t 


Aht*-« lSsj A-bl** l^jj c 0o^L* Ala>-'}b Jl>- U Ij ijj* 

w 4 J fc « 3 t w 2 t w, ^ J^ f j1 

iSjj* ^*)s* J ikU* j ^ 

i) Mt(0,y) = g\(y), U i (n 9 y) = u 1 (x i 0) = u l (x,b) = 0, 

ii) u 2 (tt, y) = g 2 (y), u 2 (0, y) = u 2 (x, 0) = u 2 (x y b) = 0, 

iii) u 3 (x, 0) = /(x), u 3 ( 0, ^) * M 3 (7t, y) - u 3 (x, ^) = 0, 

iv) w 4 (x, b) = / t (x), u 4 (0, >) = w*(k, ^) = w 4 (x t 0) = 0 ? 



ITT 


£*« L oN jLh-* _ ^ j a j—dj 


. JlaI^ \ “T*“ T aJL*** u — u^ ■+■ u n + + u 4 4 (Y — V - Y ^^JL) JlulS' ^ Jl^ 

j^i 3 5jt—. *— 0y? i J*- JJl—4^1 jl ^ Jaii C—t f jY <S ^ cf* <=^~< V^* 4 t>J j' 

. j»-^ tl>L< b J>V« Ij Y —V* - Y Jll* aJ I.-J J wUjjLlL* 


y y y y 

A A A + 


i 

L 

A 


i 


* 




0 


0 


0 


/i(*) 


^)0 

V 2 U] =0 


V 2 u 1 = 0 

*2M 0 

V 2 U J = 0 

L 0 

V 2 u 4 =0 

i 

”0 

0 


0 

“ 

/(^) 

0 

0 



(i) 


(ii) 


(iii) 


(iv) 



n-r-r Ji^> ;ioiu-i t-r-r jso, 


• 0 ji j l 5jj> j'-A** ^* Jli« 


u JCX + u yy = 0, 0<x<n, 0 <y<b; 

u(0, y ) = u(tc, >) = 0, 0 < y < b, 

u(x, b ) = 0, u(x, 0) = f(x), 0 < x < n. 


'. *JjLlC4 

: <s jj+ -W^ 


'/(*) y)j> J jbi ijL Sj jj U j ^b /JL* Lijj—' J*—»*■ •’ J*~ 

fin) jj(0) ^ jfix ) r J^i J3. ((iii) Y-r- y JSL:) 

, Jut jj b^- <1)1 jl X = 71 jl Jut* , ib 

kb be* w(-t, >’) m\^ 7 jl . * ^$1*41 j£ jL* jl <S ^bl-b jl C^ l 

p-Jb Jj r -U£ J> J—^ jj oJlJ^ 8 . 3 b jjj iajlj—t U& J5T t -LJ^ ^y* 

u^aju ^jL+iJr pb 4 , jjjJ ji * j -^~* * iS^j^y j x 

lSjS ^ ur 5 J u*j-**H 

J<>£*-* Jr— 3 'aS^I ^ 1 

lS jb—1 J->- t . p : : bjTL^ jTL 4-5'^ OjU b 

iX 


iSJ x ^b uSb t gb i Jps^L^ Oj4 j alj^ Ij u(x, y) X* ^ji 

b'fi 01 • . .* y V 'u^J ^lj 


u(x , y) = X(x)Y(>') 


(T-r-Y) 



JLL$.4 CiLi>L_ 


\rt 


u xx = x"y, u v v = xr". 


yy 


X g)y *i ^• f~‘ J 1 - i ** J J* oU 1 _^>«-*" 4 1 L- 1 ” 

(i jLiw Ij • Juiti Yj 

X"Y+XY" = 0. 

^ yr J-U> Jyr oli^. L y^Lui Jj u(x, >0 = 0^/I Ct-y 

yCv)j^(Jc)^y jlvXtg^^ljjb . c~»i<> ^ jl jJ. 

cr 1 , • pr* pr- 2 * 1 ^ b iS j* j 


X" 

x 




<a-r-Y) 


t\j O jk> j C — y\ X jl ^*ulj {Q)—T— Y ) aJ^Ia* <w*- '> - ui Jo I jij t Jbl oJut lJL*- L* j-aIa j 

• y jl 


t Jtl5 ^sJu C—-lj W-i jj? Ul Jll5 ^ jzfj V^ 3 *" ^ ^ 1 T ) A^lica Jj .V ^aJJ L 

,>** ; J^iU C-iU Jj <5 C—-I jl Jji JXj jail (JjL-J *jJU- j J t y\l> 


-// 




- fc. 


<?-r-Y) 


: pr* lT - -^ 'j j6 ijjy ^L* 4 ‘ *til^ 


X" - AX = 0, X(0) = X(n) = 0, 


<v-r-r) 


jx(0) = 0 4, ^Jjo. (t-r-r)^y i «(?t, >■) = o_, «(o, y ) = o 

( . C— \ yjj Ois^l L Jalj JjJ-S ^,1 45 JL jS A->-Jj) . Jlil o Jut ^JjJuJ X(7t) — 0 

. p—AJ ^4 a>wJ 1j < 0 j c A: > 0 t ^ = 0 vjJb- ^ <Jl>- 


k = 0 I *Jb 


j X(0) = 0 jl J X(.r) = c,^ + c 2 jl c—I Ojl_^ X" = 0 

-is* j*~* uri • c i = 0 J C 2 = 0 <; y <>X(k) =0 

• piJ'if ij* b ^ = 0 cJU- ^1 yjj 



y'yr J 


\T6 


k> 0 II *JI* 

j! c— I ojU- v 'yr 

X(x ) = c 3 e^ x + c 4 e~ vlj< , 

J rj ,ci ^ji3 c 'J^*)yi^Lr; • Cj + c ' 4 = 0i»j tf .<^X(0) = 0i r ;j 
X(x) = c 3 (e vljt — e~' kx ). 

* JU- . (-» _ •■ <-i—-1 C—o uT jl <£ ^Lf-tAIsI ijiy^ l-j lj t~->l yr 4 j*-*) 

JjO^-a <>VJ X(7t) = 0 i» 

c 3 (e vt *-e” v **) = 0. 

^1 a$ <. ( ^ j-oj) k — 0 ol JLiL jJufi jl)1 y ij+j L#1 

jj 0* > OcJU-xL^l^Ui . rr—- J <_** V p-® J S =0^, ■ ^—s 3 

.c-Slif jLJ 


* = -X 2 Jh. ^ 4 k < 0 III 
■r ,{ yr 


X(x) = c 5 cob ax + c 6 sin Ax, 




4j ^JJa4 y\ K, ^ry L J <* 5 - 0 *cX* W*) = 0 j-i j' 




X(x) = c 6 sin Ax. 


cxfc^ p* Jill ^ t c fi = 0 L. a5 iS X(n) = 0 j! 

p —jo ^ . jlSL jju& jS> j £j>«-a3 jlL A j . sin Atc = 0 L i JUl < y 

A = n, n = 1, 2, 3. (A-T-Y) 


jl XJjiy i+i\yr ^jy# jA 

X„(x) = c n sin nx, n = 1,2,3. (^-V-Y) 

yt_* 4.? ^ jLjb t o J> j JJl 1 j alc*jtt j X(x) g\J ( ^-T-Y ) AJjIjc# 

C /I ^joUL* . JL)/I 4j <lT \^J\y^- jlw ^JJ^I JLmj ( V — T — Y ) jj>i jljLia 



o L-^Uj 


\r? 


T— Y) jj j (V-Y 1 -Y) sJjj jjiLJL* ... j *\ 4 Y 4 ^ jlJ_ol i 

JlJL_j») O^JJ U^>- K ~"' * J~^ ^n ^ ^ C.-J Iff jj>b C—O jl OjJb • Jbj -* «JL_*U 

i OjLj-p <> - ci^ti c5k^j L (Y ~ ^ j* °jD l$ 

o-iy i)\y ^ jij Oj aj \j ( < \-Y'- Y) aJ:>U* «^>j ^1 y 

X„(x) = sin nx, n = 1, 2, 3, . . . . 

O-T-Y ) kJjU* Jl . L !j y(>’)^l" t « ^ ^ JL>- 

j—*iij aJL«-* l—i|^>- jjL y <£ 


r; - n 2 y M = 0, 7,(6) = O, n = 1, 2, 3. U * -r-T; 

tj*s**i b H (- v * 0) = ./W olL»l • JjjJ y (/?) = Oaj \ju(x> b) - 0 )e>j^ 

jl jjJjLp (\ * -Y'-Y) jjUaJ^U* y>r . o~i fix) I yj) Hj$ JjJ-J y„(y) <Jjj 


n(y) = ^>+/ n ^ flV 

d n e" b + />“"> = 0. 

LTi 

d n =-f n e 2nh 

jl 4*1 Jy -Wjj ^ ^ j 

n(y)=/n(-^" 2r,b ^ + e ' n> ) 

+ e nb e~ ny ) 

= f n e' nb (e n(b ~* - e ~ n{b ~ y) ) 

= 2f„e~ nb sinh n(6 - >')• 

yj «j O -r -y) .i?oT «, ij i^T/i * ai*ilyJ, 2^ jj 

Y n {y) = ft sinh n(b -iy). (U-Y'-Y) 

(Y—Y 1 —Y) iJ^bw L JL>- 


w„(x, 3 ^) = i 3 n sin rcx sinh n (6 — ^v), 


n = 1 , 2 , 3 , . . . 


(\Y-r-Y) 



J>~ C-’t fcX * l» - I* jJ 


^ b UjU-. ja g\yji\j\S*j* . (= C n g n ) LfjT ji *£■ 

• J -'^ fi-W» ji J «-Li 

J-Uo Jj u(x, 0) = f(x) ^£~*U \+)yr ** '• ^ -^cx - Jib <*Jl 

OjLp jl . xiS" 

«„(*, 0) = B n sinh nft sin nx = f(x) 0f-f-Y) 

aS oT xx5 i*j—i w n (x, y) tjL-fi J->- j| <_5 c—-i 

a! j_>- Jig ^ — T ji lj Y— V— Y Jb!L* X*>»> . <_$ Oob (_$lj1 4j i J(x) = C n sin nx 

iSWj-^r- J j* ^-i ij^s* **: ft-*) cSLrf ^ r 

. J xS Jju<e» <Sj j* ^b xb Ij (\ T-T- Y ) 

lj Jd>* (Jj-PT b l* j- X . * (^jb^1x>- jJ'JJ X-S'L Xb 

^L« ^J^a_>- ^Ljj J>- ^b g\jt • (* J=-—^ 

t Jji gj-* (^Ijpj ij Uj-JiJL 4 <_$jLJx>- J.jj <—»l j^r X c~J 

. jlS’ 4j l c. «»1 JLi ojii jLij jjj (JllLa ji *5 <0 £ 

kJaU +^>\?r r-r-rju# 


2 xu x — yu v = 0 


3'^lj 


C: * = <, y = t, u = t 3 . 

Oj _yjr 4j jljlj IJ Ljbjjt C—«3 4 j (T-T —Y ( J^J) i jj£ 

u(x;, 3 >) = X(x)F(v). 


>wj t j*_Ai 4 "^ ijy^ ^ ji j AZi (jl.t • ij jj iJiliw ji j?t ! ( J^ 




2xX'(x)Y(y) - yX(x)Y'(y) = 0 


2xX* y Y' 


— k. 





(^jjT^ c—o ^ t <■ J j\ Vy j* o«' ^ 


_ ^ vA/2 


X = c t x 


u = c 3 (xy 2 ) fc,/2 . 


y = c 2 y ; 




jjij ^1 ^bj 4 k = 2 j c^ = l ^j-i <>%w 4 a-LJ* o^b J*j^y jb*^ b <. Jb- 

. (jio> Wt W^^JL) . c^lw =X>' 2 
o y ^ [£jj*> jb-i* J^b—- J>- tfly 4 T *Ut !j U jr*-^ c£jL-«l J~*r <yjj 

, }jj pJ«ily>- J^T 4j 4 Jj jJm ^a £~J)aa Cl J T ^1^1 . ^al y iwAil^ij# O-*l <»<iT> w a 



r-r-t Jll. cy^ r-r-r jsLi 


exp (V^ir) - ex P (— yfkn) = 0 


f-T ^Iflbyu 

jl jljo jLiJ - ^ 


(JiJjb* s inh '\Jk 11 : . k - (bjb <>^y 

o^j 4 ■*y - ^ 1 j ^c_«_9«_s<9 A (A— X— Y) ibL*_* y j_yo ObJU 

. JL^f ( < \-V-Y) kbl*»4 y 

Jajl j^t j ^5 y>- otaiJLa L# <bln« y O Y —V— Y ) <bbc« y owLfci e^b ^1y Jyo ObiJ 

. <y <3-U*> Y-T-Y Jb* ,j^-a y 

y^Lco ( ^j>- j^jLo 


“jr* - “_cy + 2l/ y> . = 0 


yi 

JljO \S ^ b 



olftlJL* L 0 V J .3 Liu* _ 


- x* > b r-r-Y jii. 

. c,-.«1 '^i jL) ^y Jua^ <l)Lu 

1~>V <£jcjr= *yjx 2 + y 2 + z 2 *£ m = c/r («*jJl 
-£jll kj ci r = (r 2 +>' 2 ) 1/2 4 u - c log r + k 

2x y (. , 


u = arc tan 


• <i b yj iJjy 


u XJC + w vv = 0, Ocjectt, 0 <y <\,\ 

u( 0. v) = i/.(te. v) = 0, 0 < .y < b, 

u(x, /)) = 0, w(jc, 0) = 3 sin x, 0 < * < n. 


x 2 -y 2 


\ <5jLh-* 




• iSjy 


. aaS jjj jl ji 1 j m(x, j) jLU* b — 2 v^jUw! b t V — A 


(v_aJ^ 


(7t, 1) (^,(71/2,0) ^ 

U/2, 1) (o (w/2.2) (k V 

Ij Jb^jL£ Aj 1 j Lft j+km.A jL*j|JL>- ^ ^ ^ — ^ (Jjl y±i j\ j* 

* -*r^ b . Ajjj\ c—o 

. c—1 OjU ij£» & 4 u = ku 

• - r cr 

- C—-I OjU '-Sv C45 « = CH - 

• *• ft re 


lull & j tf <5* 4 w r = ku xK + an 


U 4 Jbj j\ C- 


o 4 j Ij L^jIj^- T—V— T <J\JLa i^yjj jl L# c ^ T— ^ T 

. J Lj o Ij -UjI jj <S* l>- <1)1 

• Ar* J 9 * b jij 


u AX + u yy = 0, 0 < jc < 7i, 0 < >• < 6; 

u(0, .y) - ^,{^), u(n,y) = Q % 0 <y<b, 
u(x , 0) = u(x, 6) = 0, 0 < x < n. 


: <£j j+ jr* 


* J>- b yj iSjy J 51 —- 


« xx + W H = 0, 0 < X < 71, 0 <>-<*; 

= ^ 2 (>)» «(0 > >) = 0, 0<><6, 

w(x, 0) = u{x, h) — 0, 0 < x < x. 









♦ lj ^Jj jlXw a)\—* a — \ T 


u xx + a w = 0, Ocxcjt, Ocycfr; • 

u(x, b) = ^(x), u(x, 0 ) - 0 , 0 <x <7r, 
u( 0, y) = u(n, y) = 0, 0 < y < 6. 

<k_i^jc* j,} jjb A^ JUAA t (0 — V~ Y ) aJaI*-* <h_j ji? jl J - — 4 ^ — ^ C 

. xJ.1 c-jU JuL 

4 4 «• ♦ 

jLi5" jljSi jjJ a> L Ij Y — T— Y Oil* II oJl?- —\9 

X(x) = C 3 cosh v ; kx + C 4 tfinh v Ax. 


jmJJjAj GAJoUa f-T 

OjLj^ ^1 . J^L oXj^XljJ^ (jjj-4 jlji-4 kJL-^-cC J-£x; 

oljJ-lJL* L ^1 a)a\jc* OAjjl X—xA A> <^l jJ A^ c-X^S oaL> J Aj 4 aJ1-*a 

. JuL ^ ^yj>y*>- oa jj\ c«~o <0 ^1>»j! j 4 c~~*1 jj jJ> «aL- 

c^<wi» j Ij l* A' j . Ju jA 1^1—^1 oJL%i Cj aIiAJ ji a£ L (J^ia Aj IJ 

X = L J X = 0 -L^ ^y . xS^ J I jT^ ^yrjU- 2?* ^ <>^0 ^ij^i y J* 

t£jj aUju *Jkj 4 ^jjjT jA j\ A* Ij ^j . C-w<l OwLi Cw iUaj c)l jA jIj a£ JXiL ^i?Laj 
i X ^A A> ^1 aJaIaa ^Jb!^>- . X—2»1 a Xfrl^>- (x, y) QjI tj£>%A Aj / a1i>iJ jh 

Ol£* jlJLLi y (x, /) j£\ 4 C**jh-t' A* . JL^ jT t j A' jl 01 Aj V *S 

Ol V < a5^ C»I aIJL h L aIaLjc* 4 JL-il ? <ia>mJ jA j\ A* aJLs^U A* jIj 

? 5jJ O J A^ A> 4 Ju5 

oUJ>- ^1 • oL- Ij aIaU* jiiL A^ ^ J^ylj ^y> J -U>- Uil 

. XI Ali^f jljl Aj_^» J oXi Cw<^4J jiJ jA 


f-ui^# aL « £sLJ>j\jaa * -Sju^ jlr 

. XjIj 0-T jA J 4 4 •X—'I jIj — ^ 

. X5"0*S^>- lJk_l j jp^« Aj^P jA jLt aLX — Y 





<!■*<j aST jjpJ* <jji • <^*—*1 *^is>-L J j]p L ^wlLi ji ^jI>- ajLsj- p-^-pj^L* —V* 

■ xi ^r'Lf4 ,x ^ J J- b ‘ J a ^jl Aj ®-^- v ' 

(OniIS) ^ jLJL-S ^ C-^J qT J^]g *1 j—** j c-^1 *»jlJ fl , « J1 t>L^L5 jb — Y 

. *jb JJ 

■ *j‘+<yJ*'*is+ j^^jj J t^jU-^Uj^Jjl -6 


>■ 



6i\i jLw jlw.-.i ^-Y~Y 4-S* j^*j lj jb jl I JL>- 

lj u i-iS' . (* + A*, y + Ay) j (a\ y) aj P 2 j /*, jjt*** ja . 

«^L»^o L . ^>- J^t-J^l . p-w^OLii r 2 jT, bu-JjlAjAkSS 

^1 L c^ j a, <^Ujj JiA j*tk* ijj^S ^J\^uj^j^ Lr >^- ^ 

. -Uib 8 jb J j]p Jl>-!j j As jb jl jj» ijyA a , »la > J^S jj . jJ jL-> ^ 

*(_rj * W J? J* i-U-ib^l^Jjb T 2 j T, ^ySI aJj^ 

— 7\ cos a! + T 2 cos a 2 — 0 

b 


Tj cos a t — T 2 cos a 2 — T 0 , 

jl <*1—^1 OjLp As A«.bi ^j t . A . 5? ajJ 

7j sin <*i - 7 t 2 sin a 2 


T 2 = IT 2 ! J 7 ! = IT l I^Ju^^y* 






^ ^ rr ( dy(x* 0 , + a.c, 0 

T 0 (tan a t - tan a 2 ) = T 0 i-+- 


<jjl 4jjl j j' J ^j_-£ l—j Ojj^ 4, la d> jj ^• " w. t wa 4_$" J^) 

Ci-L <j;Ia AjyLp C-f>- j3 J jjU- ^y> Ia _ A' C~La C*4>- b ia>- C—*1 

(* *j~* iS O'-bi 

j*-* j$ji Asoi^ JjI JjL«j j3^J pja j^Li 4 jL 


JibHH 


Uj . jl^L> 


_w ii 0 + W«+A^\ Ms f^i> 


0-T-Y) 


b <4 -?^ j* 3 j As = Ar <• ) u^y ^bj * ^ As <*iu fj>r j$j* 6j^> x *£ 

c«Jib Ajc —> 0 ^jj OjUp j£ j Ax ji (\ — Y — Y) VJjLm 


To 5x 2 dt 2 


^y=a 2 ^y 

vt 1 ox 2 ’ 


a 2 =^r 


(Y-T-Y) 


Y—Y —Y (_J\i_» b) c—-I j_$ jLkj i^Sw ij jLm L jlJ <1 jL*-» i(Y—Y—Y) <JjLxj 
lI.-O 4j Y-Y —Y JliLfl XjLa ol L y a y*~£* <. C..—*l jij JlA u^>* - (>^ <—jULa 

J y~ •■ s ' 3 y.j A ij^ij‘ 


y(x, t) = 4>(x + at) + \p(x - at). 


(r-T-Y) 

'J j Jjjj J^La jLj i y J 4> iS 

djI-W^ J\ JU 


\v(x, 0) = /"(jc), y,(x, 0) = 0, 0 < x <L, 


(Y-Y-Y) 


j*jjb (Y-Y-Y) <bU* jl . c—o«j lj y_, <|>^^ ‘•|*^ t _ f a JU^-I lj 

>■,(*. t) = a<}>'(x + ai) - atp'{x - at), 



L oNiLw** _ { J^ai 


JLJ » j-i pi —«Xj Ij Ia 


<ty(x + ai) cf<£(x 4- a/) 3(x + ai) 
& d(x 4 - at) vt 


rw 


4-5 


^I^jL . <t>"(x+ dO =^<J)(jt +ar)/^(jt + «/) 
= a^'(x 4- at). 


pi-> b uri 


a<£'(x) - aij/'(x) — 0, 


<J)(x) = \|f(x) + C l t 0 '(-*) = \|/Xr)JUo c5 *oLiJ45' 


,y(x, 0) = <i>(x) + <A(x) = 2^(x) + C = f(x) 


iA(.t) = ^/te) - c ) 


<M*) = 2</W + c )‘ 


v(x, 0 = 9 (/(x + at) + /(a - af)). 


(Y-T-Y) Ujl U -S L (Y-T-Y) UjU* ^ 

*/" t " •* * J • « ■/ ’ w < 


(A-T-Y) 


J A = 0 jj. jt 45 c~-Jl j Jjl jl 4JLL-1 Uj-b (6-T-Y) iJjU_. 45 ju5 4^%. JU- 
JaJ^i^j-jl jt (T — T — Y) Vj^Liua £_#lj J* . X*T lIwO 4j i (*Lw»! oJ-Ji X = L 

u jU (^I^j (T—T — Y ) aJjL*-* b_^li 3 4» ^jl j! . ^j 

i ao jti pl«j jj ji of J?j-t 4 j cJl (C^l jlji^j 

- <3y ^ 


t-r-r jild 


y N = - 00 < X < GO, t > 0; 

;y(x, 0) = /(x), — x> < x < x, 

y t (x , 0) = 0, - oc < x < cc, 


: <bU, 

: l£J_.T* 


— OC < X < oc, 


■* jdi ^ 





y(x, t) = -(f(x + at) + fix - at)). 


(*-T-T) 


. Ju#l 


u aJ jl C-^ j~m j ( j^c* jl jlSv^ j-Ju U (f—T — T) j+a*“ «wjl y*r 

j jj^> yJjj 4-Jjl jlSL* j~~X J *_S Jo- i j-i 'j ij ■*->« j-i 


u?" 


yj ijjy ji'Ji* yt- f- r- r ju* 


y„ = <2 7x^ 
:y(x, 0) = 0, 
y,(x, 0) = #(*), 


— x < x < x, / > 0; 

- x < x < x, 

— x < x < x. 


: *bU* 
■ \$Jj* -M-r 5, 


c. cl-^1 (T —T—T) iJ^U-« kJu—<i j 4 j eJj- o^b ^j^p- ^y\ p-A jli <l*ii ^ 

;y(x, t) = (j>(x 4- at) 4 \p(x — at). 

j>J ^ 1 W.x) =-VW ^ ^ ><■*-, 0) = 0 A>^ U- 

y(x, t) = (p(x 4 at) - 4>(x - at) 


y f (x s t) = a(fi'{x 4 at) 4 afi'ix - at 


y,( x > Q) - £(•*’) jl < J >r' j-> 


4>'(x) = -g(x) 


t J! j £ jj \ s—iu^a* ji Lii—-1 b j 


^ (x) = h Jo’* (8) ds - 


^ I_r* jij c4i *J '-r*' crj 


*<*■ 0 - ^ (jr* «<*> * - r * <s> * 


(V-T-T) 


J Jj' •—'*> b ji) ^fr ti\y ^ (V* ^ f*j{ J-*' ji b 



jy* 


r-r-r ju* 


3"rr = 00 < X < GO, £ > 0; 

y(x* 0) = fix), - X < X < 00, 

Jita, 0) = g(*), - x < X < 00 , 


: <bU* 

: di 'jj* 


'' jij °J * 


v(x, 0 — - (f(x + a/) + f(x — at)) + ~ f* al g(s) ds. 

4 zfl Jx-ai 




(A-f-Y) 


• ^ cf* ‘v'j**’ 

jiT*"* <N ^i ^ <■!*** ■* \ ( A - Y — Y ) ^ a!s ijl 

aUj J-iL jL* Ujl ^1 Ju^ ^ jo (Y-Y-Y ) JSLi ^Ik. Ij/Cr) aJj! 

j jjfij** j** «3lj> Ajj^ Oj^ 4 j aJj! 

^ Ij jo ^ jLU ^-OjJljjf 

jl<ol_iL-l L I j )- = j(J(x + -j) + /(jc - ^)) jbj*; jly,^ 4 f= l/2a jL.jjJ <• JL±_« 

* ■*£ f - * J Y) 


X 

0 

1+ 

Klf- 

±1 

±l 

±2 

y 

4 

4 

2 

2 

0 


fix) 



^Li-j jl jtf j ^>\ j » Ob^Lj O VAf-W W) i Jean-Le Rond D* Alembert * 

. »ij4 








I Li 


i i 

<j)- i -i—<j> t = 


-2-1 12 




1 j jlJ kJjl j jLJLjI d—o<# c 2/0 j 4 3/2a t t = I fa ^Ijl Aj 

. c—cJ-ioh jLUf-T-Y ,p. jjjo^ jLiJc~f>- j* 


t = 0 


/= to 




^L^jUj ji jLf f-Y-t L ^-i 

4$ - ^ J ■> L $'£/* Sjy> j* t\lj$ fj\ ^JjJ h IJ 

j* gy> *!*[** A* 

^ f (.r, 0 - c 2 ;y XJf (*, 0, (<\-f~r) 

pr-i J-f j£\ , (X x \ • w cm/sec^l^j Ljil) c— i o*p^ c oT aS' 

j(*. 0 = 4>(xW~ f 

4j ( ^ “ T “ Y ) O JJ+& l C—-i-A j^a!^ ^ jl ; al j i^cj <£ 


</>** + “T </> = °- 

C' 




Ij jjvai 


X = 2/tic/co o jj—^ *j 4 co t (^1 i-*L jili ji ji jrj-^ J^ Uajlj 

Ojj^» <3ji iJ^U^ iC—l 

*- + (t)*-o- 


. I .. fc I 


4 X 4 oji <jLaS*j—>-« jlJiil 4 p ti ti-'lji ^ L ^j„<J> f j—Jji t5o ^ -■ ji 

(^1 ► .u* ^ ^4 <3 ^ ■/* p “ /x/X^iauij ji 4 kXr^C 1 /i j 1^ 

^ 4 ^ J* *V^* >> •j*«-^i 

, 4n 2 p 2 

<t> xx + ^2 0 = °- 

p 2 i7m = E <j E <, J»\ j 4 m 4 jT p^->" ^ «*UTj—>- ijlJbl 4 45^jl j_>-T 


r*J b ^ 4 


(i 


. 8n 2 mE 
4>xx + -p— 4> = 0. 


(V-Y-Y) 


^L ^y* j c~J (_jJl»j <-^ *j^{^jiJ^Ljim* i (\ * ~Y -Y) 4 Jj>L*j 

■ 1:1 —r* L&jj &J** U'•*■* ^ * J j' A 


f-f 

Jujhj jLlj L \-Y~Y ( J^»i ^ J* Li ( . Aj — ^ 

T, = — 7 1 , cos a,i + T y sin a t j, 

■ *ij~ j '<Ay j* <,\j PijsJ-ISaS 

■ lPJ J ur^* *i *J T 2 j' a ji (t 1 

JubioLU i T 2 j T, j^I j^U jjIj jly ^jl—«L (k_> 

T l cos tx { = T 2 cos ot 2 = T 0 , coti 

0b^jJ(\^^\“\AAV) t Erwin Schrodingcr * 






u 


\TA 


j\ d—I OjLp A i pjli <i3j^a JUo jLU (o 

7\ sin cl { - T 2 sin a 2 . 

j\ ; ^) . wL-s—( Y—Y—Y ) ktaL*_* jjT d—^ o ^y oLJj—>- — Y 

^jb oL-^Lj 


<> .. + As, 0 - :y(x, 0 

— = lim —— 


dx 


Ax-* 0 


Ax 


(w L l$^ <oLi—jl V A# (Jl>- 

jl fliLAi—1 jjJu T’—T—T JUl^ jj lj c-^l—T* 

• -*0? -ktLr* C (>M * ^djjl^—■^ 

. -US' Jp~ v f (>, 0) = 0 t >’(*, 0) = sin *<J j\ hj \L 1> ( Y-1-T ) -Y 

. J^>’/*,0) = cos* 4 ><*, 0) = OUjlL i l wr Jil f ij(Y-T-Y)yi l A« -6 

. Ju5 0) = cos* t >■(*, 0) = sin *<Jjl L 1j (Y-Y-Y) kbU* -? 


f(x)=< 


a(ax + 1), -- < * < 0, 

a 

a(l — ax), 0 < * < *. 

a 


0, 






1j (Y-Y-Y) kbU* v(*, r) ^Jjl 



f—“J J L$ j J-* 


t = 



(^ < = 0 
c 


(Jl 



(o / = - 

a 



J'J 


— oo ^-V 3 ^ 


A- = Ojt a L> 4 V Jifix) ’*Sj\ j(£* j—i; jljo jlH -A 


. JsS ■_! ■ ^ y*- X — — oo 4j ,\* = 0 

Jyo- V Jis'l <* y,(*i 0) = X*) ‘ >'(*. 0) = OUjI lul^JS l» Ij (Y-T-Y) kbJ -<\ 


. Jj Jj- oJ_l 





el? <jT 4 Xil ^j-L u£j g(-X') J ^j-L j\jJ* iSjJ{x) j£\ J—** jUl) 

. xS^ Jx* (Y-f-Y) kbU-^ (A-T-Y) UaU, 
*£ C<^l ^JoLi jl (V —f “ Y ) aJl-«1 iX— Aj JJ \jp* JL> ^ ^rj -S* jp 

. <w—* j! All J jL> { J-J aX^ jA Jl j^IjI ( ^j!j ol j£ <jl jL& 4j 

L JlLjl* C*m4 l£^j 1 ^*! O^Xj 4 W-j|^>* 


v(*, t) = - v( L - X, i + 

. 0^ jL I j A>^ ^1 <_^J jj 
jl A^LdJL-»! L i...ti ojLJSl ul *j j - 1 4-5 * Ia ^ i w „" ■< jl^- j * J 


l ^J 


y(x, 0 = X(x)e'“’. 




y„ = a 2 y xx , 0 < x < L, t> 0; 


y(0, 0 = 0, 

y(L, t) = 0, 


t > 0; 


y(x, 0) = 3 sin —-» 0 < x < L, 

JLd 


: <bX 
(-S JS -^Lr* 


: Oj 1 -ktl 


y,(x , 0) = 0, 0 < x < L. 

■ j~* _y h ^ 1 <_£jL-^lXj- LJ-jIj 1 JLAJ> ^wd^J j Jul5~ jLj 1j <|L^> ( j^jjX jyjo 

J 9 " yj Vj' -WL/^ 4>iy^ “ 

;y(*, 0) = 0, 0 < x < L, 

37TX _ 

y,(x, 0) = 2 cos —» 0 < x < L. 

Li 

JLJLJLI 4 .>ijlj ji ^ J jb -L^-lj <^jLJ 

jL) °JJ~* *i J-^ JjT oUlw»U 

3\,(*, 0 = aV^t*. 0 + ^/<5- 

^jj j_s^> JLwA^ jLU 4-L-iL jU ojj ^ 0 ^jj jL_>- ^jj_J — 





Al fr i CSLJ>'UJ ^ O' ‘ 

y„(x, t) = a 2 y xx (x, t) - g, 

■ c-1 

*S -LjjT *$<j lj L Ji>UJ ^y(.x) (jL»j jl ^Jaj L — * 0 yl " .^1 0l£a JJ “W 

jl yL*. $ ^ jLj OLJLi . 0-**>l lJL->" ji J (jljjj^ ij—>■ <-^Jj 

• 'j f*djSt* J ^-*1 ^ 

OLU 4 jl Qw< il (b > 0) b ^y! j-y* ujljli *£ ^la* >*-e ji jlj jJ$\ —■ \ A 

Cw)l yj Oj4^ (jl OId l-L * L> <3iL*-a JLJO 

y»(x* 0 = a 2 y«(*< 0 •' j*(*. 0. 

* 

Jbl y3 ji yj 4 j l5vJ iJiljca 4 T = ^Jd4 j^jyu L JLAi <jL£J “ ^ ^ 






yjfytf t-T* 

lj ^jbuji y^L»c» ^Li> ,/■ j*- - Y—T—y Jli* 

* ^ j Ji—^ a^L*-* t 0 < y < b f. 0 < x < K c— jU ^ w (*, >’) £ c •(**>■ 

glj t >'= 0 tpjLf>* ijjjj A* y\j>y = b j 4 x = tc t x = O^L^-u- (Jjj 

gl>» c$AA cTJJ ^ • \h c^/U) •-^ 
u„(x, ,y) = B„ sinh n(b - y) sin nx t n = 1, 2, 3, . . , (\- \ ~T) 


4 y -OaS jj\ ^ j* aX 

o\-*j jT ■ JJ ^ji jj if ^ ^-ax**—* Oj-* oUli^^tfLij <S ij-t <^l aJ L *1 

^.,m. fT jl ^ <^i ^J Aj OjL*—* ^ <L^»li ^J*j£*-* la—) J* 

A 1 J ji*^* 4 ' ^6T J <^'M idjlj 

,5 jj_>i l $—S jl ^5 j- - ^J .* \-$jt aS* JJ JjL~* j k— Aj <ji^ aIUL* 

*j\y> C—j 1 jj aS* ab ^f l>- jT Aj tj \j f j-fr^ 4 ^jl ^ A ^ \ jiy C->*j 


^^~Jly jb ur ^l iJ ('i AT*- WPa) «. Jean B. J. Fourier * 





L jT aS 5^ <*JUaa L«OjI JlA <U^1oj ojLj^ *iJJ* • IJ^j oLaImi» l 

. J^^\ r T-r-T J>- 

^ia>- i S'^j yA iCwkI i^f****" cl*l O .".*. a ij 4 J.iL*—a i >*iNJ ( j r * , ^LiV 4j,il* M * 

L$jy Jailj-i j-> lS'^^ Crr^T ‘J^S. 6 J^* ' c —^ *i&M ^-r'l.Hr ^ j' 

C ^Kj J> cl* jLjP 4j . JLS' ^a j> J»s^ 

N 

u(x f >’) = ^ sinh n(fc — jy) sin nx 

n— 1 

ys 1, ‘ 4_?*Ju £»1JJ (^1 ft 1./>L>- A*Jh C /V jl JuLa ^A 4 j 

^biaU U ^ Jl>- <5 d—1 

X 

u(x, >) = ^ B„ sinh n(h - y) sin nx (t -1 -T ) 


JCS'^a <3«L^ J®±l^ — ) *5" d-»*1 ^J»\j . .ijli 1 j \ ftt ■ .,^1^- jt^A 

u(x, v) U ^ L»l . d—I ^jI^j y = b j a - = 7C «. x - 0 o^ 

c1jc~Js> <lS" 'jli j?daL> jT4j jly ( jliJ JaJij d-~«l 3 £j_*as^a l J~?*~ ^2 

a-U_>- <0 4-U->- ^jAiblaL i£j—* jl jljJ ^ L _ 5 iajl^ r *i A>- d>*J ^1 j ^Jl Jj lj B fJ ^Iftdtj 

. jb ijju fji Jlj^4j j jv^S "^Jji tj 4^h‘ IUSjI . C^ijS 

pjjb C T-V - T Jlla Jj [£jjA -t jNhi ^ ^ (^ — ^ — V") jl 

X' 

u(x, 0) = f(x ) = ^ B ft sinh /i6 sin nx 


■I,' 

A*) = ^ sin ,lx - 


<r-\-r) 


l>*^\ b . c—1 oJ_i ^Ui jl t B n sinh nb alyJ^ (jLft^tf ^^L— ^jj ^ 

oj-i 0 <x<7iojLj^x J jiL5^^Ul ( ^^45'^jl y>r <.pj\*L& iSj&Jb)^ 

^ijS - ^ y^/Uj fj*jJ*%A J p*uA^ ^ O^y lj cJa^ ajL JU-. c—1 


A*) = 


—f( — x ), for — 7i < x < 0, 

0, for x = — n, x = 0, x = n, 






eib jULi \- \-T JO 4^ uLjb t J-J#L 0 <x <7t ^I^j^(x) XsS ^y> y j ( . 

y ^jA jjj Oj^s<? 4j 1j (f~ ^-D . Owl o~L* 

/(x) = &! sin x 4- b 2 sin 2x + 6j sin 3x + • * • f 


fix) 



b b 2 l/ **-r^ o^j-* * pr^t_f* —*" b { i^J j~* J&b. tS^ji <j*b <-!U- 

Jl j&\x =7iU x - -7tjl J 1 J • V* w> sin 2x I j Jy ibU.* U*->- y*. 

i J~i 


J * /(x) sin 2x dx = b { J sin x sin 2x dx 

+ 6 2 J sin 2 2x dx 
+ 6 3 J * sin 3x sin 2x dx + • * • . 


J * sin nx sin mx dx = 0 t if n ^ m 


J " sin 2 nx dx = n. 


('i W 

j 

V-\-T) 





0-1 b 2 J-LS <S J\/z\ (T - \-r) UjLm c— Ij vj> jl S*jh 

(*4j' a j i <y y^° 

1 (* (T 

l 1 2 = - /(x) sin 2x dx. 

7T J - * 

cy ->J^. ‘ *ji *i b,j* (jbi ^y<S b u^-JJ i>~® 

1 Cn 

b n = — f(x ) sin nx dx, n. = 1, 2, 3. 

71 J - * 


(v->-r) 


4 JLb j-3 sin /ix j J^x) . .> «j>L^ I j (V— ’i — Y ) <d^Ln^a <jl ^y> 


F( — x) = -F(x), 


>U- 


4 X 5 4X % 4 X jl JCJjLp 3^£jl Jj}\ j£j! . Jjl A^y f A; C. ? .J OjLp- A; 4 Xjb Ij 

£jj c Oj-s* b-1 . [. (T - ^ -r JSLS) sinh x j 4 esc x 4 tan x 

o— &\^- a5" 4 0—-1 

«» 

F(-x) = F(x) 

4 x 4 x 4 ^ jl jjjjLp ^jj jl * O—-I x = 0Ja^ aj o..««J \j l jjb Ij 

^jl i^L [. (T- ^ -Y JSLi) coshx j c sec x c cosx 


b„ = - J* /(x) sin nx <fx, n= 1, 2, 3, . . . 


(a -\-r) 


A^ Aj A>- ji L J 


B„=-r 


sinh nb 


pr—djH jdJ cjj^s^aj ^y» 1 j (T- \ -T) kbU-« 


ft 

w(x, y) = } -r- r" — r sinh ^(6 — 3O sin nx 
< sinh no 


n = 1 


u(jc, y) = - V 

71 < 

n = 1 


-a. 

2 v-^ sinh n(b — y) sin nx r « 


-Jo /(S) si 


sin ns ds. 


sinh nb 


(vwr) 




*ijj> J -f J- 


\£>a 


/U) 



J>ply V-N-r JSLa 


/it) 



Ejjpb" J£j> 


«(x y) a' Jii~*^* 1 * Ij Li< oh5 J1 j&\i$ j^U* > -DibU* ji 


JJL . o^lT-r-Y JUL^US^j^kll_-^l^(^-r)^^U:>l JL^ 

: }\ xJjU I4JI j! L f*M . *Ljb ^ £~-L i_,j Jl>- ji-^r 

Aj I j 0 < X <C 71 ajL o1^> LI ((*1“" \ -T) 4 b l w * jj> a jlJi <jb^J .,^>L>- A j A_>- ^ L \ 

? ->b *~*ju a x;b tioU jJL* ^Ijl aj 0 < jc < a 

j\S ^*\ ? CJ y ^ Jl^Iil aL^>- Aj ^5^1 j* <>■ ^-S^J ^jALlaL iSj^ jf ~ Y 

. wLi pl>%jl A— ^ — V kbLw* b n j\jjLA k~*b** 

S ^^ aaI^p^ cIajLaS' /u5 L wLiL 0<x< n_^U f(x)U -T 

?/-7i)=/0)=X70 = 0^^ 0 _*; ( j; J > OjL f(x)U -T 






j\£ ^ ^1 — «.< Aj aJL»^*- iSj** 1 *"^d ^ ^Qj\j**t <!►■ jJL,..>mJ Cl 

[. c.w-1 pjN jj*5 *^ Abl*-» (^ — ^ — V) a£^ jl Oabil)Llj ji 

■ J^oe* ^ j* b -A* j ^l^oe* 

o'^j ^ Cw-I 4jjji J~* ^t+J {j\j\* 4flJ-i [—71, ix] ojU^i J(x) ^Ij 


. i • 

—*y 


1 a ~' 1 

/'(*) = - a 0 + i (a„ cos nx 4- 6 n sin nx ) 


n = i 


1 |*Jt 

a„ = - /'(s) cos ns rfs, n = 0, 1, 2, . . . 

71 


0*-\-r) 

oTjatf 

(u-\-r) 


b„=- | * /'(s) sin ns ds, n — 1, 2, 3, ... , 

71 


(n Y-^-r) 


Iw*j1 L) b fi J d ft l_*jl J-+0 . JH*ib Ij^L.<I.-.A (Jl4-£ 0^ -* 4 j 

O * -^-f) &La* k^jL-jd . [-7c, tc] «JL (<L?y- jIjjI 

( Y Jjj^ obi~*1 L b n j u n ^ju>tia , J-i Jla! j?*- jj Ijl*j *S ^jb 


| sin nx cos mx dx = 0 


( \r-\-r ) 


j * cos nx cos mx dx = 0, n ^ m. 


j.o Lv Jw/jj 4 ^ 4 ^L> 


<u-wr) 

c.»»o<i (6— ^ —T) Abb.*..* j 

. jJ jbplJ 




„ i 


: 1- 1-f Jhjjju 


{^(x), i = 1, 2, 3, . . .} 


oi?JLt-L«bl* w(x) Jjj Aj (tf, b ) o jU 



*iJJ* J *iJJ* <iW is* - 


J fl b (p„( x )4>Jx)w(x) dx = 0, nji m. 


£" (4>„(x))*w(x) dx * 0. 

£j*j*%* aS JlJ5" 4>-j4 . C—ijJ JL»Uj \ — \ —V i^Juyu 4j 

I . oJLi <Jl j&i it 4j (^1 4 J ai L) ^Jl£L*l j3 

fjAJLij-S* lj oT Ojj l*\y>- J-p~\j jJjJVri*) Jjj J-> 

fi' 'j ^Aly- jL^-l ^ j&j* 


AS - 'l 


{sin nx, n = 1, 2, 3, . . . 


(P“ \ “Y’) j (6 — \ — Y) —a W(x) — 1 <l)Jj *J C- r -J (“'It, 7l) fl jti jJ 


Ju«tnl4 


AS' 


{cos nx y n = 0, 1, 2, . . .} 


ji u J L lx * ^|l . AS VV(x) — 1 Ojj *i ^■:--’ (“"71, Jl) CjL^J 


| * cos 2 nx dx — 7t, w = 1, 2, 3, . . . 


oa-i-r) 


dx = 271. 


0 ?-\-r) 


[ 1, cos x , sin x, cos 2x, sin 2x, . . . , cos nx y sin rcx, . . .} 

J ;(P-\-r) _-_0 w(x) = lOjjgUl (-JC,7C) cjl ^ 

JnU. jl . JJjU eJL^Pjj lj ^ oL-^Lj j.i ^1 ^4 



. cl^ Y -V- Y Jll^ aJ-i £^ yl—^ W-»lj->- 0-> ^ J^IS’ ^ jX~* g\y 

- ^ *i cSi^r 4 jlJ-i* jl lSj^t-^ J*- 

. JlaILj (JLojLa j\S 

jj i <t'y^>KA: f- 1 -T Jbytf 

{<&(*), j = 1, 2, 3,. . .} 

i ^jA aJu^li ASy Jp^Uld APJ>«^4 w(x) Ojj £>^J Lj (<2, /?) ajij 

J fl * 0 b (*)<M*Mx) rfx = 0, rc # m 

J 

J a fc ((/» B (x)) 2 u;(x) dx = 1. 

. JjloJLi J_J Jlay l (1)1 ^j ojt)(p j Jj J_*L«CU L>- O^-* A^u 

Oj At *£ *J&jJ$ ^ti/j \Z~*y& j\ \j ^ Ij Y - ^ — Y l_4j jjC jJ aIijIj ji 


<>mn = 


\Q> 

h 


m ^ n, 
m = n. 


l$I jb A& 


. y oL- ^j-i ^y» 

^l^-i al^ i ^ j—J* jl j-^\ 

^jcw>U 


(t> n (x)(j> m (x)w(x) dx = S mn . 


(\v-\-r) 


1 cos x sin x cos 2x sin 2x 


t f 2n sjn Jn 


n 


V 


• 71 


(w-\-r) 


A j j-. 


. ,J-Sw*» A^j JLa 1*1* kjxj w(x) = J Ojj h (“71, 7T) «j\j jj 

L> Ajjj-J l_£A; f{X) ^u j£\ aS ~L--2i> Aia^-^L* <JL>- 


^Ul 0 L (^ A A > — ^ ATT) t Leopold Kronecker * 






Id* 


t J-Jj 4j ^J_jl , J_-ili 4-^^Li—*-bli ^Lj eL? jT c . J L -J »Ili [— 7C, 7l] jl g*jL>« <^l ejli ^ * ~ ^ “Y) 
o jjz li 1 j a_£ p^iT ^ <_£jjfbL . c~m\ i*jj\^-A ^j-~* $ *^ r j * 4 —^ c—<1 jrt 

t JCjljJL* j Jb ^IjlAj elfyb p^J^f P 

f(X + p) = /(x) 

_/(x) = OoIj ^Lj A—sy-^i) , CmY 71 ejj3 L ^ * — \ —Y) aI^j- 

6JJ.5 li C^jljJL* JbL ^Ij *j£w ^ (iJU* £jli <w4ij-*J jJ p j 

Jli* jJ Js>j-i ^1 . JLili j![ — ‘It, 7l] ejlj ^jl>- jl Ajj ji a££ jjl Ij -LiL Y71 t^jllj 

*Sj *y m <*ry *jj* (0* ft) uri^ fJ^ Y-T-Y 

. JC*«l A>- Aj J^» 

. J -L jlj o * - ^l*S\S<S * ~ - --1 jT j— 1L o_ib JjIj f(x) |ulJ *J> c— j»L^ 

. JiiL 4-^—- j-j - ^ jj j»f' (x) jf(x) .1 Jj* puj_? .jl j_^-a - til &\j f(x)g\S 

. j^S Aia^-^u - ^1 a£ ^\J <^£j j! c5^ jc^ Ij (<—^0 Y- ^ *~Y ^J5w 


/(X) /’(X) 



$(.<■) s’U) 



ja >/'W j/*) (will) Y-\-r JSLi 





\-\-V Awa g\j'Sj i 4jjji (J J~* (ji-jtJ 0 ^jjTc~-O*j <ilri ^Lr- 

<S UL» 1j L$jT IJjj —£ oX_^«lj dJSLjj} Jau( t Jajl jji .jjl . Xl eJLi oli 

. .>/£>• XUjyU-Aj UfV J 

jl -71 ^ X < 71 j Y71 ajji Ij k—JjLl* ^Ij i Jsjj{x) I - 1 — 1* 3u * fl 

fix) <t t 0 -*^l < 1 — •* j-*j fix) <l 5 ^ULi> ^L*J _/(-^) 1 * — 1 ) 4 jj ol X-iU 

j^X*) •*-—j v 5 ?" t( X—-i yuo -tf ^U; j 4 i 


Uujj* jJu+An) J U fiO) ,fi-%) ,Y-r-Y 

(jjljbX^ j-^jL-4 c o-w-1 o-L-i oli ot—X» 6 — ^—I* ^JSLi j ~* 4 -^ ul- * - * ^A j L* ^i!. Xjl* 

^yj j^La; . xi—* j- 5 ^ j 

jj ^1 ^ * ^y XaIjJ- j**/ 9 *J 1 \ ~ \ —V 4jUj Ajjj3 (_£ j*a 

*S Jajlj-i J i Xl-w-J f jN J*l j- 5, <L>J^ \Sj~* & 


<S Jajlj-i J t XI-W-J f jN J*l j- 5, J>- -Sdj^ (i j-~- ^ 

\ — 'l —T «*. . yfl 3 ji ajX jU Jajl j—^ aS d«„^l ^[S * XX^X ^iLS" Xi gJLa! 4j 

yj ^ b <ixy i$_r* dzjjlc^iAj^j&t JU- * xi i^Ij^u <iji^oL5jsr 


/(x) 



. _Li -laI_j>- k_#X^ T—T ^jiXj jj ^(x) l)j jrf wJjbi* Je> j~i 


*ijy j <uy - f j- 


L> jU V>J* <ij-- 1“ t-1* J 1 *® 


a*) = 


/{x + 2 tt) = /'(x). 


— 71 < X < 0, 
0 < X < 71, 


Jaul^2i l 7-^ ^ ■ ^ -* 5 ' <■>■ . o. — eJL-i ob oL-JLj ^ — \ — T* ^|£-i 

^bO \-\-r) ( Ai^j\^[k^\i . 


=-j* a«) 

71 J - " 


1 (S . 


cos ns ds 


= -f 

71 Jo 


s cos ns ds 


= - - sin ns -)—=■ cos ns 
n\n n 


=—? (cos nn — 1) 
nn z 


~2 <( 1)" 1) = ]-— 


jyrt 


err*?-** • f 1 j' •jLi-i— 1L k ’■yr *-! *yr k 0'^ ^ b tSjrr^ 
a n jab J y u*J-> ^ ^ cos nit = (-1 f !tkfl j jl <c_^U^ ji 

‘ n = ?><+?** JJ jl JJ pJljj" ^ J>j . = O^ljU 


^_j|j I Ji 


1 f n * ?! 

° 0 = nJo sdS = 2 


o-L-J< o^b ojL C-- J jl J- 4 - « i ^ * Ajj j-i J* 5 aI o > - 


. (V- \ —T) ^^£-2 4 ^ »->b AjJjJ ^j—' OJAJ 

jU CJ Jyj> 4ja<X<b i jb <Jjjf(x) gk lSZj (Jd-.j_L^ j\XL* L) j£>Ly ^yy** OL_^bj * 


1 I'fc 

- F fix) dx. 
— a J* 






w 


fix) 



\-\-r Jll- g\s?-\-r ^ 





i )<b = ji% v->-r jsu 


6 = 


t ^y* <»bl ( \ \—T) jl \j 1 j Jl>- 

- I * /Ys) sin ns ds = - I s sin ns ds 

7^ J -it 7T 


1 / S 1 . 

= - — cos ns H—= sin ns 
7i ^ n n^ 

i, x c-ir 1 

= — (— cos nn) = —-- 

n n 




/(*) = 


n 2 / cos x cos 3x cos 5x 


4 n\ l 2 

sin x sin 2x sin 3x 


+ 


1 


+ 


- +* 


^ 'j cri 


^*jjb 4Jl ulj 



*ijy J <ijy J-uai 


/»-M - 


2 cos (2n — 1)* ( —l) r 


(2n - l) - 


sin nx . 


(\\-\-r) 


i£\y • ^* \ 0 ^ jl a^Ui^l ^u£j ^S"3 l>- ^1 

aS* ^jI 4j fa JL.Jt>L (JjLJ c C ^l 4 JL * j^j J(x) ji jl AS* X jl <_£ joL&a 

I k-^L_>»JLll ^<>fa^oJ fal^jL-P 4j . LL^I ^ ^ 

*< j-jVj JflLii jJ ^1 4Ira j> i ^^-j! Jj JL*1j^>- jS&jS y A lai LJ 0^ jp jlJ»—2—« 4j 

<jL* cr*^ • c—lj j <_->• ^>Uj^ <i (J^ J*UJ jT jj j^>- c—J j^y 

( ^ ^ — ^ “T) aI^La* ^jjljiljj . j y^ pyl y*~ = ~ O* j! ^\j Ajj^i ^j~> ( ^Lj»L*j 


A*) ~ J + £ • 


>J— y ji3 °J-K * 


>*"' i_r 1 


. C—-I y- \-T Awa* ^fi»Ai tt Ajjy ^.Uj : i j^ t L y *-Xj\j>- f(x) ~ o^*^ 

^y iS* iJj pr 1 ^ f—'J lj (H-'i -T) ikl*-* j\ ^ s :i V^ -^y 

\ f—'J cf^ lSW*^*-* ^ y (jlji ^Lfrriy 

^1 

tjli *^jA jj fa Jt-ili lSj** tJjl A/ 


2 cos (2rc - l)x (-1 y 


71 XT' / Z COS ^Zn, - 1 
,v = 4 + i ~7t (2rc — l) 2 


— sin nx . 


(Y —\-T) 


. a;lcJ_J .Jb jLiJ /V= 6. \ *, Y • ,j!^A-\-r JSLi ji(Y*-\-r) VJjL^^Ujb^J 

*1 

. - L I S ' <^-y l J-s^l L 5^ y- LJ c.-^jL1a <i 

}\ ^x= n Ji JX =k~ ji J^lji A-S-r JSLl Jj 

'-*>^ • c —«•- J J c “‘' -^ , '- i -P (Wdj—' —‘ j) ^IJJ-* 

• '^- ,l J j (^' J ji- 5 '- 5 - - L -°J- 3 ' A J J-^ J j y i_r4^Jj-* J ur+r' 7 -* 

fa^J . ijli jlj 4 4 JLw>* 

^1 ji . L^l oJLi eilj oLiJ ''i —T" j.i D -^-^ 3^ j-*yr*^ ^r^“J ^ <lJ y 

njl>\j}\\> . c^-ujLjiob/v = r, t, a, ^,rr. ^s v iu-y/(.v) = i gi; 

V * ^ Uiy Lr^'y Jj y x = 1 ^z—tyJl o Ujbjj <ki 

. JJL.^ 


>br aL— * «4j ojiji aJ «j 


oIj j C>Ij kiojj (\ W- \ Af^) k Josiah W. GibbsS * 



S l o ( x ) 


Jr 

2 




) A-\-f JiO 


J *±)J> 


0.500 


1.09958 


0.750 


1.09211 


0.875 


1.09014 


0.9375 


1.08965 


096875 


1.08953 


/(*) = 


x + 2, 


fix + 4) = /(x). 


ajljl \-\-r 


-UjUj 0 jiJ r “ J 1 *® 


2 < x < 0, 

0 < x < 2, 


Jjl-S I j ^ — ^ — ^ Jajl jJj <UwA 1 o-L*t ota N * — \ ~Y* j-i 

(.Sj-JJL !j ' * s)ji Tn,jU-A.o; ^jb; ojji *£^,\ 

jij b; jA>jj ^Li. jj 


'•-^-r js-i 




oIwpIjj 


jO \-\-r) ( j[+AS>\m jAjfo t <£t = rc dt/2 <. X = ntl2^ 


a„ = i J 2 2 f(s) cos ^ ds, n = 0, 1, 2,. . . 


MIS 


-P 


b„ = " J_ 2 2 /(*) sin ~ ds, n = 1,2,..., 


/ITTS 


1 po , rtV nrcs i f2 
= -J 2 ( S + 2)C °S —ds + ~ J o cos 


1 r 2 nra? 


2 J- 


n 2 rc 2 


0 ji t -LiL *y /! 


ri jb a-. 


1 fo , . ruts , l r: 

= - (s + 2) sin —- ds + - 

2 J -2 2 2 Jo 


1 f 2 . / 171 S 

- I sin —r- ds 


2 J- 


1 £j j n 


f {x) ~ l+ n 2 £ ( 2m _l) 


(2m —l)7tx 1 sin mrcx 


^ cos-— 

2 2 


-±y 
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(y 


. (0-\-D A pOb jlycoijijy lj 

j A- \-T S v p*-j ^ b ^ 

. d->-by pyly^ yJLo ..b aJ!—**<j <Jb- . py«* 0l2b ^~ \ -T 

1J [“^ y /(*) 5 ^(x) -L^ ^y JJ xJb 

C^jbp aS pjb jllalil . JJO 

(f(x) - S N (x)) 2 dx 



\J J* J L 




lim f" (/(x) - S w (x)) 2 dx = 0, (YY '^ r ) 

N-an J"* 

yu* ^j+'^hS Aj C. r ^; 4£ ^ ^ ”^) -L*IjC4^I jj <5 414? ol? jl 

c~-l ,^>- Of Y- > - Y*) &U* jL ^1 y J^Uc* j jUp . jXa 


l.i.m. S N (x) = /Or), 

.V -*cr 


(rr-^-r) 


. c—'/x)*j (A* jr^V ,/ j (^'y-,/ 'j "I-i-m" *S 

gl jj 4 «J> 4j ( \ A- \ “Y) liii-4 £j!4^o JL»bCL* 44-5* otJtJ (jl 

£jJy j' 4Pj^_>^. J* J 4 I 5 4S* C~**»1 £W>1j . C~-\ JslS'jij*A-(jf 4& 

. 4j & J tV“(2l t(il- -, f J Q.... *1 45*J JL*Ul4 

C^-^4j O Y- \-T) jJ AJ JjJ ijJ-M ^^jUJ jl J^-iA S <^~> ti\J U Ij 

cl/jl 4 .t = 0^j jly 


4 1 

«°> - 1 + ? I 


7C 2 (2m - 1)- 

« = 1 


jil^ .<f>r)/(0) = 


j ^(vZb^ \-\-r5u-aijl W 


f — l ~ 

Lj (2m - 


Z (2m - l) 2 8 


■ ■ 4 “S (J 4 jr 4 tSW--JJ V 'j 



1 -f 

.tfai t ;t *m^\ JuAi jLiJ (<_i3l - \ 


(l~> 

« 





1J jl <*5^* “ Y 


sin nx cos mx dx — 0 
f* n COS fix cos mx cfx = 0, fi / m 
cos 2 nx dx = n t n = 1,2,... 

c5sj w(x) — 1 l)jJ £jlj ij ( — 7C, { \ A— ^ —T)jJ ^1 y \&y±ppj* JuA.i ijLiJ 

. <£j X*Ul* 

« 1 jl y*-& _ Al^i —2 <X < 2 ojL^j Y~ \ -f (JliL* f(x) JuJO <1 >LJLj 

. \j Y— \ —'T Jllfl ^Ia 

J> -‘-rr*- 1 tsl J~> . C—l Jjj yj £jly jl <5^* XxS 

. JjIj Ij F(-x) = -Fix) Cw>U 
tan x (^j x 3 (^_a1I 

sinh x (o esc x 

i 

f'-^j* jL-ij jlS . <i—l £jj ,_^«J^ jij j' ‘-Sj.j-* 

• ^ Ij F(-x)= F(x) <i—o 

sec * (—> cos * (— ^ (<_AJl 

* ♦ 

(x-a) 2 (JL> coshx (o 

(TJJ aJ J ^ji 4 j yj y jl -LJO 

log x ax + bx + c 

x 2 /(l + x) (o e 

Ijjjl <1— i*J <1—1 £jj J g\y J j-l>- 


sec x (s 


log x 

x 2 /(l + x) (c. 


(<wiJ! 

* 


X 


C JJ 

J _r* 

£jj 




£JJ 


j ijj <5^ <_ 


jL— ujj— j Jjl ^]o_> “oTj-i : 

( . <1—1 ^ywL" £jj £b <£; 



*Uj* 1 J 


P jLj ajJJ L WjllLfl ^ajIj P jlJul- jJ* jl *j 4 C*jIj C 4 f[x) ~ C ^lj XJO (jLU — 'l * 


fi *V^ A*) *^jlu o jj* i/(x+p)=j(x)S\ l j\yi*j*sp jxi* 

• 'j jij j 1 ^dj* ty 


CO£ 3 TX 


cos 2x 


7! 

cos - X 
2 


(^ sin - x 

•2 

sin nx 


(^ai 




jjll^ w/(jc) = (^ -w 

lj u(x, y) 

-L_fej> oL. ! L> , cj^ J** <L^>- 4j aU^- jl *£ j xS (^j 

. XS y <jX# j-> xj^y C~* ^ <u (*_i31) C~«~i jJ 4^ w(x, y) 

lj w(x, y) j wU5" u-Uv« J\j&! 4 Xx) = x ^JiL 4-iib ( < \->-T) y.>U_* jj Jf\ -W 

. XjLu 
*• * *• 

4 ^-£1-* L ojLc-^I j b = 2 (jjjj jly j 4 \ V Ovij j\ ojLawI L — ^ T 

. J^S 4^1—>- jLIpI <** L ij h(tc/2, 1) 

<ciJl -\& 

■•1 • 

® 1 2 

Z , 1 __ 71 

iw=1 (2m — l) 2 “ 8 ” 

. < T ' -' -V) UjU, jl lj/(2) *L1^ 1 Jj 

^yijlj jlJuL* L 1 j J^U- bi^li J 4-—l*«^ |j (cjiJl) jJ (jj j~» (Jji kL»-A- oJ (w 

■» »d 

4 np w-jjllj Ojj} L dl!f ot 4 JLiL P 4m-JjUj djjJ (^Ijb ^Ij kJSj j£\ JXS “ \ 9 

.c~-l y£n = ±1,±2,... 

/x) JUo jLU 4«LiL ^ L wjjU^j^x) j 0 <x < 1 <£* X-v) = x - x 2 jS\ - \ V 

•gjj t.ys^ 

lj (—C, c) jj dJLJ» oLj*J ^Ij 4 <2t j JJi y jJJXj 4pj-j^1 4 jLiJ — ^ A 

c^i^i jij 4i <>-y L ^ji ^ J j-jj Sj <i My iS 


~\9 


- W 


- ^ A 





fix) =\ifix) +f(-x)) + \ifix)- f(-x)). 


1 y 4P JLJO jlJL \ ^ 


1 COS flX , n 

-i n = 1,2, . . . 

V2k v" 


J_jkj jLiJ jL5 tS\ji • [-H n] jj i £jly o c~—; 

. C-N-i<a-Li ob kp^>b4 y jl Oj4j jl r^'j/W = sin a 


^Uj> j jj.mjUmf T-r 

<a<L^ lejl^/A) ^1: cS^r - j 3 

V J*l*i -iai* e?^ b £p J- 5 * 

£r*y ^ ir*-^ l* —S' ot>U^ Joii iX» 

. ^ ^ pUjI eJ-i ob gU jl gjj l v 

(T j t X t ^ pjjb 4 Y - > -T Jli* (^LjJ |*-*-*j b 


i r-^ mix . nnx 

fix) - - a 0 + 2^ «„ c °s ~y + sin ”jT 


a„ = - I ^ f(s) cos — ds , n = 0, 1, 2, . . . 

L J *< jL 


O-Y-r) 


ji 


Of-T-r) 


6 "p Jj/ (s) sin 


purs 


ds, n= 1, 2, ... . 


(r-r-r) 


j i(w-^-r) i(\«-\-r)oNjU^4 J L = 7ccJL J - J jj > jia^i J ^,^A-i5o r y 

. xp^jiJL;<u-\-r) 


jl ij j— - oj jj— aj 1 j jTj J__1U t J—2 v_jL j-iZ 0 < j :< Lj>_j{x) jS\ 





^ ^-O'Y-r Ji-i jilk*/(x) jl £>j ^jbSg^j; <Sj ^U; L**-y—^ 

OJJ-^9 ^ 


/(*) = 
fix + 2L) = 


/(*), 0 < x < L t 

/(-*), -L<x< 0, 


/(x), /(O) = lim /(e), 

£“* 0 + 


f(L) = lim f(L - e), 
«“* 0 


Ij(Y-Y-r) *c 


2 ri _ y , nns . 

a n = x J 0 f(s) cos — ds, n = 0, 1, 2, . 


' £J j vjiJ^ ^ *j-* <_r* 

o^L- jjj CJj y* <t 6ly y 

(T-Y-r) 



£_}j ^ “* - Y j£-i 


. Jbjji <* 1 j O^x^TC c _/(x) —X ^ \£j^ 1 — Y—1* Jllc 

jl o^l A. I *m\ L * ll■.<■*! oJ—^ 0i1j> <jLjL» T“Y“T* fTJJ 

(T-Y-r) 

2 r* 


a n = - I * s cos ns afs, 
” TcJo 






2 fir 

fl 0 = — s as = rc. 
n Jo 





WY 


/(*) 



^ j6 ** <Sj~> <y~y^ 



4 vp cos (2m — 1)* 
n 2^ (2m — l) 2 

m - L 


( 6 -r-r) 



jl j~j <Sij Ojj-*/5 4j \j j| j juiL qJ-^i w_ij j*j 0 < X < Lyfix) j£\ 

<5 J-<»L>- £-|b • ^ bj V- \ -T JSLi j[x) jl ijJ tjijki£?-*y <£-> ^Uj 


/(*) = 


fix), 0 <x < L, 
-f(-x), — L < x < 0, 

f(x + 2 L) = fix), fiO) = RL) = 0, 




ljCr-r-r)^^ jn =o, i, 2.... .^ = 0^ ^ 


6 " = 7 Jo L /(s) sin t" rfs ’ 


rc = 1, 2, 3. 


(_y* •- A ij~ 

J _T^ oiL, O^y^jij Oj_w=4j 

(?-Y-r) 


/U) 





*ijy j - f.**- j~ai 


wr 


O -U lj /7C) = 0 <■ 0 < .* < 7C t /(a:) = A 


r-r-rju« 


• jl e^Li_i— «l L . C—^1 Q..1—W e^lj> Ol— ij T—Y —T ^Ij ^j^ ^ ^y » 

r >(f-Y-r) 


b„ = — 1 71 s sin ns ds 
n Jo 


-(- 1 ) 

n 


n +- l 


(V ' J ) 5 aJm -a 4l^i y JJ Oj 4 j ^ jlil* 


. /* 


• .i 


I*. 



f-r-r jsLi 


cjUu^/^CV-Y-r)j aa-Y-r) 

l£j** cr*d^" ^ 0 < a < 7T ojL ^ Ij fix) = a *jlJ l^jTju-A t X: 

^ -- -- 

Jil—a jl ^Jlaj 45" pj| ^jL. ^ ^ yj\S ^L^Lj ^jjl t ' j Of y 

Y'- ^ ”Y' 4jiLn_-a L) <Sj~* *~*JJ** *i 1J <S* c—I ^ j V ^ jy> j\JlJl* 

<L—* I ^JjU— a ^>1 ji 4^ -Xj^ & J Y" J (j_*JL $ 4_vwLfi^ 

. Jji oJLi ^^io < ^LjIaj jJk Oi^ Ijy* 




*Jjlo> Jd jl^Sj—^1 . C~*\ U JLJjSLi <.Ajjji '■£' 





Wf 


1 

f{x) - ~ a o H- 2 ^ a n C0S nx + bn S ^ n 


Ft = l 


Jjj ( ^a <*1^0 4 j j jJLjl ^ 1 §J j* ji jl a^Uz~-l Lj 1 (. u i~j lj ^ * — \ ~T 


e' nx = cos nx H- i sin nx . 


cos rc* = - (e 1 ”* + e inx ), 
2 


sin nx = ^7 (e m * — e inx ), 




J* w'j* cf- tr{ 


/(*) - \ Oo + ^ £ «> int + e' inJt ) - ift n (e ini - e-‘" x ) 


n — I 

x- 


= \ a o + lY J (a " ~ ib «y HX + (a„ + ib n )e' <xx 


rr = ] 


fr~, iJjyu ji'j CJji-fi «j b ‘<UJ* ^ 

Co = 2 “o. C„ = i(a n ~ c_„ = + i&„)> « = 1. 2. (A-T-T) 

(^-T-r) 


nx)- y, c " einx ’ 


Ft - — 'X' 


^ t* j-^p ,J^w jl 


iJj—^ ^ ^ 

• * J- 4 * J J* 


Y71 L5 l J ,:i JU) 4 -S’ ^ U^J—* L'* V 

<. J—i\j Y L *jji j-J^1 -» i 4j la5 i J*j_*i ( j P ji L*l c J—.tlj 





*djy J <dj> - f y* 


X 

f(x) ~ ^ 


c ^tnivx/L 


rt = - so 


jjjjTc—J ^ J Oi 1 ^}*r ■ <*ij$ J a c „ iSU l J ^Lrs* 5 J 

<V> 


c„ = ^ J \ /(s)e ins ds, n = 0, ± 1, ± 2. 


o*-r-r) 


. Al^ lJjj <1)1 y+& 


*UJ* if j 1 <Jji? 


pjjjt C.-.Q Aj 0 < A < IT l /(a) = A ^l j* \j jij jjIjUj \ “T-T Jb* 

. x n 4 cos (2m - l)x 

/W -2-;I (2m — l p W 


(a-r-r) 


Lpij&i Ji^ta-T-T) 4liU* (J^ j.a 31 


™ -; I 


sin (2 m — l)x 
2m — 1 


m ~ 1 


A^ jl>- j Owi 0 < A < IT ftjU jtf (a) = 1 <Sj* \S J~* ^ <1)1 JJ 

r j>* ri JLj^(v-'(-r)j \i ./'(0)-/'(n) = o^jj^ J uidi 

x 

/"'(x) ~ 2 ^ (- 1)" +1 C06 nx, 

n= 1 

C^mAj in ^ oo^j ^1 X?-1^3 cC- jA 

<1)T iJX*^ 4-S <■ C-**1 £-^1j . Ij ^1 J-^A ^jV ij-*£ 4 x5 J-AW> 

. Oij-i JjL cJ^ <L^- Aj aLj>- 4 AjjjI iSj— ^UJ j\ l)1 y <_f* 

• <_f* I <1>'j ^ ^ ef* ^ jdJ J* L5*^ 

XiU ^3 CJjyjt Aj Ajjy -7T<A<7T j>fa)±~& 1-f-fM 

1 v" - ^ 

/(x) ~ - a 0 + 2^ (a* cos /ix + A„ gin nx) 





a n — - f* /(s) cos ns ds, n = 0, 1, 2, . . . 

71 J - « 


P* 

b. = - /“(s) sin ns ds, n = 1, 2, . . . . 

k^~ k 


aS'uT.U yL -u t c—-! JLit (x) *S aAxaJ y> -Ojy cO~- 01 

.J{-n)=j{K)j^[ i ^^-^\&f'(x)j4^j^j{x)<. -n<x<K^ 


30 

/'(X) ^ n( —a„ sin nr 4- b H cos nx), 


-n < x < n. 


*t)J* Jtj&t 

lyj jlial»\ -jj\ . tl—“1 jb L -^J ^ 

^ j* ‘ ^ U-* ari 3' 0 U - jgjlj ^ a xjy lXj 

. +ijy <Sj^^ji jL) A r^ • &*** 

Ajjjj <_£^ jjIjUJ <_$1 jb j _^l A^i “ 7 i < x < 71 X-X) x^S < j&ji : T- T- T 


1 

/(x) ^ - a 0 + 2^ ( a * cos + &« sin "*)» 


t -7i < x < n ,j\ji o\f OT . Xi .■■* JJ xiU j a n ^ U* a? JlSI 


"* 1 ^ 

I * /(s) ds = - a 0 (x + ji) + V - (a„ sin nx - b„(c os nx - cos nn )) 
J - tt 2 n 


x-r 

. C-jU ij jjj (_J JUliu iaj\jj j! v_Sojjb — \ 


i-L 81 

r, cc 


. mnx nnx 

sin -j— cos —— ax 

L L 


(^i]1 


mrcx n^x 

cos —— cos —— dx 

L* Lt 


n ¥=■ m 



wv 


<ijy j 


i 


l . mnx . nnx 
sin i— sin —— ax = 0, n / m 

L I , I . 


-Uo jLU -Y 


f L . 2 H7TX L 

■L™ T" d*«J_ L 


- nnx . 

cos^ -— ax = L, n = 1, 2. 


? 0\y y *>- yj ikPjA^ «j 4-P ‘ ^ j ^ j' ^ 


nnx nnx''! 
cos —- sin —— 

1 Lj Li 


pj\ n = 1,2,...? 


n /2L v'X V l 

JL-i £jj ^yjUj ^ < ^dj A ^ _P ^ ” Y —V <Jli* 4j JLA^ y 

. XS y jJUo 

. a-ao f uji ^ y -r jn- y ij (6- Y-r) ^ o^jjT ^ ^ f jv oUy- 

Jl»£ fljlj) j* *S }ji ^yjUj y jJ Y — Y —X Jli* £jlj JLJO £Ly3y 

. J^^y <jJU> 

. jlaj Y-Y-Y' <jLi* jj lj (V—Y—V') <>wi c—o<> oLSy- 

-Uo OLli (wjill 


/ 


" e'^e-'^dx = ,0 ’ 


n * #7i, 
2n» n = m. 


JUUo [— 71, 7l] y *S -bjjl Cm*i^ 4j jjjl («^jo]I) C. -^ * i <s>yj jl L (« 

I . J yS* i y* oJyli * yiyjA JL*Lm t L>- jJ JL^Lmj £y ; -C*y ) . JLili 

UiiLa X yi»A>~ jl JaJb>fc* ^1 y jl <pyu>»^ 


{<Mx)} p 1 = 1, 2. 


J* ^(x)^.(i) rfx = 0, njiffi, 


► tS'j' J 


ft Ju^lj vL*UC-> ‘ ' a - J ^ ^ Cj J li • u, b ) yj y*2 ^A ft l? 0^ t J ' ■ * Lt 

Aia^-^u I j ^ ^ JLA^ ^y (jLij lj Jail jli ^ yi ^y 


~f 

-6 


V 

A 


ijyJ 1 y Ob ^ _ r ^lJJ(^ ^-^AXX) t Charles Hermite * 






\VA 


jUaLftJ twiij-JU jL»J* (3J-i l JL-iU 


“S'- >J-* cA>^ j 


/"(J?) = a, 0 < x £ 3, a > 0 
/(*) = e x , 0 < x < 2 
f(x) = cos x, 0<ii n.2 


. C - —nl \—^—V <wij jAJ jl 
Ajjjpi (c-aJI) t \ T Ij ^ 

. Jbjjl Aj Ij o-Li <ota ^1 y 

' ’ f(x ) = 2 — x, 0 < x < 2 

- H f(x) = x 2 , 0 <; x < 1 

_ ^ ^ /(x) = sin rcx, 0 < x < 1 


■ AH 0 (jAL" ^Jrr-S j J 4 ^* 1 lij— ^ ^ 'j " uCr* 3 

j'- 5 ’ui 1 ti'ji • - L > i 4 £jj -o j ijj <j <S xxS <.A,y^ : ^Lxtlj) 

(. Jjb Jj^-j «lj C-jLjj^y 

■ Arf't! 1 < x<2 ijU jix - 1 ^1: (^Ijj “Suy Jr* cr* 1 -" 

• Art's! 1 <x <2ijU jix-1 £jU( jljj ( _ r -_ji-~S'iojji 

■Ai's! b jij Ajj* iSy- (‘-•J' 


■n 

■\r 

■\a 


\9 
W 
\ A 


/(*) = 


x + 1, -1 < x ^0, 


-x+1, 0 < x <; 1, 

f(x + 2) = ftx). 


JUo (jLi; (ej»)0 c.».J Ui jl .Jli^l L 


1 1 1 * 2 
+ 3 2 + 5 2 + “*~ 8 


4 — fif) ^ 4 0<A^<7lt fx) — 1 £J p L ^^Ay+y Ajj^i ^ ^ 

JjjjT C—O Aj Ij jJ) j' *“ Y * 


7t 

4 

7E 

4 


1 1 1 

1+ _|_- 

3 5 7 

J 2 / 111 

2 ( 1 + 3 _ 5"7 + + 


(cjiJl 


( « -1-*^ X <^i».«ii*< ll4 L \\ Asj^jli jl \ ^ Un/^) 

jjjX A" J j b jij ^ _,r ' 






'uy j *uy l s^-hs* -fj* J-** 


fix) = 


2 - x, 1 < x < 2, 
x - 2, 2 < x < 3. 


• -kjJ 



-■ 'Suy >•& ('-il' 

,_ri^ (V 

^jij 


-YY 


Ax)= i 1, 0<x<2 ' 

t-l, -2 <x <0, 


/(x + 4) = Ax), AO) = A2) = o 

Jij~ : d>-: L$j—' J^ 

(-V-JLSr a 1 L>-^L« c--jI 


~rr 


Ax) = l. 


- GO < x < oo, 


• A r-iJ^. 1 J 04* <i->y 'Sj** 

0 <x < Jt <^1^ M'-r' oj-i 4-iiJi-JL* (D-Y-T) jj /x) ^lJ jl JL*» jLIj 
p~ij \jf'(x) jbt_£«_* X = 7t j X = 0 jj j w-rfl/'(x) 4 j 1 

I-*' 

. -Ui' <l_uUu c -Li ob uLiJ ^ j.> ^/(x) jtaL Ij ol j -L^ 
. JlS* <j-Ltf ) “ Y—V 4,.i^l iajlji (D“Y“T) ji J^x) -Laj> 

? Ji?^ Jjl* \-Y-T Ju-ii J*J jl ^ (V-Y-r) e L- 4>- jl 

X j' iSj J~ -~‘ t 0 < ,V < 1 ijl; Ji JW - -I c5*vd cSj—' 

^ 1 j~*** *3?*”** Xjl c5*J* ^ * Jujjl C «^ «3 Aj ^ ^ Cftj* 4 

-La^ oLii 


-Y? 


YD 

YP 

YV 


“YA 


/ 2 . nrrx" 

/ - sin —— 

\j h L 


n = 1 , 2 ,... 


-LiS - oj U lI jjj y ji • . vi-»«i a5\j -LU o ap S._ [0, L.] jj 


nnx e i " 1,JC/L - <r i "" x/L 


6in 


2i 


(a-y-t) j 4(u-^-r) t(\ ji b0 • -Y-r> 


-Y1 



u->L«iL 




U 


JiJ 


O jj—» c 


1 j—^ TL ojji L t £_>Lj J—jl—U 


-r 


Jj «~w . ob 


c„ = f J'; fU^-^da, n = 0, 1, 2,.. . . 


2 L 

■ ^y urti <j^^* J J lS^ £'_V _1 “' 

l#* * 3,J jii °jj-° ^ cj^' j " u^r 

/<x) = (-1)"*. n = 0, ±1, ±2, . . . ,n < x < n + 1. 

. XxS p—*j b 

. JjjjI c~- j>4j \j (Sj+* (y 

• A~^ b *uy c£,y cAi^ dr'j* (y 

. XiS” j 1 j ^ j~* cAi^ ^j- 5 (^ 


<ob jjj £>Lj —TT 


/(x) = 2 - x, 0 < x < 2, 


fix) <i IX 4-*^ 4j ol J *y* ^Jj4^ -LlS" flJj^U 

( . Cyw J i j3 4j 1 4j*jj) . -Li L 


r-r 

cr^^j Jr^ ^ ^ ^ Jt) -P ^ ^ 4UJ* <5^- j' 

JJ-* J' b ^ £>-**>* Jy- 5 c^jy bb * I^r^b' V-^r 

. 3^5” -Lai 

Ij j 1 _jj X-lS <j JL-^a \ — ^ — T <L*—*ua_> t *UlSojj J iaji^—i jJJ <S b/- v ) yh 

{rt** 0^ ^ c-Ai^ • - U: -: ; f (Jj ‘ ^IS" aKj; ji^ Jajl^i . ^AdUJ 

L 5 ’ * 0 ^ ^ X^) ^ ^Ljjj Ja—u y X-A f\XjLA lj y^jl-*-4 

c Jit* ^1^ 


/(x) = e-W, 
/(x + 2L> = fix) 


- L < x < L, 


(\-r-r) 



Mjji j 4jjji 


.. 1 v" / nnx i 

fix) - -"Go +2^ [ a n cos — + b n sin 


. n7i.x 


jiJ Hjj* tSj* - uTi*^ <^bb 


(Y-r-r) 


a„ = ^ J L t As) cos 


nrcs 


rfs, rc = 0, 1, 2, . . . , 


1 p L 

in = Z J-' ^ s)sin 


nns 


ds, n — 1,2,.,.. 


L oJ-i o^b (jLt* • Cwl 0 »Li o^La 1 .*jI (Jl j&j\ (jj^ aUp jjn. JL© ijljl£" 5" jl ji 

c—o *j ©^L* ji a n ^1 jj j b it — O^jjb t w ^oliL* «wa (\ — V—V) ^Ia <0:>La> 

* 1 jrJj ‘ 

ijL^L jTj^ i jLij /i 

. Jui ^© O—w>Q 4j Ju C^JL)a4 oL? jl ( C* W <I s—>J llj OJ j3 cilAJ J £_|lj jijJ ^-Ijbj 
• Ow-1 L lJ aL^» j^j jlJi-© ^ (Y—f—T) ©J—i ©:>b ajjjJ < 5 ^ybLj 

pr* uT - ^ *■ c/ 4 yj ^ ^ b JW £}fc ^ 

/(x) = lim f L (x). 

L~» ofj 

•w-»jbi© ^Ij . -Cl ©jlJ* «^b jLU > -Y’-T' JSLi ji/ L (.v) j j(x) ^1 y ^Ujb y* 

^ jJyJ l ^ jW iSjj iJj 

aS (^f**-* Aj l JUil jiSi <jljlla© jj ja> ^iL»dP~ Ja>* ji 


Jl |/(*)| dx 

jr. k~ ixi i rf*= 




pjjb ^ 

2 I ' e _;c fix = 2 lim [ ^ e ' fix'. 

Jo f . /. J° 

j 4$* ub^-. (^ ^ Y jj\jj l)^ jl J Ji- © 45bb ubi*j ui jj 

| ' f* x) dx f?~iy er* lim I L fix) dx 

JO L -*'c J0 





\AT 



( v ) .^LjpbMU \-ir-f JSLft 


r >,(T-r -T) =rt 7 l/L(jjli^^l>- Ij JU- 


/l(JC) " ^ J-l / tW * 


1 00 

+ L X ^ COS j-L ^(®) COB ( a „ S ) ds 


n - 1 


+ sin (<x„x) f L {s) sin (a„s) ds). 


-L 


(r-r-r) 


Aa = a B+1 - a. = 


(n + l)n nn n 
L T~L 


<>S7 


rs~ijb jii *i b (t-r-r) LX - 


1 ‘‘L 1 ^' ( 

fiX x ) ~ 2£ J L , //X s ) ^ (cos (a^c) Aa / L (s) cos (a B s) da 

rt = 1 ' 

+ sin (a^x:) Aa f L {e) sin (a„s) dsj . 


<T-r-r) 


L ,: ; ■ ♦ jl J — S- « j-* VJ 11 ^ J j'j—'>-* - lS' lS 1 (.ri 1 


» i 


(T-r-r) c—ij wJ > Jji ji j&i 


<j'>> ■ (**-« uf* 00 ^ b L 





\AT 


<>-j^ fl j>U . # C~-l Jl^&l jlk* j^Uj/j:) \yj XS^» J*-* jLe il. *-"0 

* )^<u w li 0 jl l5nj jjljj ^aLuIJ {Sj 0 * ^ ( 

/*(*) = “ J 0 ^ cos ( a *) /(*) cos (<*$) 

+ sin (ax) f* f(s) sin (as) ds 

J ~ 00 


da, 


(a-t-t) 


j^ < j£ji *j <_~1p1 (A—V—T) . c~~*\ft.x) *jjji ,jijLj a£ 

Ax)- Jo" (A(a) cos a* + B(a) sin a*) da, — oo < jc < oo, (f-r-r) 

A(a) = - f°° f(s) cos as ds (y-r-r) 

je J-°° ' 

J 


*«>-;£>> 


sin as ds. 


. -L^ <Ojy J 4jjy JI^Jl Jj i_J(Jri ‘-£^> <0 


lt^ ji j * : '* « <; 'j (ft-T’-T’) <1 jL_^. iSj\j-*j>.tj\ji ^LS" -1*1 




• l?jl i j^Jb <J1 ^^IjI (jHa* jjiaj ^4_. 4>- Ja>-^ j jl_ <jj1 A^Jjt..*) ^^1! ) — 1 ,f —ibJJ 

jljJL* t A^JL^j^jU/fo) <£ <_$1 aI 2 Jj j 2 . J>),> J jijl*J Ajj^j ijyj L jljJ 1 J fix) 

. c~~<l aIlaj jl j^a:) c~J j j <-*>■ -k— jz* y\y Aj^ji Jl j£i jl 

t p—iS” (A - Y*—V ) 4Jjbc* Aj 1 . Aj jl y \j Ajj jj Jl j£zj\ 

J>-b j* jl y ^ 1 j jA Jj Jjl j\ <■ ^Jj\X S <> sin (etc) j cos (occ)aS' 

jT jlLJ1 j£zj\ 


. j—iL jUfl< j * c ..«l j*S j Jlj^iil 0 j-j*U Jl aS' yt jjl^L ♦ 






\ At 


f(x) = - /{s)(cos ax cob as + sin ax sin as) ds da 

n J° J _ 00 

= — f 00 ( /(s) cos a(s — x) ds da. 

Tt JO J - qo 


(A-r-r) 


(vr-n 


(A-r-r) J c—! J jl v^l;/j)sin as t-LiO £jj yjtifix) _/l 

J j-* y «jL* Jjj *j 


f( x ) = - J 0 J * 0 /(s) COS ax cos as ds da. 


O *-r-r) 


O (A-t-V ) *]jU> j Sjl J j yj}Z fls) COS CCS 4-Lil 3y yk f(x) 




0 L 1 


f(x) = - f I f(s) sin ax sin as ds da. 

7T 


(w-r-r) 


t, - 


y J T Lm<>iI CX ji • ; ! Jl 

f:— tj~i 

Or-r-r) 


/(x) = f * f * As) cos a(s — x) ds da. 

2n J - * J -* 


f * f" /(s) sin a(s — x) ds da = 0 
2 rr J - ^ 

( \r-r-r) j <u-r-r) ^u*bu. ^ 

fix) = ~ J* _ | J f(s)e i3 "~ " ds doc, 


3' 

(\r-r-r) 

a jl 'jdj 

Ot-r-r) 
wl 4jjy Jljfel ,kk**JSLt*S 


*iJj* J;-V 

pr-dj' cr* 4iL ojjj-p -o \ j 





^ Aft 


/(*) = ~ J" t f(s)e ils ds J e '“ da. 


I j 4 x *JL<u>-JI 4 jj 4_i ^>- jl 4 _$l>- <j o!_jj u« j 4i—»l 4 _j jj^Lt j^x* s _^5 o- JL>- 

l*;jb 'j jij 4^\jU^4^J>- 4 a jl o~-l ^yuU Jjl J1 j &.It . Jb jlji 


fa)« f°° f(x)e^dx, 

J — OD 

fix) - *• 


(\a-r-r) 


pj^> ^ ,/W Jr-Vb /(°0 ■ *-£* b 

<Jli* • a^lj/(a) JjXJ ^ ^-*>J** b-/W ^ ^ —T* —^“) jJ 


, Owl flwLi ol.> O^w Y — V—Y* (jl 4 jj^* J jl 

/(X) /(a) 



*jj^i ^ jlJ i v L*i>’ tiL t — Y — T 


' iSjJj-** ^ ^ ^jLS" ^b' j' J-J 

lj 4jjy t Oi^- JjUl Jo4>- 





r K «)^'“ 


da 



1 | ■» j 


\S9 


P ui' 3' ljP-S f* wr^ J ‘ l/* j-r~ P 0iiW u '^- cl /i* i y*»\ 

. ijl Jj ^J>-J C -i? - J-alS" 0 jL2lj l>l«J jl JfiU* 0-«^P oJ^- 4j . Jj^j ^ jlS" 4j 

. $ 4-^9^>- jTJ^l*a L () T-T*—Y*) *bl*a 4 j Jul> ^y>jy* < hJ v>- jA <£ c—*1 ^1 ^.lln* 

cr* J ^ w **•* olii-»1 ^ ^ J*V 1/2 tc jl *S c—J ^> U^l? j* ^ 

y *aUl~*I ajjjJ iSWs ^ j' <_r* j ^L* o-i * ^ lt* Ji*V 

. JUil» <C-ib J>1> 4j 1 j i__ kIn>> * jl 

o’^LjuJ j\ *}\ —a -.. « * I L ^L.^,4 jl ^j L^j o^>- w jjJjl.i. T a o^*u-LJ 

‘r 1 ^> JjXJ i_sl^ i JLi* . J 1 L_A Ja- JjU u^L-i ^ u* P <_rfW'J,*-» <i 

lS jfr oViU. < Jy>** Jr- 1 '^ oMjU-. JUJ t -CJ-i* £*»- -o 

4j y yr oLii^La L jj \j>\j* ^ jj* j c«^l 

. O wl i£jjj*** 9 ^i}j* **^i C-Jl^ jA JLa 1^>- Jui ^ ^j^jca 

. S y <wt>v* I j d 2 u/dx 2 j du/dx *jjy JjJLI i jUj Jli* ^ <^-ib 

LjI u t au 5 J-* ji^s c. w c ^ —> ±oo^jj j* du/dx j u ^5 ^ ^ y 

LSj-r^ jl o-i • i /r*^ J (jj— 

pjjl^ ol^Jjia jl J Aj Pj>- 


J 


du 

- * 


e 1 ** dx - ue 


iajc 


- OJ 


- ia J- 


ue 


,a;K dx 


-30 


= -iau(a), 


(\?-r~r) 


p>jb (> f-r-T) iJ^Ua jl oU^-1 j ► i>" ^ y* j j ^ jr^ 0^(5^ 


n 


d 2 u 


iav 




du 

dx - -f e 
dx 


tax 


— 30 


-'J 


® cfu .. 

-*> dx 


e'~~ dx 


XX 


= -ict( — iau(x)) = — a 2 u(a), 


(w-r-r) 


- 


iyjijjj-jj Ji Jo J> -»4 i ! J (^v-r-r) j(\^-r-r) ^ u *3iU. 


— = - jau(a) 


& 


d 2 u 

dP 


- -z 2 &(u) = -a 2 u(tx\ 





j\$*j j(x) JjXJ !j\jj I jS£(f{x))£ *=r y l* 

Ji-V J* -(^cf 4 ^Lo^/to Ji-V «i*b jLij tfb^OWji 

- 4 JW ck'-V <^b* j JW *ijy Jd*V lib* /( a ) ^ 

jlOfi-v-v) jj>*j_s j-jx; 

b ^ T-V ^wjj 4^ j^JjbjJlj ^y^S 

■ (•OJcf'^Vj 4 * ^ J *ji' • f/ ^1^>-4Jlj! 
■■ L . '^ lj jjj Cjj\j>" italic* 1—1"—IT ^Ua 


u,{x, t) = u JX (x, l), 


— oo < x < oo, 0 < t, 


. Iu(x, 01 < 00 j u(x, 0) =/(jc) i£ dl'jJfji'i, 

Ax) J Js_* j-i—« C~»— ^ I -V -> ± ~ ^/Jj «,U /) j «(■*, 0 : J* 

AjJ j_J JjJ_j (jljb f(x)0j j - A ll)l J-5 ■ -L—ill ji^A tjlJ^Ioj J ■ ' > ■* - (_^l 

k ^~- 1 jij ^ 

?(a) = J“ x f{x)e' ,IX dx 
= /(s)e ( “ rfs, 

u ,(■*> t) Ajj jJ Jj-LJ ■ (*^l ai £ ‘’'“T"-' 1 ' j' iST$ ( S^S. b Jl l£_/*U* 

jl c^l o jLp 


jiJ * 


^w(*, t) 


-® 6>i 


e <a * c/jc = 4 ~ f ^ w(x, 0 e ,a * dx 

tfi J - * 00 


__ <?«(«, 0 __ du(a y t) 
dt dX 

a <£ pjjb <^ry j <j*iy*l <^jh ^ b cSj-/ j l£^ 6 >jS c*r* ^ 

• b j^b'i ^ u^jj^Cw^aj 

^jjjT Ow»^ Aj 4 *JLi fi^b aJj! jJi j oLaiJL* \j aJ^Iax k 

dw 2 _ 

— + a 2 u = 0, 
d* 


w(a, 0) = /(a). 



j' 1 1 Of «Jl—^'yr 

w(a, 0 = Aa)e~ a2f . 

pjjl-> 4 pdjj^ c~-o o Ij w(x, r) ^Jly ^ (\ 6-T-r) ^jSiK* J>J-J ji jl ioUlJ L 

m(x, 0-^P u(a, t)e- iax da = l- f* me~^e~ ixx da 
2n J-- 3 ' 2/r J-* 

= — r r fisY^e-^'e-”* dxtds 
2n * J" 311 

= tt“ P* I * f(s)e l * [s ~ x) e~ alt doc ds. 

2 n J- * J - x 


JU- 


= ^ » r^ cog a ( 5 ~ x ) + i sin a(s - x)) 
a y*s* ^ J* a jl jrjj^b 


u(x % t) = - f " I x /(s) cos a(s - x)e * 2 ' da ds. 

7t J- / JO 


jJj' j 


Jr! 1 ^ • 


OA-r-r) 


Oj uT i^ o\_^> Jl y 1 j (J jj ^ -i-iL /(-^) JL^lS" 

J -U c~J Ij iSsJ J»jScil J jli j-JU Ij (\ A-r-r) kjjl— Jj iSjJ Jl \Jb\ oj; a\y y 
u (x /) i Y*-* • v -**^ J J j'x’1J (.J 1 JJ jj j' • A ' J f 

. ili jljj ^ i J x a jjOlJL* {$\J* Ij ( \ A—V—V) SJ-iL*-* 

. ^y V^y (FPT)^ yjj j' 6^Ui-.l cJU- ylj-s 


t-f 

-LAi oLw — ^ 

/•(x) = e -1 * 1 


• c —^ ji\ Jlj^l jjiaj yy>- ji 

J ^ jd'ij J 1 jW jfl “ Y 



sjy <i' j *ijy - f y* J-** 


lim f L (x) = f(x) y 

L oo 


J-JbJ jLU 


lim f_ L /’Jx) dx = 0. 

L-a 2 .L v L 

('i p—V—T) jjlc—-o 4 j tS^ji I j *j*r ** *¥? ij*Jj ^ c$ j$ j>- 

. juo r usi(\v-r-r)j 
jjj/ c—o 4 j ] -r-r Jlr* j.> ij ^j 

w(a, 0 = 7(a)e"* 2 ' 

• «^—■'jd«k ^ oi“ 

-l<x< 1 <.f{x) = ll-Jtl G_i]l 
j[x) - sin nx (w 
fLx)-x m <y 

/i jl« oUj (v-r-r) j (f-r-r) ^u*bu, ji 


f !’ 

|x| 

< i, 

0. 

x[ 

> i. 

Li. 

\x\ 

= i, 


tSo (_J Ijlj jj jjjl jl J t -OS ^ (jjJLvO \ — V—Jajl j__i J*j{x) oL$* oT 
«jlj jjj j vi-*l XjjjLL* ,_$l jl Aj jZ*a *iJj* 


, 2 f ro sin a cos ax , 

/(x) = -- da, 

n a 


— 00 < X < 00. 


r* sin 

J° a 


sin 2a . n 

- da = - • 

a 2 


JUo ^ ifNfcjj jl oLii^l L 


x xS c-oU —A 


•oc Sin ax n *. 

- dx = -» a > 0 >1 

0 a 2 


(j^ olil^rl V jSl* j^jyCiSj^ : ^Uu/j) 









L" 


fix) = i, 0, 

b 


x > 0, 
x <0, 
x = 0, 


ji \-r-r ^.UjjJi/x) ^ att; 

cT* jij Aj j C —>\X y* ^Ijl Aj 'ajjj* tj\j&\ 


™--J 


cos ax + a sin ax 

TTa r 


da, 


— oo < x < oo. 


JLlS* C-jC ^ j^kJ Jl 1j — ^ * 


J, 


X, 1 71 

- T aa = - 

0 1 4- a 2 2 


Xjl 4-^* jjl jl Aj « JjjjT C—*-> A> l j £ 1 <*J Jj-i J'■" ^ ^ 

ajIj J-jo OLtj — \ Y 


(°: 

/(x) = < sin X, 

k 


x < 0, 

0 < x ^ n, 
x > n. 


jL> ^ JJ-* *i *VJ* <£j jjljb 


. 1 r„ cos ax + cos a(n — x) 

f{x) = - ----j- da, - X < * < oo. 

n Jo 1 - ar 



cos (not/2) 

T^S 5- 



-U-^j CjLtj ^ T <^jij j! ojLii^l L — ^ Y* 



jij ^ 


-Sf 


fix) = 


1 + x 1 


Crf ■ 0 r*r' j 1 u~r" ! 


I \ ^ *. I - AJ 4>. ~”l »! ■ --11 4 l~ 


I x jl &ji sin olx/( 1 + x') : ^UjjaIj) 



*iJJ* J *ijj* -f y* J-" 


sin x 

/« = — 


( . JxS ojLil^I j&J&j t xj a 

<uj* J1— \ Ci 


. juL 


>) 

m • «• ^ 


^lil JL iC-J yl* Jljila^ jjJaj 'l 6 J—AJ jLSJ 

. jlaj ? xS Ij ’i — V*—V* a : .^j iwJiix* a , Cv>l J*f a-u^j 

• Je-V <vj* Ji-V ^ 

. JuL Y-r-r J£j. Jj .xi ob jLu JUl. (jjl^j lj/(a) jVtijj JjJLi J J(x) 


-\? 


- w 


-\A 


uwyjtf r-r 

JjL~* j J AjjjJ O^Lj-j jl Aj aS |» j .A J jl_L> tJLt* JL !^ 1 ^jljl Li £jA jJ 

i^>«j <s->-Ll *5T ^JjwLjj -tjj . j«^Ldi^wl aJjI jl*A—i* 

■ (*r$<^* 'j *uy •- L -^. ,y>Li*L^J L i^Li^L 

<*r^ _r* jiJ ^ 'j c r*>r-' Ji-V“ /■*) j^' 


(/(*)) = /» = J™ /(*) sin ax dx, 
/(*) = - f" ? s (x) sin ax da. 

71 Jw 


O-t-r) 


<j \j d 2 u/dx 2 


\r^ ^ \r^" cSj-r^ ^Lr^' ^ 


food 2 u . , au . ~ foc.au . 

— t s - sin ax ax — — sin ax — a — cos ax ax 
Jo dx 2 dx n j° dx 


•ac. du 


f 00 d u . 

= — a — cos ax dx 
Jo dx 


= -a u cos ax 


- a 2 | q x u sin ax dx. 





_ (d 2 u) _ 

j^p-j = au(0) - a 2 u s (a). 


(Y-T-T) 




4 j 4 Jt —> =» 


rfo/fix j « <5* ,^y >ji c3y 


r; m 


r* 


^JJ Oj^fl 4 j |j 




4 gyJ ^ 5 *^ X*) 


^f(rtjc)) = /’r(a) = Jj /'(*) cos ax dx, 

2 I^OO — 

/(*) = - J 0 £(«) cos ax da. 


(r-T-r) 


^L» oUe>jjA* jU> L lj d 1 u/dx' *jjji JjJ-j pd>\y y Jj y-jj j ^ 


jO-"' (HJJ 1 


J*V j^pj = - u'(0) - a 2 u c (a) 


u . jiJ <i 


(f-f-r) 


. Jl>" jS ojU {J>\jJ c’ j S Jjl JLn^LJ j\S jJ oLl*£l JUl^l 

. (\-T-r jsLs)jl^ J^Ij^JlsV * i-r-rju« 


u { = feu XJf , 0 < x < go, 0 < i; 

u(0 t 0 = ^i 0 < 2; 

u(x, 0) = f(x), 0 < x < x . 


: <J.>l*-4 

: l£ jj^ ^-r 5 
! *Jjl J? 


. bj/(x) iJ—i fljb ji £jj \j S'jfJAy 'jfi t 0 < X < oo jjj*- : ^ 

L y*~j* AjjjJj jl oj LtL— 1 lj ^it. - ..* *S JL^j Jaj Aj 4 *-> 

Aj lI —1 oJLi oj!j X = 0 jJ m(x, Jj 3 ^ 4 a^%» Jj , c~J 

Je “>°° Jijdu/dtju l Jcr -^- JjJ-J 

Oj^ jl . Ju^jJu J|(jiLrf jjiflj 0 <X<oo^jJ //Wj«(x OjX^S^y 



' vr 


J *ijj* LSWij— - f y* 


2 f> 

?i(x, /) = - i7(a, 0 sin ax da, 

7t J n 

jJjJLJ ^j OjoLt-tba L aJxLik i oUi~,1 (\—T~Y*) aJxIjk jl j 


da 

dt 


+ a 2 ku = 0, £7(0) = /(a). 


yjyM 


b . ( j^s jj ij \-r-r jb.) 


ii = f{ %)e 


a-kt 


jWc j-'-y* ,Jj JlJ jl Olal^l \j J 


Z r a - ,, 

u(x, /) - /(x)e * sin ax c/a, 

7T - 0 


u = 0 


0 






l{ , = *"v.y 


m.\. o j = /u> 



> V 




/(a) - 



Z(x) sin ax c/x 
/(s) sin as ds. 


W 


u(x, t) = - |J /(s) sin as ds J' ^ ?:fci sin ax c/a. 




• ^J jiJ l$ j S jlT- T-T JU* 

u tt = a 2 u xx , - x < x < oo, 0 < 

u(x, 0) = /(x), — X> < X < 00 , 

u,(x, 0) = g(x), — CO < X < 00. 







\Vf 


\ -t-r Jll- LaJ UjU* J*- ^JJ lj ^ Ij 

LkbL_*_« jJ . .1 : : <aj j^i JwJ ^Ijb g (x) j t/(x) t u ^Sy 

^iJ 0 JJ^ ^ <>>r 


d 2 - 


u 


d* : 


+ 0 L 2 a 2 u = 0 


u(Q) = f(ct) j u'(0) - g(a). 


u(ot, /) = Cj(a) cos xat 4- c 2 (a) sin aa/. 


u'(ot. t) — — otaf(y) sin ctat 4- c 2 (x) aa cos otat 


u'( 0) = *(a) 


jl X3 jLp aJj! J 




(W^b . c, (a) =f(a)*S 


■Kr- 1 j' j 


c 2 (a) = g{z)fa.a. 


Vi/*^ 




w(a, 0 = /'(a) cos aat 4- 


g(y) sin xat 


ota 


“"• *> - 2ii I-. (*’> 


g(a) sin aa A 


cos o£Gt 4" —-- \e ,ax dot. 

a a y 


^IjjI -LjIjj jl oJala^l L y ( y lj i *]aj\j 


sin x = — }i(e <A - e ,x ) 


cos x = %(e ix 4- e ix ). 


jL> 


_- 


J*o*} j' Lj . c—i y j oL- 



^6 




“<*■ 0 ■ h J- m 

+ r, r. *<«> 


^-ia(x-oi) _|_ g-ia(x + al) 


da 


£-te(x-<tf) _ g~ia(x + al> 


2aai 


da. 


U 


f(x - at) = J- r fa)e^° u - a ‘> da, 
2n J - 30 




2 (A* - at) + A* + at)). 


3' ‘Oi'yi 


#{*) = f°° I(a)e d«, 

2n 


J C al jjJl 


r*«> *= 2 ” j-, *<*> * j‘« ■ “ * 


2n 

= — f°° g(«) 

2te J-oo sv 


ta 


e ,ac - e 


c 

- ixd 


ICL 


da, 


lTJ * ^ '-r^j ^Jri ^ 


h j*. *<“> 


£-ja(x-al> _ ^ — ri(x + al) 

2a ta 


da = ~ f X + flr g(s) ds 
2a J-* - " 

us* jdJ l? ^ ^ ^J 


«(*> 0 = ^ (A* + at) + fix - at)) + -!- P c + “' gis) ds 

A Ad 


(6-T-r) 


(a^-^%. \j A-T-r UiU*) 







J - ‘ - L r^ y>s* ■ ^ ^b ' 1 j ?+* ^>- J j-;j^ ^ JLa- 

vl—-I oJLi L^ejyu ^jj <»j j»jjb 2C il)L*j 


AO* 


i, 

<:o, 

i 


< c, 
t\ > C, 
t\ — c. 


aJLt fl^lj oLij Y —Y—T j} 


/(/) 

4 


4 

o ■ 1 

k 

T 

♦ 

1 

1 h. * 

--c 0 

— W 1 

c 


jso 


b ^ Hjj* ck-V jjuii Jlj&l jlk. j ji^A_ U) o^r 

* jjj OjA j (^^ 0 jLodlj fc—ii 4^) 


/(a) = J'^ /( 0 e'" dt = f_ t e , *d > 


e y 

in 


= — (e iac - e~ txc ). 
in 


~ c 


<J aj\j j! coldl^l l> <JU^ 



- sin x t 


pijjl >y* L1 —‘ 0 ^ 


2 sin ac 

fa) - - 


l-JLi.ib OUjr-T-r JSLij* c/(D^LU t /(a)jb^J 



-Ojy j <jjj* 


MV 


7(a) 



jj*-* ^ jl oj, r-t-r js^s 


J^ _yj -L>- jl cjLa l ^l L d)l^j lj f (0) aS <>-jj 


lim 

0-0 


sin 9 

~1T 



<^—2 w c —> 00 • c -1 a-L-Ji ojU jLlj T—f—V aJ j£ OL*j* 4 7 (0) = 2c j 

j 4 j' • l*XO 

• ^^ 4 ^ jlr» 27t/(- Jjl jjj-i iiJ^' oi^r^Art jdLriW • ■>>— cf* 

tc~-lej_i j£ j . « jT>i *5 ^jaJ? Jj!j-e- >■ -*—5l_*_ r iL_ > i» <>■_>» 

• lT* 


■La \—0 Act ^ ,jS j$ j Jjiu jJ> (Ot — 2nf) 4 jj1 j u Ij OC 

. Aa = k/c ,\g j"i 1 ~LiL a. = nlc j* jSj\ jl a = 0 > 1 /( 01 ) ^jSL. »x^Ia>- ^1 -ojlj 
t 4 Ij At Ij il)l a—£ 4 01 At I j 0l—* j ©j j-*- L jJ^Lu_« Oi-L-fl c 1 L^*\ 

<L*Li ^ vi^iU lk>\J v_£j ^i^jh . A/Af = -^ L2 tu A/A/ = 7i L t (Aa)(Af) = 71 

j a^j j*> aV ^ ^ —t Jy u*j-* J uV 

^JU£> ■_<a <0*^ ^“Jajlj * ■^■ * -* — ** 2 1 A * ■ * JUaI—mJ jJ 0^ J o 







^ JlP *0 ^ J-**0 JJw ^ C . ■.** !» i 

• ^ J 0^* ojl«Ul £-> 

^ J^jjT C—o <0 X>L*j j jl*j iS^tjy- ^ J>s>j* &y(j*J? -5' 

jb j jl ^*jI jj '*~^J)y^ *** ^ *Jui cob jl(oc) L jIa (^Ia 4^a 

*Jb ^Ij s*£j <*J>wj t p—^Sf ^ JJ ^1 Jl>" * B j—- p*—J 

L JuL ( j^t JL-Js t = + 00 Ij J = —°^ jl <u3^-* ^a jj>- c ^ <> . O—-1 /(f) 

J^lj ^iljj t I t I > C fj\ji J^i^i J^IS' «J*i>- L?U <b3> ^ 

j~=> <> e-Ik- ^1 jU ^ £>> U,> ^ . * J £ < s\t\ = ctf\ Ji ±s)jij <> I t\<c&\j m 

j\ C—.' OjLp 

/(0 = r faK'-cta. 

2tt J-* 

^ ij u Un -. - * JHa jl ^ ^ W- ^ j* 

1 jij^U^^ly-^ljb aS' 6(a) J/^^a3^Lr/(a) 

<3 (at) = 0 1 a ^ 0 

J 

J_ ^ 5(a) doc = 1. 

cr^ Jj?g}y JPJ i3l^ (jUb 

j J-iL jb jl^S* y — 0 I^j a£ -LjL ^xy jj w (x, ) jl.«.<> & *^^1 ^ ,— ^ 


lim u(x, y) = f(x). 

> -»0 + 


<bl*-« 1 ( J>- 


U*x + Uyy = 0 , 


^yLjfjb^jjJ \) 1 Werneer Heisenberg* 

-iiS^ jj —a L yi K ^j > )l <J^lx^ jj *S l!w«! u*jIj (^mJUj L) jl—A> ^jll ** 




^ 'j jij lA>JO*' * (^<_** ^JJ ^ 0 


X” + a 2 X = 0 


y" - a 2 y = o, 


j\ -UJjLp j Aj l* aJjU> 


X(x) = Cj cos ox 4- c 2 sin ax 

J 

Y(y) = c 3 e ay + c 4 e~* y , 

\jjAy\j c^ ^ iXiU jb o\jS y>0^^ JjIj^I^ j^ 

^ Ai^y yj J5Li -u ^\yr 

J 1 <t> _ # 

0 c ay (A cos ax 4- B sin ax) da 

di jjLh 'j ^ j—- yy' 1 y<>s* * a j' Lyv^ °j j—* ^ # j A Jr*^ J- 3 ^ 


- (HLi*—• 


u(x f y) = J o * e * y (A(ot) cos ax 4- B(ct) sin ax) da 


f(x) = J q X (A( a) cos ax 4- B( a) sin ax) da. 


/I owl jl^1 U^U. t (6-r-r) iLUu <> L 


A(a) cos ax 4- B( a) sin ax = - I °° /(s) cos a(s - x) ds. 

71 J' a ’ 

u(x, y) = - J^ x /(s) cos a(s — x) dsj e ~ ay da. 


Ojl Jj 


(HJ 1 - 5 <■ c5^ '-r^y Ij 





T * * 


u(x, y) = ^ J^ x . (j; e * y cos a(s 


x) dxjf(s) ds . 


C~*O<0 (6 L 


— J J i 


«<*, >)=- r 

71 J" 


>/(s) 


00 


jy 2 + (s - xy 


ds. 


e^b T J^aJ jl-Li- JJL—- J>- <jly JiO-^ 3 1 

fiji ^ ^ Stjy jJ^ 3' c^>, ^^J lA^ Oi 1 * ^ 

. d~*x1 oJ—J« Z * ^5w«Jj N L JL^ L^j Ij ^y j £-1 yj*1 jl «oU 

^£ly oL ^ o Ja I b <l)1y ^yj <j> jl J -LjjI Jj ^-jI>- j\ yS> X Ou21 y 

jjj Jb jl ^y y*& fllj j£ (jl^JLJ JU^jl L <jly L j** \j <jt-~j1 i^-Jj . 2y±j o.a U .' L J ’j~>- -L2j j ^>w* 

jlJL^al ^1 j\} ^l^JLirnj Oy>- » }^ 4JjU^ IjL^ J o~J> J 4 U * m <U-3il 

41* b o41&^obi-> f{t) \ . O-wrfl XyLa ,ya-«>*JLi j*/ j$ ^j«a jlSyS^i cCw^l ^yy*A> 

/(f) <Uj J* ^A*d^ J ol ^ C*»l ijLa j b 4$^ JL^Ij pi jj^j'LSj yifCJl ^»y 

^ cr" 6j> ^ Ji3 ^ 
s 

f(t) = V 'C 0 + ^ V C„ sin (rtf.'V + 0„) + e(t). 


n — 1 


e juo jLiJ e(t) aJu^- c c-w- 1 wijbj j£Jka y}y. 2 ti c^, l>- 

J yyy 4j 0 ( j C fl ^l ^ : , ; ■ <> ■ S ' . C—-1 N ^ly ^Ul^» jlj_L_* jl 

j C (l la4 i ^yT......> 1 jt 4_S" Jjl fl.ab oL U ^tj1jl^»jh j JjLwj j . Cw<l pi n <£y ® jLi Ajjl jM 

i aJl yi jl y, Jljb *S j jju >_Ji tSi y il J »I ^ j' y. c, 


r-r 

. -L.pW^I 1J if — f—V ) aJ^Lc* C.—^^ <^1jd p3*^ oLjy>- 'l 

/(x) = ^ a 5 j_yjjJi JLlS" IJuj !j \ — f—T JliU aJU. <*y\y>- — Y 

» D. E. Raeside, W. K. Chu, and P. A. N. Chandraratna, "Medical Application of 
Fourier Analysis" SIMA Review 20, no. 4(1978), pp. 850-854. 


*UJ* J ijjjh <^l 


/(*> = 


4 ^j— w(0* /) — 0 ^-JLiU- w (0, f) — 0 Js>_t— jx . iy5 ^>-1 j \ — T—V <Jl— 

. J—L OwLi X — 0 ji ^Jlj 
• J^A^y.jjj^jioii^iLi J r--T-r jis, 

Ji/ii t r-f-r Jiiojj 

j o " e' a)l cos s(s — x) c/« 

. -LjLj I j j.5 o~L«l iO—X Aj^h j J . :S 4*—1>«_4 I j 

4_zJ,jl t o J—t ob ji ^jy^> <> ^jL? jx/(/) AjjjJ |^^ 01—1j 

(-U^j jtf Ij sin (A + B) <o ]p yijA \ ^jjLo^aIJ) x 

— «*• 

J ~i—L» J^ A mS> tjl 4*Jj1 (^1—0 jy*** J^ ^ jX b « (x, /) <jUJ 

lib* f (i'-f-®J-» • *i ‘ lij'j ^ M« li^O J-3 0^ 

■ ■.»■ . • >* oLj i_f*^ f^T* *iJJ* LitL^l Li b 4^ 1 ... * ^jj] 

^ > 0 c a L (jl aJjI ^jy j ®~bJi (,5-bj <t».u a!** _^—■ 

\ J*>jLj yj Jj L W(A*, /)^bx . 1*1*— l fl.A— ejib 

Laj-aI^ ^jl—I ji^- j\ ojLii— 1 L (i—ill 

* LS^Jrr^ Ji*V J' 0 ^-' (V 

. J^jL-*Svj J (<*-flJi) l J*JhX Obij (w> 

L jX A*jjl OjlJ>- J 0—1 J -W> ^jI^j 4-o-j aLj— 

05 J>- cJ^- >51 j «j{—- y m \ . ^ ob j(.x) 


fix) - 


0 < x < L, 
i^Uj -jl— 


(.Jiu> \-T-r JH.L 

jjJjt o—:i 4j \j J* j 


cos /, 


— 7C/2 < / < tt/2, 
i»Uj uL^ 


— 

-LIS' j lj »jl ■*—aJ 3 j ^ '~ > 



^jj-^ oL J>\jj 


V * X 


<lLJ jJ 5 lib (_$L-0 wL-^AJS iIjL-JLj i *; « , ‘ ^ Su■»> jl oLa_l—» m\ Li — ^ 
0^ lS*- 0 1*1 < c *jIj lSJj ^ >’ = 0 *J j£j t >■ > 0 a*J 

C—-i jjj OjJ-/9 Ai 4 «>j*i ^jl.5 A^o ji-*0 ^lo 


w( 


1 / A.' + x\ /c - X 

t(x, >) = - arctan I .— 1 + arctan 


71 \ 


y 




i, 


e a *x 1 sin 6x dx = arctan - > 
o a 


sJ^a jJI ji ^jA b 0 4 q 0 

lj <\ ^j\yr -H 


erf x = -^= f Jr e ll ds. 
fZ Jo 


71 


jl : ^LzaIj) 


* <i 


sin ax p* 

-— cos as ds 

a J° 


'*iJJ* Ji*V ^Oi 1 J 


- x J /4o 


V4 


TIG 


(. Ju^ a > 0 * r lc-1^. 

/' • c ***' cr">r*“ £>• Jd-V (*+• >ji jL* ^ 

ol?01 t JuUj ^yUjSL*- AaS* ■>,objS' sin &V 

Nit 


-\r 


/«) = 


sin ca 0 *t * < 


0, 


ca 0 

J*Ui jiL- 


Oi-iu \jJ* L 

-f . . ^ p jVfi/a» 0 , . 

t s (a) = - Bin oV sin a/ af. 

71 J° 

. jlJi.^1 j <--U^ ljX(q,) 



j *ijj> - (r* J-** 


,Oj.li/(a) olij jjM ji-LJ j Jl^^1)1 jik® jyaj -<» < x < °°^/^)ur^-^ 

: a > O^I^j JL*i 0L2J 

.c—l jj{a! alJi-VtS'jM^Xv . c-J/CacOJi-U ^Ijb |/(jt / a) (.^ 1 

. c-l 2tf(-a) JiJLi tsljb/U) ( V 

• J—'^/( a ) Ji- 1 ?’ J ji-ij Jlj&' _oa <x < °°y.f(x) -L^ 

JL*3 jLlj t /; ^jlp yh jl <j 

. C-I e ic4, /(a) JjJJ ^b/(* - b) (~i)l 
. c— I (cos abf{a)<,jji - ft) + f(x + b)) 

X = 0 <JU>v l5j J) <J jyy g jjj a JL^5 oL^jj 45 ^JLdlJ! 

j! c—-1 OjLp xiU ^ 


<W(x, 0) 


S\ji(x, 9) = -nS f’ ^(x, 6) d0 + 6(x)l4n. 
2 J " J 


J—aJ n 


i^LMai *4jj\j 5 G c<Jtt jLi V 

^».>u* S j i ill^o (jjtjLta 6(-t) 4 <_***5U y. 4-*—“* n 

. J-iL C<jISw j jl_ «i54 QL«.»l5 ^?Jb5ly jj- ^Ifrwjab 

• ^(J'-jij lH-T* jiy ^ \ j Jy ikt** 

-3 4 ^ 1 ; Jl fc>\ x<i c«Jj exp (-/ctt)y lj<d>U* (s_i)l 

(S + iafl)T(a, 0) = ^ nS J^ V(a, 6)d0+-- 

j\JJ . Ji^b F(a) \j t c—IGj1 (^ 


45 JUO 


•F(°0 = ^ nSF(a)(l/ia) log + !* ) + ~ 
2 \ S - tot / 4n 


—7 log ( f - + 4- a ) = arctan (a/S) 
2t V S — tot/ 


45 j) oLa i^ l L ( 


Ol-MJ 4 Cw^l ^jJLyA^- 



nS a 

1-arctan - 

a S 


jU; 4 jjjl (o 


oLil 




F(a) = 



1 ^ . _, / raS, S + *a \" 1 , 

V <*' 0) = fei J- « exp {iax)(S + “ fl>_ ( l - ita 106 J rf “' 

ji : ^ W *j 1 j *>’(-*) J^ 1 *- W Ji-V “ 1 v 

m = y(x)e'“ dx 





^Lu pvo jIAm ^pLhjo 


ia^uc y-r 

fj* Vj* tArr l* jjjJjlJi- jl <S" t^ijS «jUil t-Y _p 

kbU. 

“« + “ H tu„=0. 0-\-Y) 

ijL_» jl Jli> JU- . J- 1 j “~5Cj ji Ij JiL>« jj! 1^-jjI b 

« Ajl ji 4** <Sjj* j\-lJLa 

X^> Ij j (Sjj* aJL—• 1— 1 —f JU* 

u AX + u yy + U 2X = 0, 0 < x < a, 0 <y < b, 0 < z < c; : aJj>U* 

m(0, y 9 z) = u(a, j, z) = 0, 0 < y < b, 0 < z < c, ; *v J^s 

w(x, 0, z) = u(x, 6, z) = 0, 0 < x < a, 0 < z < c, 

m(x, y, c ) = 0, u(x, j, 0) = /(x, y), 0 < x < a, 0 < y < b. 


Jr-^ ^'yLf* ♦ L /^ 

V j X jl ^ajIj OJAj l)I ^iLl>iij j j A ^ / > ^Ijta 0) ^jLfji su*> j 

w wLiU JjL» ^lj ^1 aJT Ij ^*^>1 y*~ * (JuiS" Ij \ “ ^ —Y ( J^-£) Jul ^ oJ-i 




cLil J 




2 



JSJi 


^ (_jjL<l^ l) lj -JL^. 

u(z, y, ^) = X(3r)y(.v)Z(2>, 

l^ijjT^ ^ <o 4 ^ ^ -T) jjjo/ .M 

X”YZ + XY"Z + XYZ" = 0. 

J a JJ-L» . -U-*^ 0 LjLi <0 C.-. - .-0 \j L_fl_4>-ljJ 

XYZ-~>jJ> J^oU- jj lj ^->4 aJjL* j_j>- 

°J^ S ilrf' J j • pr-* 


Y" 7" X" 

-y + ~z = _ T - A ’ 


(Y-^-T) 


Jj . J j-J< \jy** J ^ <1)1 ^ C—al ^ jl—^||J^- iJUjIj X- <!T 

JU- j2» ^jlX ^£z~iX*J> ( T — N —T) Sj.iL*-* cj4C -J J^IS - U^J»JL» 

l g-~* k d-w.^1 aJ—Ji ojb ijLjb 4_S* JjJ3 jLcA j— al j c*^I A' jaJLj ^J-abJS Ow—ilj cj jjp Ju_»- 

. ai^L CjII 4 i*>- 45 j* 

2y* ( y AZ*$*y yj <*Zj jy& X kw »«■*> • jj i^j jA jL. L a.4 *jL~*_« 


X" 4 - AX - 0 , 


X( 0 ) = 0 , X(a) - 0 . 


(r-\-t) 



pJli oUiw j j ^ j^ j\Xaa JsL-a _ 


^^jwU A < 0 ^ A. — 0 **S (■l.jlS* ^lo^^La ij ^ -dAj> <jLjLi ^ 


cri * ^J** <_** l^* 


X(x) = c i cob (v^*) + c 2 sin (v^*) 


^r 4 ^( a ) - 0 ^r~* ^ ^ J* c \ J ^ ^ cr 1 % (0) ^ j-~* j* j 

jldJjl^(T->-A)ij^^U-^i^b . « = 1,2,... t VT =«k i a 


X = n 2 n 2 la 2 , n= 1,2,..., 


<u *jdJ £lr j 


X„(x) = sin I — x 1, >1 = 1,2*... . 


jlwLiL* <jLw» 


^ 3j* *jtj jl s* °y; ‘•fi 1 0 £~j\S 

■ c^ j J(T-\-T)^ 
Ia^aJL* (^jL^IJl>- L jL 


Z" nhI 2 
Z a 1 


y ft' 


< i c~*\(r-\-'t) J5L: uLj^ujb 


^ = m 2 n 2 !b 2 , m = 1,2,... 


jl xJjLp-cJjj ^1 jJ j 


y m (>) = sin I — ;y I, m = l,2, ... . 


. - U .Ia Z —«* j^jJ^j j\ j d. 


■r 4 J 


J>i*Xp1 j! ^Aj!JJ jA 4>" 

* jtj ijZe.—^ yL^ 


n 2 m 2 


z ''-” ! ? + ^ z =°’ 


«c) - o, 


jib jl J \j L 


2 2 / nl m2 \ 

? + 4 r ' 







Z" - ujLZ = 0, Z(c) = 0. 


(-1—1^ lj Y (jJjoj) iZ—1 H j >11 jj*j« jJjii. jj <Sl_^i ^1 i_M y>- 

Z„Jz) = B mn sinh ®Jc - z), 

( v^jbU) jLAi-l h C-jttjjl . }j\i jm <> *s C~m\ 

. -Li -LA I 4-^L>^4 

Lgj ^J-*^ uF^* - y JI y *L> L c ^| X..~ a tl j f?l Oy^ 

p±j^ 'j yJ ^ jj ^\j>- 

u{*,y y z) = ^ B mH &inh^ mH (c-z)ain(^y\in(—x\, (t-\-T) 

n=lm=l \ / \ / 

jUi>-I \j /?? = 1,2, 3>... ^oliu» tn sSj> 4 rt jl.i.S.* j& aj ’ ^y** j y *-> Oj aj xtj oS 

• ■>yrj ^ y ^ cjt* 

p-u^ L$jy* <Xr^ ^ o^Ux-1 L 


^ j ^ s ™ sinh (c<0 sin j sin ^ x'j = f(x, y) 


(A-\-?) 


JbL m yb <j\y> wLAJi jLSJ Uyily j 


^ B mn sinh (cw mn ) sin^~ yj = ~ J" /(s, y) sin^- jds. 


(P-W) 


jL!L> (A—) — T) 4 (0 < y < b) v Oj jiJuL- ^a ^1 j*i av _^jo C^jL-t Aj ^ JLil> J^J>- j^a 

4 l$ y~* * $y** *z~My> x Aj o..- - >*. » j ju y * * w Ajjy j** uXj Cjj j-stf Aj -lL (x, j) aS -LaJ 

4 ,»-waly P T (3',) ll)l ^ 4 lXI \' jl 4 j-* j\ Aj (P“ ^ “T ) aJjsL_» — 4 CX*<lj i«J Jb 




y B m „ sinh (ccO sin ( —y j = F„(y). 

B = 1 '' ^ 

°y ty* aj <;jy ciJ*-»y ^ /; (>) ^ x5^yi 6L <3^U^y»l 



j* j'w? J-** 


B mn sinh (ca>„„) = | J** F„(«) sin ^ ~ l j eft. 


Aj Ol 4 —j-j* jj —j 


r'r' J*> 


B mn =--- 

b sinh (c<v m „) 


Jo F " (£) sin 


i dt 


- Jo j: /(s> £) sin (™ s ) sin (x*) rfs dt - (v_ ' _t) 

CO.j C—*>1 a JuJi oJ>b (V— ) — T ) ji B*S ^ ^ Aj aJL~«_j> ^jI^Uj 


*y* ^ jiJ <i 


n m 

a>m ”- n Ja* + !r> 


j J j& Aj C y«j a1£j^O Jaul j**£ Xlj ( ^ ~~ \ — 'f ) j[x * v) <0T Aia^-^ta 

jl X A ‘* >’[)) c (0 < >'(] < b )OjU y =)'„ t <jM —& j^— 4 

Sj aA j_/U ( i , y) t (0 < a 0 < x = x n <j\J, t . xJil t (0 <x< a) <■ a 

. JlAI (0 <y < /?) t v ji jl<£; 

* pr^ <•?* *j-> b aJ^U» ^Jjo <JU^ 

; XjLj V = 6 j X = 0 J?^ia>- Aj A JsUj j.i !j V^X, y) f-1 —f Jlio 

. V(x, 0) =J(x)j V(0, y) = V(x, /?) = 0a5 

I*-* ^^ <y~ ^ ^ fr^ cr® y L» b a]L^ I 

(y-\-f JiLi) ^ Jub 


V** + V yv = 0, 0 < x < x, 

V(0, y) = 0, 0 < y < 6, 

l 7 (x, 6) = 0, 0 < x < x, 

V(x, 0) = /(x), 0 < x < x. 


0 < y < b ; 


: aJjL^ 
: ^ j v -U^i 





y 



J V'(O t v) - 0 I Jij ^ ^ \j X J ^ oLaO—1 


V(a, y) = j^ V^x, y) sin ax dx 


hr-' 

Oj jJ . 0 < X < °o 


j 4j ,^3^" i >-- j ^-^ w4 ^ ^ t p-jjT oxli—1 (T—Y Y) jl S\ J 

ir „ s c? 2 V(a,;y) 

-« 2 V(tt ,?)+- dy 2 — = °- 

• J ' 5 

V(x, 0) =/x) Ji^ui j V' (a, /?) = O^l o—l o>jL^ V(x, b) = 0 ^JjJoJ 

pOS' Jut jJ o—.> <j o%JuJ v^l . V~(a y 0) =/(a) jl o— 1OjL* 

lim V(x, y) j lim V r (x, v) 


JC -* r 


x '♦a- 


(^ \^>.) . 0—1 yl^ Jl0 < X < 00 ^L2>- L>- y? yj (*) j JJ y+o jA 

^J* J j*J> \j j u l ^y — \\yj5 kJiUcA ^>\y^ 


V(x, y ) = C,(a) cosh (ay) + C 2 (a) sinh (ay). 


^*^«o V (a, &) — 0 Jpj^i jl 


Ct= -C- 


sinh (aft) 
cosh (a6) 



^ J* L $JJ> J~*» 


T > ^ 



(ts 


V(<x, y ) = - C 2 (a) -^r-7 —\ cosh (ay) + C 2 (a) sinh (ay) 

cosh (a b) 


C 2 ( a) sinh a(y — 6) 
cosh (afc) 


c—V(a, 0) =/ (a) )ojZ jt JU- 


C 2 (at) = 


—7(a) cosh (ai>) 
sinh ( txb ) 




V(a, y) - 


ft a) sinh z(b — y) 
sinh (a b) 


^jjli 4 (^ —‘f—Y ) ( yt J.XJ jl L 


2 px- 7(a) sinh a(b — y) . , 

~ sin (ax) aa 


sinh (a6) 


v ^»—j. 

= ; I" So f (s) “ 


sinh a(6 - y) . , , , , 
—r - -.—— sin (ax) as aa. 
sinh (an) 


f ji*- 4 X*) ^ ^ j^ 4 4 C~i jl^j j! y o^l—» OJ4j IJ (3 J-J 4-£ XjS y 

( jU '£ 1 j ? fjij+l) • U-iL 

j L >o-^ y . ^y* * o-L g -^U glj 4 Ju£ 4*S ^ajLj 

* pr*Lf 4 ^*si tS^** 5 J* 5 l> ^ 

<Ja*i ^Ajij jl — *J> jb jl £ 4-^li <£j ji / j±\\ 1- \-Y M 

. O— 4-^U 0*^ 4-LiLyi^ 

4 -Isjj ji 1 ^£- jl *jU y-~-* j jL~» > jb jl j& j 4 f ajIj ^\\ f- l-f A*ii 

3rt 1 ^ 

♦ 0—^1 C^jlj jji 0^ 4 JLiL 4->-L] Jj- 4 (jjj j 

J jL~ -» A J mA ^ **-^5 4 ^ £->lj ^ jl W^l OjL-^ jjLmm* 




Ji 


^1jL4 4->-U *) 


Jj* iSJJ 





jl y>- ol? jl t JwiL c-** l^>- ^1 jb jb jl_j£ A~>-1> <^j j.3 aIJxj^o idU. v„5vj ^ I: f- 1~ f 


oJ^> jL~oJ& j jJL* A~»-lj <-£vj aS f g\j <*5>j ^jliL jl Q—<1 OjLp 

. JuJltL 41*2 b <u>-lj j ^9 JJjj 4 ^ J 

4^1 j>- jl tjl ^ -LiL <^j\y>- ^1^1,3 jb jl £ 4->-Ij *-^i J ^ jbu.^4 a)Lw» 4*S\j J\ l Y— 1 — Y A *(di 

. LX-*^llSsJ d-jLi <J>o *»J jb^l L 

cJU- ^1j>- a£ (jL^jI L) L® J* ^UL-j jl A^w-U jL*j y j aJ^j^j 3 .Jjb-<* 

C—-1 J" 5 ibb-* « XA ^j>- J Aj 4 Juili jllJ Lb 

Itf — h>(ll xx ~\~ tty y)> 

L_o t ^^iiu 4 LjL cJL^- ^L«» j j^l * -^L a—S^ c^l ^i>L ^ j w aS^ 

VL ibL*-* j \X~A / jl ® W j*l t 1 J jl_» j CjJUa O-iX-? jl 

I^JUci A-* L^*- ^1 yj AjLJL-^ J . .3^—£ ^4 A-/? jb>- i^Xaj;_J. 3 Abb*-® \SJjy*P 4j 

• c-\ Jjj> 

-L .cS 1 Jwo b j& j o (J jb 4j ■ ..i* « 4 _>*_jL^5 <*5L j.5 Ij LL oJU*- ^Lo T*- t —f jJUa 

j 1 3jb jly jJlp jj > j = b aJ t JlII oJui JjIp ^KAS x = a j x - 0 ^UjJ aS" jjj 

. Aia^- 1 ^® Ij T— \ —T ^o^b (1 Ola )ici — ^r) L v = 0 aJ j>~ ^j 


r 



r-\-f JSU 


ii j31 JXol ji b>3 4-So*»l c O-A-i ^ 0^1-^ jAo y a£ ^iS" jJJjjbL i 




p5li jlJi* J-^ai 


m 


^ * c -’ “ , »^ ^*? >fc4 V JJ~* y jJ> j la^ ^ jJ> 

^ 'j ^ j j'^ *l\s i jj\jjLj . J-il ji+ s» J^L ^Ij Ji-i* jj! a5 

: jL> 


4- u yy — 0. 0 < x < a, o < y < b ; 

M°» >0 = 0, 

^(a, ;y) = 0, 
u(x y b) = 0, 


10 


} 0 < y < by 

\ 0 < x < a. 


u(Xy 0) — (a — x)y 
a 


: <taU> 

: iSjj+ 


$ y~* j ±j jlJLi* a]L*^* t t*^-J o» ^jL-lJ*- °^L 

X" 4- k 2 X - 0, X'(0) = 0, X'(a) = 0. 

(\\ j 1 >\ * c ^ jl *ji j g\y 

X n (x) “ cos x\ n = 0, 1, 2, . . . . 




b 

r. » 


V"- — 
r " a 2 


r. = o, y„(6) = o, 


jl -Lj'jLp (\ T oT 


Y n (y) = 


nn 


cosh 


/nnb\ 
\*~ ) 


sinh — (y — b)y n = 1, 2, . . . 
a 


-3 1 > *-& cf 4 ^j' i£jy* ^ ^ J^- 


u(x, V) = c 0 (y - b) + ^ C„ cos I ~ x\ 

n= ! ' ' 


sinh —* (^ — b) 
a 

cosh /'!?*'I 


cosh 



J LLfr* 




''tSjj* 



\j 


y>y^ —S' <ijj-* (J j-* j^ oT 0-^1-i ±ai ^ oL^ /^j->-T 

‘fSJ^ (10/<3)(cz - JC) j^Jljj^(T -\-f J£~) 

2 ^ 10 

a o — ~ L “ ( fl - «) ds = 10; 
a Jo a 

O t &j~> fO h • c„ = -5/& ^ jl jl - be Q =-ja Q = 5 


a. 


2 pa 10 . /wtt , , 

= - — (a — s) cos — s as 

a Jo a y a 


0, 

= <! 40 


\n 


n 2 n 2 


£JJ 

>}n 


*J** y <C-jj yj ^Jy* <i yyr ^ji 


\ JU- 


5 40 

u(x,y) = - b (b-y) + - 1 Y j 


(2 n - l)nx . (2 n - 1 )n 

x cos-sinh- (b — y) 


a 


a 


n = 1 


(2 n - l) 2 sinh 


(2 n — l)7tb 


a 


<5j-* “J^ 0 j- 5 <Sj jr* j-^ ^ j A yr^< jf* 

. .LJjIj dA-jh-u Ij 0>jJ 1 c ~° <* J- 5 r ^ 6j~r>r 

Ljfy^y. <J-^' y ,^-aU j' lAh lA-M 

, Ij V** Y ,}Jk-^c3 y*- 



pjli oUhi ,^3^ jlJLi* JiL-* - ^ 


Y ^iD 


.y 



OT-'-f JlM £j j ^L; ^ f-\-f JSU 


1 -f 

. X(x) = Oj\c^\^jU(r-\-f)^\yr^: i \ <0l\ = Q /IjljouL^; -1 

JLa) <jLij — Y 


Z" - 0 j 2 mtt Z = 0, Z(c) - 0, 


J 



5 W „ sinh a) mn (c - z\ 

‘ »*j<*-* j m <J^uTjlal. *S c—I*t>Ji#„,„4* 
.fl=£ = C — JUS* -L^r tj ^ — 'l ~ T JLL« 

^ a ii'^ ! J 5 ,„„ ' “ ^ _1f J' 4 


/(*> y) = xy. 


i>^iT-\-T Jli.^ 


-r 

-T 

-6 


V(a, t) = 


c 2 (a) sinh ot(.y - 6) 
cosh (at&) 


. Oij jS Aj JJ j\ I j 

i j pjN -U»lj-5» gl;UT ./(x) = e x ^?l t JjjjTc—o Ij Y- ^ — T aJL* — P 

-bjjTc—ij Y- \—T aJL*a cJj>- ~V 


/(*) = 


sin x , 

0, 


0 < X < 71, 


J*j^ v ,(°- ^) = 0 Vj b = 


IjT-l-tJUU -A 






T \9 


• ajJ V( 0 , >') = 0 

X — 0 ‘‘j>j jlJuU Ij >jiJ gll X (| = 1 4 T*“ ^ —T Jli* ji JLJO jlw ~ ^ 

JL*i jLU V— ^ —Y Jli» ji -\* 


X" - ;. 2 X = 0 , X'( 0 ) = X'(a) = 0 , 


X„(:t) = cos 



n = 0, 1, 2,... 




*Ju Cj'j 1 “'' 


y,Xy) = 


cosh 


7—r- sinh — (> - &). 
/ mto \ a 


U 


Y v(y) = y-b 


40 


a 


2m- i 


2 — 2 


(2 n — 1) ji 


* Li-—*0 ^ V'~ \ “T ijli* lj 


“' T 


« = 1, 2, . . . 


. *Ajjj1 iI. ■ *Q 4j \ “T (Jli* \j 

juojU;r->-Tjtu jj -^r 


I rt = 0 oJJ^J jIJuLa ^>- 

jLMuU;r-^f jtuj* -u 


.» -1, 2 ,... 


. h(jc, 0) - sin a' j a = b =n <& j* -LIS' J^- IjT- \-f ^ A 

(&"" ^ -LlS 1 lj jjij iSjj* ^ f' 


U xx + u yy = 0, 0 < x < 1, y>0; 

u(l,y) = 0, y > 0, 
i/(0. y) = e~ fl> ', a > 0, y > 0, 
u v (x, 0) = 0, 0 < x < 1. 


: -JjUu- 

; J*l j-S 



r w 


^jU oLjj jj* j \JJU ^jLf>- 



O-S-f JSb 


4 )’ =fc Ja>- ul L JLlS' 0 < J < b l jA blalj jl y ji 1 j ibLc* “ W 

ittjlj*. (?-\-t jO)c--l/(x) ^I^J^bb C y =0 L /ij J juj> f\j> 

(. ~l 5 <oliu*1 Ji-V jl : ^U^aIj) . Ob 4-Li 


i 

o <o,*> 

L 

o_, 

r 

f 

V J u = 0 ( 

0 

/U) 

9~\- 

-f j£i 


jc = a j x - 0 <J j 4 jJl * J-i- JjLp ^IS' 4^bs y = 6 j y = 0 iJ ^ A 

yi 

Ij \j\j oJl>- ^j>lo bj-Jcu ^jbil-L^- y'jj jl <oLb*-l L . jLjli j\J jjup ^Lo 01 

C-JLllx* 4 -bjb jUalil Y — \ — T” j \ — \ —T ^jfUbai ji 4 >«j( L LI . -Lib <>*A*a jJ 

t x = 0 <t—srj ijJJ 4 —S' _j—o jj J—^ J*- lj \ - >-T Jl— i —• —-—* - ^ ^ 

. « = 0 4 /*} tyrj f LJ jjj j u( 0, y, z) = sin (nyJb) sin ( 7 tz/c) 



oL->Lj 


. Ap-ub^* ij Co,-? t co,, k C 0 p t Ci)|jj 6 — 2 jfl — I jyo j^y ^ — ^ — Y <Jb* 

^ .1 c~jL fc ^i- jl- *jb c|)(*> V) ^ t w(*, y) =/(<|>) J^5 ^jj 

? jL^Jh « J<ul ^ 

jjj OjA j ij'y 1 j ^ — ^ — Y jj JO ijlJLi 

exp (± iax) exp (+ i/?y) exp (± yz). 


- Y * 


- Y ^ 


-YY 


. wLJLS' jbo A_j j-a jS K C d-jb k_£oD Aj # jJ l* #} j -k* * " L 1 j ^ — \ — Y «u _.Jtt — Y Y* 

, A^JJ d\y ^ lj jjJu JjI 


^^oiJilfcC T-f 

* ^jji 0 X^ 5 ^y b jb <I^L*C- Y-Y y 

(< iJJ Jis") \j *kU* yiL 

tjjJbuy ZJ* aJ^I *4 Ij ^b 


“rr = cV t , + U vy ). 


O-Y-T) 


ojjt -^ 3 ajc^jIj . ii w *l oj jLS" aj Y—Y ybxj y & ^l>- Aj c dolj t>- 1 y . Jjl w—*o aj 

^jZ+j\S -w_Jj l A*-\j 0Jj VV t <Jy» (C-ob) 15 T*S 2>y£* Tg/w 

J [£_) j* -t j-~* b *_ }*•• £■ y <1^1*4 y| ^ jy j'lJLia aJI _—4 v^£j , C-w/l 

. ^ j-bJ IJ A^l—4 <Jli* >Jkj L . C—tb -Lfti aJ jl i? J~Z jl 

. jl^j^IjjjjaJL-4 i-r-rjuA 

,, _ „2 /,, 1 ,, \ ^ ^ n. I aJjU-* 


w (1 = c 2 (u XJt + u FJf ), 0 < jc < a, 0 < y < 6, t > 0; ’ <JjU ’ 4 

^(0 f y, 0 = u(a, y, t) = 0, 0 < y < b, t > 0, : 'Sij* 

u(x , 0, 0 = u(x, 6, 0 = 0, 0 < x < a, t > 0; 

u t (x, y, 0) = 0, u(x, y> 0) = f(x , y), 0 < x < a, 0 < y < 6: v^ 1 ^ 

* Lf* l ^bS" Aj <>J b i-Al4 ^JSw> Aj bfc jyj&» 

u(^, y, t) = <D(x y)T(t) 

^jy*> jd' • y tr* j5jrr oUi^> L kiiL^. jj lj oT j 



I|*^ Ji J* j\JuLa J*L«* -f jlj>- J-^J 


m 


Tvj> = c 2 T(<P„ + «>„.), 


^JJcl 4 i c^OT" 1 ^ Ij . jlaj 0^—'JL»!j t <j o< 


^ + ^yy) _i 2 

c 2 T 0 


J—» i 'llai <5 

(Y-T-T) 

<1 L y*^’ OjC i-^i — ^ 


: ^^(jl^.iW^Ij >-Y-Y JSLi)-dl_4^1 ^.j-i 

aJ jl jljC* J* : *U <jl Aj a 5 0—1 eOi w-> j>-jl>- i_5\j 4j jT ^LO jLflJJ* <J \ jk* jl InT... j 

lS ii U J4 1 ^ oi u Jj^ j>r • ^ «■»!■> fix, -V) Ojj-» <; L» ’ Jl-As-I jJ 

JJjjjU . ^UJjl jliOoL^^Li^ j\ jUiil }\ 

^Jlp L <3^ v-> j+0 ^ w i^L ^ ol t ^ilj ^jl—I j>- ojL 

. c ^ l AiiOjj^ oiL r 4j c...,^w JjL w aS" j^I aj 





S-t-f J*-i 


^^SL* Ujl jl »dlii*t L j (Y -Y-T) UjU* jl 


f + c 2 A 2 7 T =0 1 f( 0 ) = 0 , 


( ^ Odj^) j^ aJL— > 4— 





T{t) — cos (cAi), 


. A* *£ 

y ) = X(x)Y(y) &US 1 {Y -Y -f ) kJiU. j) 


y// Tjtt 

A i - -A 2 

T + y " 


Ja^l L) j £ ^J>- O—A {£\ < 0L*a L*1 


J f l* I* 1 

X„(x ) = sin I — jc 1, n = 1, 2. 


yjj) = si n m = 1, 2, . . . , 

r mw (0 = COS (CCD^O. 


j xla:..,* n j m aS 


0>L 7j2 L2. + b 2 


n 1 m 2 


J^Li jj* 4$ c—1 JljL* 4 £+>- n J m (Jjj *£ Uis* <j*' jl (J**- J 

LJj! . o—l tSL+ilS 

► 3jjl c»— 4j \ *- \ — T <Jlt« -XliU 

u(*. y,t)=Y J ^ 5 m „sin(-y y) sin (~ *) cos (ca> m „t) 

m= 1 n = 1 ' ' ' ' 

B - = S J o Sin (x *) J o A *’ y) sin (t *) dX d> ' 

14 0<>’<6t0<-*<a^J jL <*-*/ v U y) j */„(*. y) ^/(*> y) <1^^ 

( cc ^,„,) < 4 j l j. oJ^Jij^ lSjj j 

C Ji ■ -kS j*m JC C-jtf AjL JL^Uw j! ^y>W>W5 U-> jUa> li J ^ jli <0 J 

• (to ^J+Z) ^ xly oVy Ij JjU 



y tfjy j\Ju^ J-oi 


i ( T — T — T j-* t jIj kSsj e-Li 

4-v^LLa T"T L) Cwrl £lj-*l *JL+*-y *y^S* j\J j\ ajS jA C-5^ C^_>- 

£j ^ ,.i .;:— a gjj^f <S <jl—^ jH j-*l t c . w •* (jjJi ^ Jj • (-V^ 

ifi 

. (T f —Y —T ^^SLi) Cw.1 jUtJLil O-^- 0U-» oji c*£j>- t <• 

( 0 , ZJ 4 Vaaj 1 j tv jl * j J*** djb j* Ij j j-£> ^wiaJa* L ^1 *1~» 

J*-*Ui^. ‘. 0-1 jL_J^^LS'4r > (*-^ L ^L^’^ • |*Jj-r^>» 
l^_>- jj i S^Jj-j ^j- 1 J W«' •i»'—— *3-&Sy\ Ifi! ji J L yr_>'->- 

Or*'y Jr^^ ^Jrr 4 ‘ s* ^yrj^ tJ^J j-j ^ - 1 ^ A '_H 1 '- <> U j: j 

• a .A “**'>*■ c^'— 


/ \ 
l' \ 


\f \ 

l ? { 4- A/ 

/ 


cw 


v 


Y-r-T jsla 

* ^ 

«_)■> CjfC-^ 


1 



J 




L— 

L 





--r — ^rr ^ 




£ wXJL ^ L— I S * JjJ-» j t A ‘( p>*>- ^Ij f^/r) P Ar - ^j* 

. ^i L>- 4 jL^ f ” Y — Y ^j£-£ W fijijGi 4 j X ji < L —.* jl j»Jl iL-* JL ....5" i jJ>j —A . JL_JiL 

ji C~*l OjLp „¥j.i ^]fl44 ^la■ * y ijlj iSJj? L ^ J jJj» C-4J yu 4jLj 

„ . du 


EA 





rrr 


4.w>a> ^jlj jjl • -*-*■*i_f*Ol—^^ Ij Jji* Jji» J»l_jl 3w/ch: 1 yj 

L. c-J ^ jJ Av JjL. -o 

pA Ax “~r ■■ i 

K <3f 2 

V-U-« 4jJaJ^y>- jjy t X + Ax j X^yj ^\ AiaZ y cfufd? a£ 


EA j 

^<?u(x + Ax, t 

Ax 1 

\ dx 

5 2 w 

a 

a? 

p 8x 2 


<?x 


dx 2 


^jb t Ax —> 0 o>- j jly t 

(r-T-T) 

u T\y> oL^JLS^iJLj «^ji k«£>- j$ oLil*Jjl j\ ; j~j 



^t-r-f jsLi 


/'^ iI j yls !y j-j c5sj j oJLm AlJil^ al^o l!*jIj kiy -*5 sjX — L T- T~ T ^JUo 

fi.Jy 0 ^^-^ (J^“ j} 1 -UjI *JLy « { A - ' ^ — ^ 3 yi ^y A' = 0 4 j *X>-jj y 

. Jul£ i-Lj / jt - 4 j y* ji 1 j&\ y»»k ‘^Ssj ^ 3 yU O ^ 4 J7^ *" ,yj jS J 


4 

k f 1 




1 

«(.v, n 


f* 0 ~~* 


w , ( = c2 “« 

^ , 

0 

U.0) 

iL, 0) 


o-r-f j£s 



oU J* j\Ma _ pl4>- J^a# 


: fr* ck b jdJ tfj>* j'** 4- • J 3 * 


«„ = c 2 u xx , 0 < x < L, < > 0, c 2 

u(L, t) — 0, * > 0 

£“*(0, 0 = F 0 , t > 0 

u(x, 0) = 0, 0 < x < L 

u t (x , 0) - 0, 0 < x < L 


= Elp 


; i S'jj* ^'-r 1 


: *J.,I y 


aS^ Jl*o j'--. u(L, t) — 0 4 jt_JL (j <L_ * w(jf, t) j-i 

j^i 4 -Li AU^ A^oly ■ 4^..**l C— X — L l t -!*—■ I 0^* j--ju X — L ji 

ji *y <_r*yjj jj'j 


• ^ L » 4,jbF <] Ao ^^JyOi'* = 0 tf l 4 il -> J J 


£M°. 0 = Fq. 


4 (^aj 4 JLilj AS-ilj t — 0 jJ ™J4J JJljj i- d-—-J ^5* C-^j l-Ljl ji 4 J—* Oy - 

4 t — 0 uL*j jJ t 1 y* Oj-k aI~a a 5 . ii(x, 0) — 0 

• c ““' J 11 — J'- J a y> jWi (_»*“** ^3 *J 4j^y 4ji^'jH • '-^—'y-’ >.l-ri 

b <yi*^ v'y- ^tij^ly- yj j <■ yj lS jy -ky 

jvjjjI c —j xj ^.-Ljy y'y l£j jiJ o^ift t y ■ (■ A yiyj) J ' J -^'y- 

u(x, 0 = C/(x, 0 + <j>(x), 

-'J lt* -> j y.j ^jy *i °jy <y' ■ V yy* 0 W *$ 


U„ — c 2 (U xx + <j>"(x)), 0 < x < L, t> 0; 
U(L, t) + <p(L) - 0, ) 

EU x (0, t) + E<}>'(0) = F 0 ,J t>V ’ 

U(x, 0) + <f>(x) = 0,| 

£/,(*. 0 ) = 0 , f u<x 


0 < x < L. 


; lSjj* 





4>"(x) = 0, 4>{L) = o, <A'(0) = FJE, 




: ijjj w* jy*& ^ 0(0 — (/^jj/.£"){ x ^) o ol 


U,, = c 2 U xx , 0 < x < L, t> 0; 

U(L, 0 = 0,1 

f/,(0,0 = o,J * >0, 

U(x, 0) = ^ (i - x), 

U,(x. 0) = 0, 



: 4JjU-* 


: lSJ j* ^ J ~- 


! iajl 


(jLl!f \ — Y — Y JlJb P' — 't — Y kblw^) C,-...*I jjj O</ aJ1^4^jj1 

f/(x, o = §(4>(* + ci) + 4>(x - ci)), 

1 j P— Y—Y ^^ — 00 < x < j C-w* i x — L ^-j j bj jJ 0( x) *S 

j£j Aj aJI—** - (Jl^S Ala>-^« 


(Y-Y-Y) 


u(x, 0 = ^ (x - z>) + “ (fix + c0 + <D(x - Ci)). 


<t>(x) $>(*) 




4>(x) ^1 Lf L* £jj <y.jL; £~«> j <t>(x) P-t -f j£-i 


o_Li O^b iajlj-*i ^Uj j i/j* ^ aJ^Ia—* jj> ^ ^ 

■ (^rsrt b ^ j ^ x5 ^ 



j* ^ jjlJ5U# - f jl+>- J^ai 


01 _y jj f* 1 j ftli .U^-*i 4 -£^» aJ^\>- 4 _S” ^«o!j (jLJLi Y*“ Y “T i 31 .t»* < 3 ^—»_« 

T“T L; iiu Jj ^jj^' j' l£j^ JjXJ A_> ai~Jj t£j— 


» Jo313 

. ^w*,^_y <*5* 0^L.<l L .»*iI jr j a 4taLw_-« j| (j| j^> 4*S 1 j tjl.^" 

Ss jl C~>-\jSj jj±* aLaS£j\ ijJ>J-* Ss <j\ A±jl j j\£* 0 JXS ^ji 

jjj kl^L^a jl 0 4 jllwJL? AjjJij Ji-J*y (jl 4 JLil-J 0 . JL-iL 

JlXS" (J w L^g> 

6 tt = c 2 9 xx , (6-Y-f) 


jl ^U.- 


^i 7 j *(f^ 


1 J P Jj- 4 —• C^ = G^/p a_S" 

. Cm«1 ^jL)l 


j aJLt 4l~J l^ul u£g» L J (_^1 «jili A -l g g.^ ^la-> L ^yb J> J-.* J~£ s j &y V- Y -1 JUa 

^l^Ill 4 XS L J* <jl —* Jj <jl^ j£ a£ jl . ^ L*J jJ-—" J aJliLjW jl 

j**+ j>)j*, ®<djUj o^x/L^UjIjc-*^ j* - * = t {) UmJ jj oT aI jl 

. J ~ 5~ lj i£jy* jljJL* <jL***4 j !j pLw « c^ l 

jT iljT j jly 1* Xjf*+ AJ& Ob^f ^ (^Ijc?or* l£j>^ lj ^Ual^» ! 

= Lj, 


= c 2 ^, 0 < x < L, t > 0; 
tf(0,0 = 0, ^ > 0 (^-1 .JUS c^i 1^51 X Ji) 

0 (Z>, 0 — 0 , ^ > If) (c*-^l <~mJ t = t t) J* *S }\jl (jjl$L»l) 

()(*.<„)-°. I 0<x<L. 

() t (x, t 0 ) = aj 0 xtLA 


: aJ^U^ 
; oj j* 


\ aJ jl i*j! ja! 


a jl JjI Aj jLa j 


T X" 
c 2 T ~ X 


>v« Oj y*P ^j 1 ji J Jlj (, = 0 w^Uwl L <l)ljJ ^ lj aJL^4 

4 l» j?£j* ^ji^ljb>- jl eiUl^l L JL>- . -US' ^ IJUj JUil /J } 


ijL*-a . pjjli J^J (jLflj Jj ^ ^ 1 ^rij twLili L yi^ (_J j^ - !-^ 



oLJ»Lj 


YY? 


\SjjA j lAi- 


X" 4- a 2 X - 0, X(0) = 0, X(L) = 0, 



I jj j 


-X„(x) = sin (— x J, n — 1, 2, ... , 


r - + ^xf r - = °- r - ( °) * °’ 


A-Jjl jljU» kJl^a ^ 


( ^ ^ ^ ijMj* 


TITIC 


TAt) = sin —— * , rc = 1, 2, . . . 


0(x , 0 = &„ sin (^ x ^ sin f ^ ? 


n - 1 




= ±r 

L Jo 


nnc 2 f l w 0 s ._ (nn 
— b - 

b. 


. . r sin | — s ds 
L Jo L \ L 


2o> 0 L(-l) 


r»- 1 


C7T 2 * 2 




t-f 

O Aj lj ( \ — Y - T ) ^Jju <1)1 JUJiS jU> Ij eJJJiT ©iL- *A jl — ^ 

(jL^ Aia^-^Us !j T —T j) . J>jj1 

«•» «•» 'j y. j ■ ij^yr ~* 


T + c 2 a 2 T = 0, t( 0) = 0. 



^ J- 5 iSjj* J 51 — 4 -f. J-" 


-Ljo jLiJ . -Lj 5 J*-/(;t, >■) = 


jljo 1j ^ — Y — Y <J^L* j $ oJJ l^-jL 
Jrv(a - x)(b - >■) L lj \ -Y-T JI_L» «JL_^ 
. XS l jA J-Lv? <Jli* 

^ I t 4 ^ lj ^1^>- ^ —Y^Y <Jll4 


, , . nx . ny 

u(x , >•, 0) = /? sin — sin —1 

a b 


JlJ y iZ*/ ^—i^l L ^5* ■ A m CS 4_>-^j . Ch—-I k 0^ 


J IlLj . XS . -X 


X* L-J ^ y*t ^jA oJL—*U 4nil 3 +JLs ^LaX> Lw 4 ^ “ Y ~Y <Jli* (0^^ (JjLfc J»i L—■> 

b^l * 1 ^22 4 ^21 4 ^12 ***11 C <jT*t uT^J^* c^ S^ ' ~ 4 A. ^ .,p^^a 


. a -b = 71 a5" 




^ . Jlj5 c 




. d—<1 yl+tj** £y* ^£ljb £7p c (V—Y— Y) <hlx-i ji jljo jLU 

4——>*jj *£ JLJO JU^j ^ u^JJ T—Y — Y <Jlia j} 

. ijb 4-^1 j>- Jaii 4 (^.A.&>■) C^jIj 4 —»Umlil Aj *yy 0jX t 

ck* b jd j lS jy j'-^ 

4>"(x) = 0, 4>{L) = 0, 4>'( 0) = F 0 IE. 

. -US *^ i^x^p fry* j* (Y—Y—Y) 4Jj>La* jljo jLU 

Jj Xp Y — Y — Y jLi- <ll—• iSjj”* J iajl j* (Y — Y — Y ) <Ij)Lm^ JL^o jLJJ 

(. 4 JI—I gjj 4>-y : ^Uw*/^) X5*^ 

b jij lSjj* j'^ bw» ijjj j 0 jjj jjjli* 


X" + X 2 X = 0, X(0) = 0, X(L) = 0. 


J r s ’ y b jij 


n 2 n 2 c 2 


T+‘^XT = 0, T( 0) = 0. 

Lj 


. Jbjjl 4l—<# 1J lw-jl Y— Y — Y <JlLa 

. c— 1 4i^p^- Jbo ^Ijli (^“Y-Y) j^c-U o oLU (vJl 

. il ~* o4^ ij (D — Y —Y) G Jaj j (T—Y—Y) -OjIaa jj £ j*j (^» 


-r 

-Y 

-0 

-? 

-v 

-A 

- W 
-\\ 

- \ Y 

Y 

-^6 



jy+0 4j ^ — X — t jit.yL- aJjIJ auj ^/i -\? 


u,(x, y, 0) = g(x y y), u(x, y, 0) = 0, 


? C~^ u(x , >\ 0 <■ 

<Jjl Ja>l aS" _j-s^ _p wLlS" \j \ — Y — T <Jlt» 4jL-^a c J-*^ o^ L al^l L — W 

. xJ-Lj w ; (jr t y, 0) =g(x y y) t w(x, v, 0) =JU y)Oj_^4, 

wLlS" 1 -Uj t & A> A*J>-1 l> (^_ aJ I — ’l A 



. -LjL*j 0 (•—A^O C-^ J A>a~lj (1—«> 

Ja^A-i J xiL cjC Jjlxu C 9 r (.t, ^ = * a* JO>* >> •V s ' J^ljT-X-T Jit. 

• «L^J jjwsRJ 

c 1 ■ y .uS J>- L> aj • ^ a JL->—JlS' jU oJt>- I j jIajjU Atal_*_* _ \ * 

aJ jl Jajl 


«*(*. 0) = < 


2 h 

L X ' 

Y (L - X ), 


L 

0 < x < -1 
2 

L 

<x<L, 

2 


w f 0t, 0) = 0. 


(^5 Jk^->u ij v-r-f jsii) 


>' 






jltff il^Uc 

o L a l »-* Ij aJ^Lio* ij£j jl ^JLt# 


r-r 




jj jl-LL jW^T J-^ 2 * 


jL> ^ 


<]^Lc4 


jl-t-il kJjjijca 


u ( = /zV 2 u, 


O-r-t) 


.*/¥ /UpV 2 ^ 


d 2 d 2 8 2 
8x 2 + by 2 + 3z 2 


. jlw Ol j -Lo 4^. .pb-^jl J* b 

t jl—JLlji <bb*> (, C -^ j ®^b* l)^ «JL-^» jl^Ii* Aj 

v j^o ^ jLlj ^—~>- ‘*-£j .P b w ■>^j! ^j JJL-* p 

\2j jy*J> <j t JLxIj b b)l ^ & 0>jIj ^ 


k = 


((^^-^Ijfjr) Jl^-Pj '■•jUd\*j? a kS\j2 <S l>j*Z ^A^yC 

{ -?r^<j* b * 1 

(-LlS* Aiaj^-yb* lj \ ^ji'jaj) . ,>jjl C.-»»0 *0 r P 
<jjp ^jUL^j <b»Aij 4j 1*^5* -LiS* { j^^i . -L£b jl^-A 4 jjj ,S jli5* 

P • i* J J-^ p—>- 

jl 4_£ <yir^ ^_r* '■—^ j-* J ^b* jjf jl » JLjb« 1 j t O t b«jjf jb-1 (. *S 4j J j jl a ! ia> u£j 
i-l• w j^Lo b***wfl L L—■.»«*In* ^ jbi . Al5> ( y> j^_*p 5 jl aUai (jl jl*j JL>*b P 

*■ tC--l 5 >J *jli 


vu 

® = -K—y 
vn 


*r 


(Y-r-T) 


^U ilJ^I Ai/ci? j 

. cal/cm /sec jl c...-**I Ojb p jLi Jk>-lj • ( ^ ■~Y < —Y I jb- 

jJL-Ji 1 0 ^jI-5 ^ 1 y-*& jl ji c -L-lli ib-il^i 3 ^ j —>■ j^J O jlj->- <JbSljl 

jji^J <J . <!■• .^l ^jl^i :, l J (*■***>" j^J L 4 jbi A-S^ JeS ^jA jL%J 

l ^pi^P b® I C InI•■■»** l Ja^>wa ^l»^ jl L /»->->■ ^LaJ> A_^ J-Ai ^a jblj ^ j JL#i 2 j~a ^ <,<j^S~ 

. -Lib 



l j 4 Y-r-T 4 \-r-t jUJUu^ 

JjUob^ 4^ ^ jlai ij '4AJ l^ili^^i . -Li 4>»l^ &jf\ijf J*d^ 

Ojlj->- <^JL»y visj U^L*_-a L jjp-j . c —1 Lfc x jij->^ JaJLi L_*j-? ^Ul—<j «l5” « j— i 

aS yj <w^j <^1^ L-^jl« LL* i 1 j> ^15^ j j~m 

. J>jj ^ jlS' 4 j JLil flJLi JJjIp <£^>1 L ^ 4Lil^al^j C-oC <jLo ji jT 4 J 



a, = u xx , 0 < x < L, t > 0; 

-MO, 0 - 0 ; 

u(L, /) = 0, 

u(x t 0) = f(x ), 0 < x < L. 


/ > 0; 


i-r-rju* 

* 

: <£jy t* 

: aJj! .tj-S 


0^ c—-Ij t cJ—- ^JjIp ^*i«L£ ol c^ul (^1 aJL_4 

*J*TJ te-Li \^JUj^f{x) L 4_? 4-Jjl <J?Lo 4.L-X J_jt> J $jb jl j£ jA+P <^Lo j.> 

(-L^ Ij T-r-T J*Li) . djb 


o 


1 — J-> 


Mf = U xx 


T : TT 1 “T7—: f 


^.:T t ,,.r.' t ^.^V 


0 C 


«{*, o) = /U) 


a,0) 


■>.v 


T-r-f jiL: 



rn 


l*Sli ji tfj jf j\ Jx* J3l—> _ pl+f J-a» 


jjl jj . y <Jy>T u >> 


X(x)T'(t) = X"(x)T(t) 


pjjj\y>Z~*}<> i X(x)T(t) ji ij L j 


no x"(x) 

T«) “ 


= -A 2 


' ur^ ^ tS j./* jl-ii* ‘<it—• 


X" + X Z X = 0, X'(0) = 0, X(L) = 0, 


y / v {2n - 1) 7t 

X„(x) = cos —^— - x, n = 1, 2. 


r.m + »5^ t,(d - o 


4 L 


T n (t) = exp — 


— R 2 {2n — 1) 


4 L‘ 


t , 


jl XjjLe j 


j yz 






t V f — n 2 (2n — l) 2 \ (2^i-1 )ti 

u(x, t) = 2^ a 2 „-1 exp |-^- 1 | cos ———— x. 


(r-r-T) 


n= l 


V 


2 L 


^jjli aJj! ]oj*£ jl oLal_*l L cJt>- 


'X' 


I O’- 


(2n — 1 )tt 


1 COS 2L 


x = f(x). 


B - 1 


{£j** 1 j <jT £)l j? (j* Cjf i JuiL cJilJ \ j ^ jV ]aAj*Z f (.*) £I 

J*-* 


° 2 '- i = iJc!' As) cos 


(2n — l)7i 

2Z 


$ d$, n = 1, 2,. . . . 


(T-r-?) 





rrr 


iS^J *S A j-qj JwAldll* 

(jl^ 4^:** ij r-r-T j£ji) jl^ ij 4U- r-r-r ju* 


u ( -- u xxi 0 < x < L, t > 0; 

u (0 t) = 0, 1 * > 0 

u(U t)=u 0 , cJC \ 

u(x y 0) = 0, 0 < x < L. 




<SJS 


±u\ 


: *Jjl 



. 0-1 Aa!_^ j>^a k r’l>* - *i bi3 ‘ <S j'—'J W- u*' -> J : J*" 

• Ij J^-^> t ^XS ajl i x. uAj-^ ‘-^i j 1 ijj ^ Oir*^ 

“^u-V L ui'^^! 

u(x, f) = t/(x, t ) + 4>{x), 

JjT^ j j jjj ^—* ^jy* Oi' j J 


^i = £/« + 0"to, 0 < x < L, £ > 0; ; 

(7(0, i) + 0(0) = 0, 1 
£ 7 (Z-,O + 0 (i) = «o.J ^ ’ 

f/(x, 0) + <j>(x) = 0, 0 < x < L. '■ ^J 1 

*S ^xS i^>l>»iil (I J <t*(x) j?l 


0"(x) = o, 


0(0) = 0, 4>(L) = u 0 - 


(6-r-T) 



rrr |jl Jslw _ fjWr J-**-* 

y*r '*y*> WX 0 J* 9 ^ ^kU* OT 

. (. JLi5 * 4ia>-^La I j A j Y jIjl^I j ^^ 

OjIw^ bj jJS AU jI y ^* 2 jj ^jjJLi <. O^Jj JS 4j Y-r-Y <Jl!L« 4jXwa 4J> <_£l 6 

* -kwL ^ jJLfc* d*l w>lj_>- *S jj —& 4j 4jL.« w j$ a^lw j Jw l t c—-I 

ojV^I—*-* L j ^jA oLoJwl ^jjl-JLi L?^ jl aS o ~*l—$J 1 j^Sj\ a—**.* L>*> j«s &yy ^1 ^y jL£ 

i> 

Ju jji ^A JjXJ JjI kj J-A Cj*)hV*A Aj f J.) kj jA oV^U-^ jl ^ L^y*~** 

. X^ Ij Y * J ^ 

<jlfj \^ jly jc 4 jdj Y-f-f Jt* 4 ^ oJ.> 

^Lj 4-Jjl ^lo . U () 0~jli i_sLo j*> J t4_l*lb OuLj jJL*A> ji \j 4lw 

0 <x<L (^I^j u(x) ^Lo t * -»oo j ^c^l ^jl . Owl ji-^»y ly 4 JL* 

^LL cJb* «-»*>*“ u o^ L *^ tflji *=— 1 cS A> ^ <>J Jj • ajfc1 y-1> UqX/Lj o~— 4, 

^^ oljj jJJ O JJ+0 4j jly lj 4jLwjjjl . C^ l 4 JL -4 (? jbj j\ J-4l—a) 

«"(;r) = 0, w(0) = 0, u(L) = u 0 . 

Ijdf jLij . c —-1 a]\ —(^-'T-T) j^(])(x) 

*+ 

. Owl &X*\ <1 —O 4j A jAJ aS Owl ol j>- 4>Oi J)4iL^I 


i Owl (A > 0) A sin x^L** ^ijb IjlojI L >-^wl T-T-T JUc 

4-5^ Jau-?^a 4 ^j il)T O w l j ^Igwl jl b j o»Oi 41 wb jJL*e> (jjLo jJ jT ^ ^l^wl 

, Jui5* lJU \j w(.r, t ) . (Y—^ T —T ^^ < ^— > * | l j3-^» 





f-r-f JSO 







u, = u xxt 0 < x < L, t> 0; 

u( 0, 0 = 0, ] 

u x (L, t) = hu(L , 0, A > 0j 

z/(x, 0) = A sin x, 0 < x < L. 


/ > 0 ; 


X" _ T _ a2 
~X = T ' 


X(x) = c, cos /x -f c 2 sin Ax. 






tan AL — )Jh. 




u(x , 0 = c 2 e * l{ sin Ax 






w(x, 0) = c 2 sin Ax = A sin x. 


Or^r <j~i • (jr* c 2 =AjX^=\ L ^ ^ ^ aS 


«(x, t) — Ae sin x 


(v-r~t) 


h \ • *j-i (/ ^_y o\j±* aj e~-i Jt—* y[yr iiy gk <S ^1 

(.JLiS" 

•4 

jjlj jb- 11J (v-r-f) <_,!^ jxl Jj aJj! J» J; jtiCi -tf c—1 g-ftlj 

<jj CJ jy+P Aj I j (jT JbL-i 4 JkJiLj £^lj aJj! ^ °«*L~■» 

• ^W* *>* 'jiJ 4 y j^Lj^ ^1 y jl 

• tr - Jji ->•>' J <>J 

J* 3 <£\_/ *ur*J* j- 4 ^ '■i ji' 

* 

^-~<' Ji j ^ J jU* JjI ^ ^ jLlj <0 C~ilj£ jJii 

Ij ^Jl j y£\j *S ^UL^I jb lXj-j (^ \ ^« O ii Enrico Fcnni ★ 

. c— “\ oil j 



jJ iSjj* j\s1a J3L-, . (.jl +7 J^ai 


2 2 q(x, t) _ 8q(x, t) 
c* 2 <3t 

j 1 U i '* <Jjy' 1 1/* 0x5,1 ‘*- 5 


"“I Jy" J-* - 3,x * ;: <7 (ji* J- 3 

«Ow*l J->-!j j-i 4_JlJ ji 


T-T $iyH 

lj (\ —T—T) ji .IL v jI <3jL«-4 t — kt tZjjy+p *j ^Lij jj .. l .&j Ol-^j ™ ^ 

1X5 Ji-V y.j J 5 ^ ^ 

U, = W 

: o-ajoLi; Y-r-T -Y 

{ _ # 4^ ^Jj X = Oc-iU.i! (i-iJl 

L> jiJ J- 3 4 ^J J Oi-> ji- 3 ^ 1 ~ r 
X" + x 2 X = 0, A"(0) = 0, X(L) = 0. 

. ijlx ^j>-j ^ ” , V ,_ T JlL* u<2 <f ^ 7 ^y ~~^ 

. x5 (3-lutf 4Jib** \ —T—T (Jli> w4 j>- JLAi J“* A 

t <>wj aS* jlaj oLli j aj Y “T—T (Jli* kjl—a ^1 ji \j t* ^ J cl * (^jl-“lx>- — ^ 

CJr 5 710 ^—*Vf b 1 : (^^b) c ~-' c*#i x v'j^ 

jl C»>i( OjLp (A - Y*“T) Alii*-* JLAi l)^X» —V 

«*)-?*■ 

. JuJJ^IjY-r-T Jl^yU. -A 

: _L>jou;r-r-Y -<\ 

• •Sj- 1 1./* (jrfi-4 v'j* - <1^ = 0 

j_jo OLi; : u* ijti J i^yr<‘. + ^~ 2 (v 

^Ijl a* XAi 0VJL» / r (A) ^ Q.-oi»l j-w* ^ = 0^1 j\ Aj j{ A^) = tanh X-iL — (\lh) 





. xjS ^^*2^0 1j (V—V—T) aJ^L*^ oJL> o^I j — \ * 

■ J»- b yj '' 


u, ~ u Kjr1 0 < x < L, t > 0; 

ML ’ 0 = 0 ’} ,>0; 

u( 0, o - 0, J 


Ax) = 


a(x, 0) = Ax), 0 < x < L. 


L 

0 < x < 

2 


r T 
L - x, - < x < L. 

Zt 


: ^ lul^ 


'■ aJ.^ 


JLiS* jjj cJL^ ja lj M ■* ^ ^ 


tji a*Jj 1 {^Lo ^jy J ^L^lS* L tJ jjo 4j .iJjli aJ 1 y~*\ ^ 

j aJL_^ a A.1flJ * jA lj t_^0 (Jl^ S Aia>-^A_^a Ij 0— T— T ..J* ( jf /(x)L 

. Jw*jLj jA jA 


”t = «XX 


H{\\ 0) = fix) ^ ’ 0) 


o-r-f jju 


C OjL» L Liy> y aj L^-aU a^J aJw jj}iaj L «^>\ 

O-^al jJ Ji Aj JLaJ L«j^ l J y*i 

u f = + C, C > 0. 

I ^Al-ili olS^ j.a./> ^Lo jJ A^^ X = L j X = 0 <^L& aJ AS' <1)1 L \j a]jI*^ ^jl 

jf 

i ^j/Lq^aIj ) . j^jS { J^- t JL-JyL/{x) a_J^I (jjL/O ^jy J ^ ^y^ ** •* * ^}°' M 

(aaS oUl-1 u(\\ t) - U(x* t) +4>(x) jJca 


-^T 



rrv 


pJli J- 5 ^ JjL-j _ J-’** 


oJLl ©^L-y !>.' : *!*y) . JjjjIc—oaj \j^\yr jAx) = Oj^i JJ \T 

J^l—u Ja^y jy Ojlj^ - t)\ *S Jbi ^jA 4J>mj d-J>-L-y a 5 lZ* «■*! 4jl 

* (J^ - j±J 


u ( = u xx , 0 < x <2, i > 0; 

: *JoU-j 

u x (0> 0 * °*| <>Q; 

«(2, 0 = 0,) 


z/(x, 0) = ax, a > 0, 0 < x < 2. 



. Xi5 1 j jjj <d\^4 

a, = u xx , 0 < x < 1, t > 0; 

iaJjU, 

a(0, 0=0,) n 

«*(l s t) = 0,j 


i/(x, 0) = w 0 x, u (i > 0, 0 < x < 1. 

: <Jjl J© 


o j <j \ —V— f Jli. jJ /a) £! 


/(a) = 


0. 0 < x < - 1 

2 


L. -- < x < L, 

4 


Jjjj\ C**0 Aj 1J jij 

"<*• ° - 2 | (" p (77) 12 - ' /2 > ““(£) 

4 »-J {jjJl}' ~ ^ J 1 )' ~ 0 t I 

mI 

. ^ ^ /x, >■) L j-jb *>-j Jj <A>' iSL** J 

)-)-f <JLj_* L : ^1—***//) . -^Lu t kibJ>■ ^ 






-W 


- ^ A 







TTA 


la AM Jbl j*j ^® ^bL*®j a5" iSjJ^i °*JL»i iSiS* ^-alS" JL^lj l)jJU A> aL~® *«il j!b\ — Y • 

^JjIp wlj J oj—i Aiib ol^J ^jjL®^ CSW^ * •* C^ > 

4.L_a ji ij L®.> i 3 (cmJL« c*jU ^) (3^ 2 ^b L a_J jl I_o jS\ . Cwl ®.J l— i 

♦ («u£ A^^b* \j \ V ^. -LjLj / aIi^J 

* ■*jfa) ^ W aJj! ^Lo £jj y j a-Li <JjI* ^ Jji» Ai aL® ^-£j ^ 

otf aT t j-iL <i«i^ ^j>- j af *1 Ja-x^® j aJl® ^^lax- jiioi ji*i 

1>,(*, 0 = &!>«(*, 0 - hv(x , 0. 

jU^li^lb . (?-r-T JSLs) . C^l vi-B AoTj^ 
u(x, 0 = exp(-to) u(x, f), 

- (-Ij5 a-wIa® ^ T <J^i* b) -LXlT a^L- c c*^l«Jui ^|>- ^Li aS* L y^-i a* 1j aJ^Ih® ^1 


y 

A 




1 

f 1 

t j 

i i 

i 



ri 

J 


1 _ 

v t 

_ 1 

—1 

* k 

1 _ 

v — 

XX 

__1_ 

1 

hv 

_1 

1 

1_ 

r- 

_ M 

Lj 

_k. 

0 

1 

n 

m 

r a. 

w w 

0) 


r(.r, 0) = f(x) 

Mr-f 


jJUfi ^L®.> ji jJ-i [jjLp ^l>-A j ^b- 4 jJ> Ajf jT -Ub Jx£ ^J>- Ij Y \ -T Y 


, JLijJi Al^bal& 


r-r 

,^aLI®U A*-J L ^aLi®U 0 jj>- 1 j (jj jjr® jlJuL® aJLm* AS" -Lib ,® jM jA 

Jj jj jl oUl-J b Jli® Xx- T-t j t-r ji . v^b* Jj-LI J>- 

jf*v j ^->y Ji-V j 3 y* 1 ^ y • ^ ^y 

* rr^Ls* 





jl>- y > 0 i 0 <jc < c^yklz-aL <u_J 


jl> j j lj v(x, y) jb jl jS jL_w» gfc 1 - f-r Jtt# 

x5 jjj bAj^* j j 45* -UjLi 

v(0, y) = 0 (will 

v(.*,0)=0 (w 

v/f, >’) =X>') (y 

. XjLj j-jj* Jai jl lj 


D„ + u t) , = 0, 0 < 2 < c, ^>0 


Jjx; lj y ^ 


(xjS 


■ 3 j^ J*" 

i — 1 ij-*Jrr~S ijjji Ji-^" jl 

rl^T-T-rSdaL-*,)^ . rs tf^. 


d 2 c(x, a) 2 
—~d 2 - a y (*> ct) = 0 


(a') u(0, a) = 0, 


(o') ^ - ?<»>, 


/(a) = J 0 ' /(>) cos ay dy. 


jl C—I Ojtp '<jy :Jal " iSJ** V 1 ^" 

U(x, a) = c t (a) cosh (ax) 4- c 2 (a) sinh (ax), 

t (i_j) «t jJlt 4 j l> J Cj(oc) = 0 i (v^ill) is J* <j ^ y Vj <s* 


c 2 (a) = 


/(«) 

a cosh (ac) 


0 * 1 ^ 


v(x, a) = 


/(a) sinh (ax) 
a cosh (ac) 





u* 


1 Jl~7 <j Ji-V J 


y(x, y) = - 


2 p /(a) sinh (ax) 

--cos (ay) da 

7T a cosh (ac) 

2 j- < sinh (ax) cos (ay) /•- ,, „ , . , 

= - L -rr-r- da f(s) cos (as) ds. 

tw° a cosh (ac) 


Jxj j.> LL cJL>- ^Lo *o lj ^ t ^ -T-f J5Li aj L 

L s-Li ol£j JU0 (^Lo J* ‘T'^ ^ ^^ <■ J7^ ^ ^ ‘W-j 

, C.....J /(y) j** ajIj ^>1 ji c-*«lj 4-J .>1 jjl* 1 jLi ^ o_Li jl 4 J 


V 



JSLi 


^ LT"Jrr* \uy Ji-V 3 ' ->■> 

. (r-f-r jsLi) jl^ j^i Jj 4 jyL- r-r-r ju* 




x > 0, t > 0; 
u(0, Q=u 0 , t > 0; 
u(x, 0) = 0, x > 0. 


: thl** 
iSj^ - 

: aJj! \>^ 


v 

4 



u(.x. 0) = 0 


Y-t-f JSLi 



y jUi. J5L«- ^ J-*i 


^4 Y—Y — V 4 ^) ^ J-j ^ u . (^r ** 1 oL ! 

(Ju5 


du(a, t) 
di 


= aw 0 - a 2 u(a, t) 


it' *j 

ft(CC, 0) = 0<u5jt J^jji jl OtC~*J lj Jjl A-J^4 t ( JJ-J—Jlyljj kJjLcO J 

^ Jij^ c ~’ - ' JiJ ^ 


u(ot, £) = - (1 - exp (-a 2 /)), 
a 


jt OjLp~(a. 0 Ojjlj ^>r^ Ji-V 


, iV 2u 0 r, . aa 

u(x, 0 — — (1 - exp ( — a l t)) sin ax —■ 

7Z -■ 0 a 


I*ijb V-Y j jj A ^U* W 


r / sin ax da n . 

---= - if x > 0. 

Jo a 2 


2w 0 r r •> . 

, 0 = w 0 -exp (- a t) sin ax 

ft 


OiL*W 


<Sjjjl jl li j 


sin ax 


i ax f a , 

— =r cos as as, 
1 Jo 


u(x, i)— u 0 — j Q X exp ( — a 2 t) da J * cos as 


= u 0 - f; ds f x exp (- a 2 0 cos as da, 

ft J 0 JO 


(HL>» 


“(*’*> = “o - -7= Jo 


Oi 1 ‘ J J >rj js** j j a ^ 

w 0 fx exp (— s 2 j4t) ds 

y^° jl 


ji/ii 





Jbl 4j V — S’"/4fLiJ l>- j\ oU^il L <Jl>- 


. 2Uq px/2 v '* , 

u(x, t) = u 0 -— J 0 exp ( 

= U 0 - Uq erf (xl2yjt) 
= Uq( 1 - erf (x/2 y/t)) 


— v 2 ) dv 


= u 0 erfc 


2 y/t 


jaj ju Ojjp^ 4j 4 Ua > » ^ Lrc erfc <1)1 

2 f / _ 

erfc x = 1 — erf x = —- e v ds, 

!— Jx 

V* 

(jU^ lj T—T ^ Oij^j) jiJ ^ ** 4 Ua**£/L"j 

erf x = ~ [ n e~ sI ds. ■ 

V* 

• pr^Ly Jd*V c rr^Ly T-T-T <!L~* 

31 0~-l O jLp U (0 Jj-Lj <5 p-ib ^y> 


U(s) = 13 e~ s 'u(t) dt, s > 0 . 


Oi vi . 


J Q r c sr —= e "u(x, t ) + s Jj e *'«(*, t) dt 


= sU(x, s), 

jiJ J-d-V j' =M u lAt*’ 4 ^ 1 <*(*, 0) =0 L 


y 


d 2 i/(jt, 5 ) 

dx r " 


— s[/(x, s) = 0 


U{ 0, s) = J; e~ a u 0 dt = ^ 




-P <sjj+ J 5 ^ - f jW>- 


rtr 


f VV 1 c£*-* 4 Jr-bv Jd' 


f/(x, s) = c,(s)c vax + c 2 (s)e V,J . 

<y^ jb 01 /JC > 0 ^ U(x, s) CSjj-O Ji\ Ji Uj* jL^I >-m* lj C, (>) jlj-L* 

t {/( 0 , s) = ujs ^ jl£ ^ L j JuLfl jlaI^>- 


£/(*, s) = -°- e _v “. 
8 


c~£b jcjLa t ^ t<J j«j^ jl a^Uirfl L 

u(x, /) = u 0 erfc (x/2 v ; 7) 

Jd-W- j* ^ iS ^ b lSjj-* }\ \Sj*^ JL^-» 

<lu~i **?\y j* ^jj F-f { J^t j* • J-^l41 >Uai-£p4j 

<£ JU*o jiJ <Jlt* . { x:S <Ja>->»Lj Ij Y — Y" — Y <Jli<) . j*j <Jljl <_£ j j* -U j^i \j 

• ^J^l/ ^ b b?jy* \ j' ^b*^ Ji*V jl 

. (V^Y—Y AjiS* JjJlJ jl \j I j j* kjL^« T-f-T JlLe 


u t = u wl 0 < X < d, t > 0; 


u<0,<)-«.) (> „ 

u(d , f) = a, J 


u(x, 0 ) = a + 6 sin 



0 < x < d, 


: <bU* 
: <S'jj* ^Lr* 


: <Jj\ ^ 

. JCiiU b ja *6 


r 

A 


w xjt 


<7 


*.V 


0 




«(*, 0) ~tf + b sin (tt.t id) 


'id. 0) 


r-f-f jsLi 





*^r‘ jiJ k]Lj. gjjA JajljJ J aJjLa^ Ji-Lj k '■ Jt* 


d 2 U(x,s) . fn \ 

-=- sU(x, s)= -a — b sin 1 - x , 

dx 2 \d } 


mO, s) = -: 
s 


U(d. s) = 

s 


jij V'j^ ^ ^0*1 


t/ c (x, s) = CjfcJe*'" 4- c 2 ($)e v “ 


JS-8* 


*-^yr 


a bd 2 . (n 

U r (x, s) = - + “72 r 2 sm , X 
r .9 crs + n \d 


^yr U,M> 5 ) J ^-(x. 5) • Jjjf ^1 y ^ 

^ j\* i. U( 0, .v) = U(d, s) = ci/.y <u c 2 (s) j £•,(.?) 4~-U^ L j 


t/(x, s) - - + 


6d 2 


S d 2 $ + 7T 2 \d 


sin - x . 


cXjli jljJ ^ 1 j sin ( 7 Ug 4 /) 4 —S’ pjjb ^—>-jJ t jjjlj JjJ— J -P 

oi 1 -P 


u(x, £) = a + 6 sin ( - x 1 exp ( — 7i 2 //^ 2 ). 


(ju5 4j aJL-wo 

. JulS" jJjJLj jl siual^l \j Ij ^Jj ijL—a IT— f— T JtU 


w rr — u vx , 0 < x < c, £ > 0; 

«(0,0 = 0,1 _ 


u(c, t) = 0, 


J > 0; 


; <1^1*^ 
: bxr- 



j\Ma Jji—. _ plf>- J~ai 


i/(x, 0) = 6 sin I - xj, 


i/, (x, 0) = -b sin I - x 1, 


: ^1 U -i 


0 < x < c. 


^ Lf 4 tS J Jd-V ^ : oh 


d 2 U(x } 8) 2TT/ , t . M. t . M 
—^ 2 — " 8 u(x f 8) - 06 sin l-xj + osinl~xl, 

1/(0, 6 ) = t7(c, s) = 0, 


c 2 6(s — 1) . (n 


U(x, 8 ) = 2 2 —j sin I - x L 
C 2 s + it 1 \C 


u(x , f) = 6 sin xjfcos f “ M “ ” s * n V 


(v yj **)jdj ^—* y} v' y? 


y^. 


oh* ** J Ij Y — T— T Jll« 

, Cw-1 <Ji*V J^jj L J>- 4 ^ jL- <oL- 

. (T-f-t jsLi) Jjjls ji oUl*i L ij a- r-r ju* 


w, = u xx , 0 < x < 1, £ > 0; 

“<°’*> = 1 ’1 i > 0- 
u(l, 0 = l.J 

i/(x, 0) = 0, 0 < x < 1. 


d 2 U(x , s) 


■— = «t/(x, s>, 


: <bL-» 




1 w*jl^P 0 JL»i JLj _* 


(7(0, s) = t/(l, a) = \ 

8 8 





YY* 




i 

k 


1 

^/, - 1 /.. 

1 


f Jf Jf 


r; 

■- .’-• ’• . . - .', - .1 

\ I. 0) * 

w<.v, 0) = 0 


f-t-r jsLi 


jiJ ^ ^ t>Lr^ ^yr <Jj ■ ^j ^ ^ ^ 

r tv v 1 ■■ r~ (1 - cosh yfs) sinh Jsx 

s s sinh yfs 

_ sinh y/sx + sinh v 's(l - x) ^ 
s sinh yfs 

(j !y <• -l—tLj ^I~*0 y *S i—J w 1 ^AjJLj jl oJiLdI--l L ^1>- 

1 r jV <-^jT . ij—i c-jij 6- Y—Y (jLl* ji £/(x, 5 ) 0^1.3 jLlaitl 

T—V t ^ OjjIj 

l; -u-'^ jL> 0*^^ <lr*^ * ^ *i ^Jjb Ji-*-** c ~-° *i 

1 j jjjl . }yZ> ^ 1 j j* — fl <Sj-f jO j ialij« ^La^JiJLa 

L> ^ * uij^ * -*d A p?*^ 


f -f 


cfa(0 

d/ 


+ a 2 u(/) = a/i 0 . 


. -US'J^ Ij \-f-f Jll» 

. ±syfiv)=e~'yji\j^-f-f jn. -r 

-LlS* ^J>- Ij j,jj *Jjl jlJuL« <JL-j “Y* 


m) = o. 


(xjS<^j[jla Y-Y-Y JIjuLj) . iiL‘w nJ a^ 



^ C>Jj* J 5 ^ 


. JUmJ jlj Ij Y “"T T (Jli* W-^1 J^- 4j j JL w *J {^IjJ ,* jV *’'■■’'* 


45 jl, J> j L -6 


d 2 U(X % S) r • \ 

—— - su(x, s) = — a - o sin I -- x L 

dx \d / 


U( 0, *) = £/(**) = - 

s 


. -XjjjT C—L* (.V> .S') c^-w» 

. Jjjji <j <wjl jJ} ,jijj ^ *■—*l^>" l -5'J (w-> 

* Aj Ij jJJ Jpa5 (y 


U(X f 8) = 


a bd 2 (7i 

_ + _-- sin 1 , x 

#j d 2 s + 7T \d 


. Ij (**_->) (x, -v) Ojjlj V ^ (o> 

. xS jl j-i j ji T—f—f <Jli* j^ cJi*l <*iwo <t jLlj 

* ^ ' J jiJ {Jjj* 

d 2 L\x t s) , 7T 

-- U(x, s ) = o(l — s) sin - x, 

dx 1 c 

U( 0, s) = U(c t $) = 0. 

(jL^A^li. f-T'-T Jli* \j) 

. «Ujjl c—*o ^ !j ^ — T — t” <Jtt* j} U (,v. .v) ^\j jjjlj V 
. .lj 5 U( x, s) jr 3 ^ ji I j <Jli* j^ ^ j^ jl Jia 

jJij jj I j jjj ^LiJ l>-j — f-f Jli* <iL~. jj 

w(x. 0 = £/(x, 0 -+- 0(x). 

• ^jj ^ b <1^* err- 

(6 — T—T ^Sji) jxS aj j^i ^JjJL» jl \j Ij *j j <il—« 


i/ r = u tJC , x > 0. t > 0; 

MO, *■) = u 0 , t > 0 ; 

uU\ 0) — 0, x > 0. 


: iS 'jj* r* 

\ *Jj! ^jr* 





YtA 




XjLj j~»j' yj Jo: ji 1 Ij aJI —• 



y 



u(x, 0) = 0 


0-T-T JSLi 


■ •V s ’ Ji-V jl Ij b " Jiy^ 

j*jv>0i 0 < x < c jIjj j\ Ij v(.t, y ) j jl j 01 jS ^ylj (^-jtJl 

: JlS J X *0 Jjj Jailj-i Jj *S iSjjbu -bjjT 


-\Y 

-n* 


i) u(0, >’) = 0; 
ii) u,(jc, 0) = 0; 
Hi) i\(e, >) = f(y). 


■ -VVi j;JU ^liijllj Jl— A^\ <L_i 

0 4 0 < y < jI^j I j v(x, >■) j L » ^ j jl j j| jS (, U' — ^ T 

: -US' j-iv»jij -iy'j-i jj *5 •Vjj' 

i) 0) = 0; 

ii) Ujc (0,>)=0; 

iii) u(x, fc) = f(x). 

■ •V 1 *' Jtr~ 'j (‘r* 



j\ L \j jjj •“ \ 6 

. nx . 

u N = Uj.jf + sin — sin cut, 
c 

0 < x < c, t > U; 

; <bl<M 

u(0, 0 = 0, u(c, t ) = 0, 

t > 0; 

: iS Jj* 

u(x, 0) = 0, u,ix, 0) = 0, 

0 < x < c. 

* <J jl 



fili ji jlii* JSl—.. Jm 


JukjjLU -^f 


, exp (-ax) 

---dx = 


a > 0. 


. X$S j Ij fix) = exp (-^) ji j yji (^ijl 
(cJL jljj*ji Ij erf a: jpUw ) ‘fix) = eifxjhy* (v-J 

. jjS p-j Ij/jc) = erfcjc jb yj (v_j 
* Ju^ |*— -j j-j Ijw(j c, /) = w 0 erfc (a: / 2 a/ 7 ) jbj*J (o 

• u o = ^ 


-W 


JiU> fi-f 

4 j (_$j jA jIAjU kjL~« 


(Y- 4 -Y) 


dx ^x) + + ^ = °’ ^) 

a i.y( a ) + 02 /( 0 ) = 0 , a-( 5 -T) 

6,.y(6) + b 2 y'(b) = 0, 

c#** iSbb jy J ( 4 ^^ ^ ji 1 ‘“V*^ «1&-A 

fjSj—jlj* j'- 3 (jdJjJ J j' 3 ^kj fp-*'/- I- 1 *' ^ Ji-lj 

j'/ !_** 'j ^ ^ ^ * 3 J-^ l J cr~-^ ^ 

^jaU* jt c—-I ojLp JjjjJ-fjiiHJl~4 . aIa J»-^j -uUi* ^Ijj* jl jj-iX.i.—»-p 

j ( \ Li 4^ ^jjI^aI^L^O J* «-S >’ jP^i* J ^ 

<Uw jj J ^..-i ^^Lil 1 JLijb J(_$LiOjjjL5^ t JLil ®*Ll y (Y—6—Y) 

. c—<1 oL j 

a<x<b 0 jli^ *£ c—-I jjwIj r (a:) ^ (^ -&-Y) kb U* 

w (x)j J $(x) .jl* oUa j* p* 3^~* J 

* w (x) = 0 ^li c-ib .jli J»Li .i^Lc^ 

b~, j b { j JuJSLJ .a »»g ji <3 2 <3, (Y—6 — T) <!^Ljc4 j JuJrilj (x jl yL i ^->) c^jIj ?l 

. 3 oJLm*Ij |i»i hi 4 n y^ — 4 JI m * C f (a") >0 id X ^ b j> >lw^ b y t/* J ^ 





dJ 


yg* 


L Jjjli* *S) X Ji*\ji* JjjjJ-pjXil aJL* l£ J*. jl 

(XJ ^ aJL*1j A £^I^J !j *jU gljS*S}y _^ll La y$\jL* J (jj eX^lj 

a-* 

. i y oL* t ^X5" jL> oLil J jX> I j l$Jl a 5 jjj j Aj U j15 yA . o 

. XI fl jjj ^LLs A^* 

X l < X, < X^ ... Oj a_> jlj> Ij l^$Jl j Xjta zy*rj °jU <_j^lXX» 

. *yj X/ 

• gt x «>_> j'- 1 ^* j* 

■ j**- Cjj\^a ijij jAIa L J£>\^A iji_, 

. Jxflo x»l*i* ^1 ap yn^u* w(.x) <1 )jj Aj ci < x < i? $jL jd o 

. lim _ X, = oo 

/T —»« /J 


■> 

■Y 

■r 

■T 

c 


* is* b < 3 y ^j'^ 4 U^Od 1 J* J pSjJtjf X^ JU- 

I J^S \j yj dl&XO 1-A-f JU* 

v" + /v = 0. >’(0) = 0, y(n) = 0. 

. a : = 0 ja, = £, = 1 t 6 = 71 ifl = 0i h{jc) = 1 t q{x) = 0 <, rfx) = I U-jjI j* : 

j! Cw*l OjLp aI^Ia* 

y = c, cos (Vax) + c 2 sin (^J ax) 

■ ( ^ lj y = 0 ^jj iaa > al^X—oL? <jT t X ^ 0 j_?l . X > 0 ( j r f5» jj L 

iSA^S^y . JiJjXp 1 **' «l£i-JjA Ijjj IC~J X ji' 

■ ^ ‘Jij ^Jr* N * jiJ lSj'- 1 ^ ^ 'j j*-* 

■^~' 1 o^r ^ ^fr ^ » c, = 0 aS ^ }<0) = 0 

y = C 2 sin ( V ' ; AX). 

,^4d^ ^ c 2 = 01 j <£ i t _y i ^--r : K n ) = 0 f j-- j' 

‘ X, = I <_ri n = 1,2, 3. ... i X = n 2 4 <J ju t -\/x. 7 i = rin 

jl X^jjLp Za ajjj . ... tX 3 =9cX,=4 

y 2 (x) = sin 2 jc, }’i(x) = sin 3.x, . . . 


Vj(.x) — sin x , 



pl\i ^Lo^. jJ tfjj* jl-li* JJL- _ f 


Y<^ 


>' n (x) = sin nx, n = 1,2,3, _ 


.(\- 6 -rjZDjSjjk.j 


. Jjl fiJLi ^ aly*b *S 

0 < x < n t^jj *S *y* Jr^ &\y ^ 

pjjb m * n . -U*o ^ juUl- <y <*w(x) = 1 


J 0 * sin nx sin mx dx = 


sin (n — m)x sin (n 4 - m)x 


= 0, 


2(n - m) 2 (n + m) 

'jiJ i* ^ijy l£j—' : j - 5 ^ -V j> ** 

. C—rl j\*jj*-j» 


y 



{\-0-f JLu) ply \-0-f J£i 


J-iSf \j jij ol£c*o T—b—T JU.fi 

y" + ^ - o, y(0) = o, y(n) =. o. 

j c a, = 6, = 0i/? = jua = 0i <?(x) = 0 4 = w(x) = l^jjb l_>- J-i' j> * 

11 jL) ^ (•> >. Jr-'LA* y *>*~ Ji 1 . a 2 = & 2 = 1 

3 / = c t cos ( v ; Ax) 4- c 2 sin (^/Ix). A > 0. 

pjjbjT jl ^ 

y = — c lv /A sin (>/Ax) 4 - c 2v /A cos ( % /Ax). 

-bl^ J* Jii ^ Jiljjb * C 2 = 0 *>^:y' (0) = 0 Jj\ 






TOY 


y - c, cos ( > /Xjc) j y = —c jn /A sin (\f*x). 

* 5 ±j jjjUU . n = 0 , 1 , 2 ,... 4 X =« 2 4 Vx = n Juo ^ y' (it) = 0 ^A> 

i y^ = 1 jl JUjjLp j ^ i X^ = 9 4 = 4 4 Xj = 1 t X 0 = 0 jl JujjLp 

^1 j-i •'j-^- 5 ^-*- i>jI jj a-£ 4... t >’ 3 = cos 3x 4 ^ = cos 2c 4 y\ = cos x 

* jJUjlO o^b jl 

: j-i-o 01^ ^ yj 'j • jdj £j'_v x.1*; 


J, 


, sin (n 

cos nx cos mx ax =- 

o 2 (n 


- m) 


m)x + sin (n + m)x 


= 0 


2 (n + m) 

(Y-6-Y 


{1, cos x, cos 2x, cos 3x, . . .} 


. C~-1 <Ph(x) = 0 <X <7 

* c ^' c£r* 

<i X < 0 ( Y ^j) j>b jL-D . C—m< 1 Ojjj jlJUL* X = 0 


y 



{T-O-Y Ju*) Ooe^ Y-D-T JSLi 


: (> bji3 o ^-> Y'-a-tjiu 

y" + Ay - 0 , y(0) + y'( 0) = 0 , y(l) = 0. 

j$\ . b 2 = 0j <. a ] -a 2 -b x =14 6 = 1 4 a = 0 4 q{x) = 0 4 r(x) = w<x) = 1 ^jb : J* 
L iS* y = + /^x *1^0l 4 X = 0 . (X C—*ib ^—*1 j> jj*- 4 X < 0 





pjtf oUiw j* iSjj* j'j -* 4 “ f J-** 


. c^l I - x i ^ = OL^Uljju ijjj £jlj i^-5 ,y 4 j*J 3 <ll^4 JojI j-i <> 
C-~*l <]jU> w^»Ij>- t ^ > 0 

y = c L cos (^/I*:) + c 2 ®i n (\M*)‘ 

j' • c , = — c vX <>-i ‘ c 1 +c 2 V ^ =0 45 J-Ai^ ^}'(0)+;'(0) = 0J. / J 

. vX - tan vX ><1) = O^^r- 

(jUjb ^1 jjb tJ>- WjJ,jb <jjjs*- tslf-jj U lj jjI . f= tan / 

. jiai J$ JlltblilrQ J* 4 j*S\j t J O') £ p-mj L> u = tjU = t 

X = 0iijjlJLJuJ i ^ 2 = (7.7) 2 jX 1 =(4.5) 2 iJjli^jjlJUujir-fi-T jXJi 

. JLA^ jLlj lj C-w*l oJLjTC » i) 4j ^L> 


w 



7T Iff 55 

2 ’ 2 

u = tan / j u= l J ji^A jL^lj-r f-O-T JO 


jjJbjfc* <» *5 JjjIa a j^j fiJjj jjili* Cw ^JLj jl 

tj&JOjUAi • <y Jr* Jt/2a> 









YAT 


(2 n 4- l) 2 n 2 
= — 4 

4 i—.> <j Vij-^ n J £r JNw ^ j- 1 -* _/* j 

lj lj X.j jjj £jJ* L t^Lri • *Ji JLfc!j^>- wL-44 jJ j^+sLS j\ oilaJL—«i 4 oJjj jjJ>li_>» 

. j-fc^ ( j^ jULi <Sb**£ <1 j\Jl#\ pSj 


r lan t 


f/6 

?,?rv 

t/t 

W> 

f/T6 

r/Vtr 

V' 

T/fYT 

f/fSA 

f/6tV 

Y/MrA 

Y/Y^A 


T/f5r 


?L = *• /uv ^ 


l^JjJ j>- jj 1 j <jt—«. c —*\ t jlJLi* jLimiil ^1 jj ^Ljj&I j lan f yy\JU 

• ^-*^d jI^j ^ 

jl jjJjLp aj — l, 2, ... 4 A, n 6jjj L fl jjj ^j !y 
y n {x) = sin (>/^*) - >!K cos (.-J'a„x). 

l j£i us*^ r0<j: < 1 JiJ^-fj^ 1 ^- 

a Is jl 4 m ^;i 


J 0 ‘ (sin (j/.„x) - yj\ cos ( v I r ,r))(sm ( v v. m r) - ^ cos (//•«*)) ^ = 0 

j A ( = 4.493 4 ^ y* m — ' m = 2 j n — ] ^\y \j 3y* j&A 4 Jl_L^ b\ys> <t 

fjjh . K = 7.725 

| 1 (sin 4.493r — 4.493 cos 4.493x) (sin 7.725* — 7.725 cos 7.725*) dx 

= - 0 . 002 . 

<Jy* Jl j&\ jlJuL* iS^- Ctr?** j 6 yjj jj jii-a j\ oLa : .«*! <b 




V V 



pJli j- 5 l5 jj * 0 IjL—* - (• jL$>- 


a^l— jL^j *uJ^ ktaL*> l 5 Lj ^J-aUi oJL-i 4 jIj! ^U>j L>- 1 j 

j^t/b t L^" Jr—i'yiJ ^ ^ jL^ Jj 


A(x)/' + B(x)y' + C(*)y = 0, 

(V*—(i — Y) aJ^Laa i jJL 

jj ij (r-fi-T) iku- /I. 


(r-6-T) 

^1 /I A>-y . A '(•») *fl(.r) L 

-LaI^JA- 1j c—'^J-liaA ^j5-Li ^ A.O~jL j 3 


^) exp 0'‘ 


5(() dt 
A(0 


= fi(x)IA{x), 


2 y+> ***** y yj jyX> 4j A>uJ l *-~o j*P 


d ( / x rf y\ , CM / x n 
+ «' (ii,=4 ' 


-l—1 w 


A. y^ljt I Jij J-J - 


JL-il i* 1C? .i ^ X — jJJtlA 4^5" 

. JLilj cl$\I~*0 


Jij ^ 'j ^ *Xj ->Uj \S\ji 


d / d\ 

Ls di rw di +?w ' 


d / dy N \ 

L> ’ = dx l r(x) dx) + = (ry ^ + ^ 


(T-A-T) 


j £*>jy*0 *J O — Q” Y ) \j . -lA^ jL— \ j A' *u ^ J~tT^ ijr- -^ru 


Ly — — hvy , 




(6-A-T) 


JJ-*U Ve^jij £-jIj \j jl JU-/0 I j A, 4^ J>j-i ^^-j9 j-j jl 

(jUl£ 4 ^*jUL* f- \ lj) 


eX j\ t ^Jlwi |rt, h | ojL jljji J— \j ^yyl^j \\ j Vj jX 



U- 1 - 1 




>1^2 -yi L yi = yAry'iY -yiiry'iY 

= + r’y'i) - y?(r/i + r'y'i) 

- r'(y 1/2 - y 2 y'i) + riy.y" - y 2 y") 

-(r(y,y 2 -y z y,)) # . 


jT 4 jLilj y 2 L jlJbL* j y| u Jk> o^jj jl-JbL* 4 j£j 2 > S^0 jl 

(6-6-T)iJiU. jl 

>1^2 ->2 L >1 = C*1 - 

ki—o aj jj jjbjly ^jL< L 4^ 


(A, - A 2 )a^^ 2 = (rCy,/ 2 - > 2 /,))' 

J b lj CL jl 4 JI^' U j 


i? ft 

(A t - /. 2 ) n>(x)yi(x);y 2 (x) dx = r(?j/ 2 . 

J a a 


(P-fi-t) 


H<x) jjj £jI;ajO~-J [fl,&]ijL J iy J (x) J y 1 (x).l?jT 4 ^.-UjJU- 

yL*P “0 — ^ C*»»lj 1 —i AS" JC-iL> <_£j <_£j yk Jajl j*t <S 01 Je j-i 4j 1 

Ij ^ n-^ m ^ rt ^jLp 4 T—<Jli* (_£ jy -lajlyi <£ -X**} jLlj 01 yp Aj - •>y* 


ob jLU y AlijJLo ^L^AjS' y -dx>-^L* I j f y x = 1 j .x = Ojj 

C~_J ( 42 , 6) ijby £j}j<S Jj 

-bjjL*j Aj (jbJJST Aia^-^L* 1j X \ -T kjjLn^*) . XAJ < y ^ 

AP y»J»0» AS' Llw> iji_L ^y I 

{^(x), rc = 1, 2, . . .} 


4 JL>ili ajlyJ* — (jji A^J (fl, /?)«jLy ^ j£\ J C w>l ( } ”0“”T) oJL^i <Jby *jU ^ly 


lim J o fc (7(x) - ^ c„<t>»(x)J w(x) dx = 0. 


(V-fl-T) 


jm 4jbjl Si *L-j aj jly^ lj/4C-»jLp Aj 

■x< 

f(x) ~ ^ C„/„(2f) 

n ~ l 



pjtf O^jy* jUi* J3U. - f jlf>- J-^ii 


YDV 

L 

c n = J* f(s)<j>„(s)w(s) ds, n = 1 , 2 , 3 ,. . . 

. JjiU (V-6-T) aS" j 

ilj JjjjJ - f>i' *-& . j J ^ |Jal^ J-*'—' ^ W 1 oi 1 ^ 

JJ-uUjLa JL ojjj I 41 JU- . &, = b 2 = 0 j r(&) = OL 4 , =a 2 = 0 j /(a) = 0 

x=b\jx = aj* w(x)lr(x)4Sj jJj-iJjiU* . (a^ lj fl 

4 a < * < b «jU -ui' j L <. A—it j^jU JpLJu^J jj <?(*) <-£ i JjJ v « - «» 


d-f 


. ojl j ^^jwO Ja*j \-6—Y Jll«i]L*^ 4 J>\ j^S 

. jj^ j 9 ?*** ^ *•* 0 t Y “&”• Y <Jli* jj wLaj C)LjL» 

. JL»Unu1 ^a w>1 j?? Aj A. < 0 4 Y* “* A ”■ Y <Jll* j J J-Jh j <1)L1j 


<J jjjl 


fc ^ ^ T-6-T JLi^ jj~* -Ljlj > j n (jr) «_Jjj g\z jL-i; 

■ J y** ^jA jA^fi x — 1 j J j X = 0 jj }’ n-^ J m ^ w «y n 
g\y I^ JAJ ^J>y 4 ^) = a,=a 2 = 0/KY-A-Y) j 0-6-Y) c/^U* ^ 
( j-jiT ijpMjj* 1j P“6“Y mJjL*-* Cm^Ij u i ^jjL+'*AfJ) . jJj^Ia 14 
• 4 ^ jL> (*^*> JiJ^ 1 - f ^ el^-J ji lj Ji Lu 4 Jjj J 4 jjj jjilL. 


/' + = 0, J'(0) = 0, y{n) = 0. 


-^ 

-X 

-r 

-T 

-0 

-f 


-UL I j 41&L-J j» 4 jjj mj\y j 4 Jij jJili* l"tV jJ 


v" 

+ Ay=0, /(- 

n) = 

o, /(«) = 

0 

-V 

/' 

+ = 0, >(0) 

= 0, 

y(«) = o 


-A 

v" 

+ (l + *)y = o, 

yo) 

= o, >(n) 

= 0 


.v" 

+ 2/ + (1 - A)jr 

= 0, 

y(0) = o. 

y( l) = o 

- W 

y' 

+ 2/ + (1 - A)jr 

= 0, 

/(0) = o, 

o 

11 


hi 

^Oc) : 4^Ui *lj) 

■±~s JeJjiC'- 

(5-T) lj \ \ ^ UiU- 

- ^ Y 





( . -1 oJLi l)L»^ j-i 

*3^ j ^3j 4 ltM 4 ^ ^ ^ ^ j-> *jdj <j\ji b ^b 

, JUl5 cSkj^A 1j *-L®L*j 

Jjj ^3 - f i]L~* i-S3 ^Ijj tfl<x<^ t r(jc) > 0 \>jZ» \y^ (^-&-f ) 4l>U^ jj> 

? C —*4 ,■»JV. * 

c -' 1 u^Jj** y.j 

y" + >.y = o, v( - c) = y(c), y'( -c) = y'(c) 

■ (Jljtojjj* l*Js* b <jjj* •Ktb' 5 V J* 

. C i^ l V 0 (x) = 1 oJjj ^Ij L> j&\IS j* oJjj jl JJi> i^o X = 0 -L*^ jLlS (c-ill 

. ^ ^ < 0 oL*^> ( wp-j 

“Jij ^e'y V' = b 2 ’ - *• K = (Ml/c) 2 iju J>*\1*X > O^i J» (s-j 

inn \ . inn \ 

y*(x) = a» cos I — x j + b „ sin I— x j, 

• jL+ ^b n ja n *S JijjIcwOAjlj 

£jlj <j ~C < X < C ajb jj oJjj y ^ o-L-i c^LLl^I ^1 j\ t»*£ j.5 (o 

S h -^ x ) = 1 i)jj 

A ij£ J . J* -P b Jij 

Ly(x) = A(x)y" + B(x)y' + C(x)y, 

j\iJ*M x )<3 iJjjlaj -X»l Jf j' „ _<_ > ■ C(x) j t B(x) t /4(x) «i' 
. o~*l [o> 6] jj C(x) j *c--l jjij AI ^j^ ^U) ^jij 

°JJ-^ ^ J- 5 - ■>j-3 jut* ( a , b) jjA(x) c ^jI «j!>U 

L*y(x) = y (A(x)y(x)) - ~ (B(x)y(x)) + C(x)y(x) 
cfx^ ax 

. Jj-i ^ «V 13 >< X ) 

jl» 3 jLu (uJl 


L*v = Ay" + (2A' - B)y' + (A" - B' -;- C)y. 



J 3 iS j J* J 1 - 1 *' J 51 —' - f J^vr J*“* 





.A' = B J\luij J\L=L* J+i ic— 

. c-—*l 3 y>- (^^jljo OLjLi (u-> 

oj_l t_jjj^*j (T—6—f ) ji *£ i L ; J——jljAij J-aj jLJ-i — W 

yVJjU* - \ A 


*>" + (1 - *)/ + Ay = 0 , 


4 JdJ trr**' 3' jJ 

. J-^S” JjXJ (\ — 6 ~I 1 ) jJ^-i lj aJjSju ^1 (k_cji 

s c —j>- ojj gi; 

‘-?y ^• S ^ J _ ' ^ 


y" - 2xy' + 2Ay = 0, 


. J 5 *J 1 JU(\-£>-'f) JSLSjuIjJaL- (.jJl 

'- ^. ‘ T Jr-Lr^ * 


(1 - x 2 )y" - X/ + rt 2 y = 0, 


• ^ >J>J£ ^0j* 
, X*£ ^[jJuj ^ U 

?c—-*■ Ojj (^ 




jd jfkXAA JjimA 




u*l$J p (3i>A jb&o JiU* 

I * *? :■* * jl ^oLojl-^ S/ ^^ > w< jl-mL tf\ (^Ijl^ i^l 

Z~~*\ e-Li o^ta oli*j ^ ^ ™6 ^j^-i j-3 ^j-iaj j ^Sli oUa^vj kloilj . 


r 



j{L) oLflS»i * S — \ — 0 


: Ij J>y>- iS ^AZ^ A |*Jiy ^ iulJj j! 





UJL , 

- = COS 0. 


— sin 0, 


1 A • Jv 

TT = P Sin </>’ 


^ i 

m- p coe *■ 


i (_£ eJLplj 4 jLj et^ jT i C-~*l ^jJj jij V J X4j *£ JLiij m(x, V) 


du cu dx du dy du du 

— = — — + — — = — cos 0 + -=- sin 0. 

dp dx dp dv dp dx dy 


<\-\-6) 




dp 2 dp \dx 


d 2 u d /du\ , du d . ,. d fdu\ . du d / v 

r C08 ^ + i:^( cos W + r r “o^+zr(™<A) 


dx dp 


dp \d> 


d;y dp 


d /du\ d /du\ . 


. X^i-3 l^jj 

Lfj <1 (y - \ -'6) *S ^ ——{du / dx) JXU ^1 <du»->‘ -l>*^ ^$1 jj 

j\S 4j jJ y j x jl isj*i* JiX» ^iJ lj jT jljJ ^ w(x, 

jjj 4j ^ I j ( ^ ~ ^ “ j) <0^1*-* £j\j jl . 2ji 

d( ) d( ) , , d( ) . ^ 

dp dx dy 


- u xx cos 0 + u xv sin 0 


= u yx cos 0 + « sin 0. 


Oi 1 ^ 


e> 2 u 


j = u xx cos 2 <f> + 2 u xy sin cj) cos <j> + u yy sin 2 </>, 



i?r 


*L<a S «- jj jA jlAi* J3L—•_ J*ui 


1 d 2 u 
p 2 8<f> 2 


l jly^i ^14iilj ^ U ^ >jja g\y ^ ^ t u xy = u yx iS U 

c *-° <* 

— w xx sin 2 (f> — 2u xy sin <fi cos <p + u cos 2 <f> 


1 « 1 • , 

- u x cos <p - u sin <p 

P P 




1 du 1 , 1 . > 

-= - ii r cos <t> 4- - u v sin <p, 

p dp p P y 


d 2 u 1 d 2 u 1 3u _ d 2 u S 2 u 
dp 2 p 2 d(p 2 p dp dx 2 dy 2 


r±y* 

(Y-^-6) 


«Ixl-o jj pj* j p— jUS c^Ua^->w- «1&-o >>{*-* Ij Lr - ^^ (Y- ^-6) ji 

b ji j y oL- t O-iL <|) jl Ja z ~* u j $I . pjjb cjL4>^ 


? 2 u 5 2 u 5 2 u 1 du 1 <5 / 

+ — ^r-T H— ~ = ”'TT P^“T !' 


(r-^-A) 


£x 2 <ty 2 <5p 2 p op p dp V dp 

j £1 4 J u i S" IJuj c j^-L* ji *Jkj 1 j LU cJl^ i jb 01ijjLo 1-1-6 JUa 

. sjS Ij Y-1 -6 J£Li . i ^ «jb/(()) L to 



^ lo -0 







2 k li J jlL$' *-& ^ (*rr^^ : ^ 

Ux^J ^1 . w p (- p, (|)) = K p (p> §)ju(- p, (|>) = «(p, ((>) a-£ ^jb <j>ry . J-ilj 

• p* jk 1 j ji3 Lri ‘ Cx*~* ^d jj^i i>J «^>T ^ iSJJr* 

' *L\jc* 


IP 1 

- — (f)u ) + -* 2 ^ = 0, 0 < p < c, -7T <4><n\ 

p<p p 

u(c< (j)) = f{<t >), - 7t < 0 < 7t. 


LSj^* 


xL LtoL-aj a_£ o~-*51j L*l jxl~»-J ^LS" *Jl—* Jp- jJajljX a_£ j_~- j 

oLox*1 La(^jL^IXp- * Xo ^jA ji^5 jL^-l jjXL jb<ji^5f 

fir~ijr{ <S <j*j* <y 


u(p , <£) = /^(p)tD(^). 


<t> d / dR\ /? d 2 <t> _ 

p dp \ dp / "*~ p 2 d</; 2 


<yj j* 


R*t >/\p jj L L 


d/? 


1 d 2 (P 


/> tf ^ _ - - n~ 

R dp l/' dp}~ ~ 4> Jf 2 " 


n = 0, 1, 2, . . . . 


L (w(p, <])) j) Oo lx < »] ?\ a_S* pj| *■—-*1 >«!ii1 ij>_)jb lj (^jl—<1 x>- lXjL 

. JSS l jA La Aj aJL^ ^jr^i j? 'Xp-a^L’ 1 j I . XiL ({) 4 j CX 2 Tl <w>jUla a jj J 

aJ^Ia-a 

d 2 <& 


wTi 


d(f) : 


+ n 2 <D = 0. ft = 0, 1, 2, . . . 


jij (J^}yr l 5' 


^n(</ > ) = a n cos ruj) + sin rifi. 


^ L> f J- 5 Vy» jk* 


d 2 R, 


+ P 


dR. 


n 2 R„ — 0, 


(f-\-b) 


dp 2 r dp 

. ^ Jp- cJ^a ^X*L-S" j L lj { J-^ , L»“ j ^ lj n =0 cJL>- \Jz>\ 



y y£jj* j\Xaa - ju 




■j) O—ilj> A-**! %>~ C. 




Rq(p) = c, log P + C 2 . 


(? I^>-) . C f — -bU JjUbj jta jl^5 p — jJ .jJ \tSCAiS\jl 

. c^jj^ ^jJoj Jw>*lj y}y. I j Jl Jl y { ^j* a£ c.-..*! c-jI? t w — OL ^j! j>~ ^jjIj^Lj 

(V^j^) jl ~UjjLp jT^l$jl^>- ^ _^bjl - a]^U-* i^l> (?— \ — 6) kl^U-4 

RJp) = + 5„p ", n = 1, 2 , ... . 

* p = 0^l— 4 p = e>0^(«(p i (|))j)/f B (p)0>rfl ff ==0^jl J Jajlij 
^ ji\ ji lj y $y* Al^lS* Alt —*a d, A^T j\ a 3” jl JjJj . JJla JLa 1^>- ^jL <1)1 ^ 

O jy& Jl j$ . J^~>-l 

u n (p, 0) = (a„ cos nxj) + b n sin n<f))p n 

iajl j*t &J> jl t^y • J { y oJLi L aJj>Ia-4 j} a_ 5" jjjlji jl £ ^y^y 

rijS iS jij V b ^fi'^r j' * j- * a j / j{ tS jy 


1 r^-i 

u(p, <p) = - a„ + 2^ ( a « cos n< t> + sin rc<£)p" 


(6-^-6) 


_~|lij_i ^y oU (d — \ “6) <JjjIa<» L 4i1~* wj|y- illLtj (T jJjAj) jjyj 4 j j 

*-* 

: -^j-1 .y <-4jyu Jjj <i jl 6„ J a n 


1 f* T 

a n = — 71 f( s ) cos ns ds, n = 0, 1, 2, 

7it" j - * 


1 f* 

6 n = — /"(s) sin ns ds, n = 1, 2, . . 

nc n J - * 


(P-^-6) 


ci!^ f j^ J* ^ 4 ^ url^ °-J>* iSy* ^ ^.M) ^yr 

(■Xm5 > aIx^-^La Ij \ — V jzS 

ifl4>{jZ**l jl jju I jiSy*y** Jl^® y 


• “V* J’-'jjiiiijy f-1-6Jlio 



: .Ul 


V 2 w = 0 b < p < c, jUl 

- n<(j><n } — oo< 2 <oc; 

u(b, <f>> Z) = f(<j>), — 71 < 4> <n y — 00 < Z < 00, 

u(c, <\>,z) — 0, —71 < (j) < n, — CO < Z < CQ. 

4—« *- > «-«— I t & C«m>I Z jl — xi U 4-S” ^ jL-lj i I 

l I j jL>IJL>- jl ol Lj . (V— ^ “A JjU ( ^!LaL^ aJL***^ *Jnj <j 

S-S-b JLL. L) pJjjl ^y* <j Ij yj Jail^ J jrU Jr-^j*** 

'. (juiS* 

« H 

<D"+n 2 O = 0, 4>( — 7t) = 0(n), <D'(- rc) = 4>'(te) n = 0. 1, 2, . . .; 

p 2 R'„' + pR’„ - n 2 R„ = 0, R„(c) - 0. 

(A j V <j e-Jy aj u'y^y 'j oVjU.jjI liWi'y 

<£(tt</>) = A„ cos ruj) + £„ sin n<t> 


R n {p) = 


c v / p ' n 



n = 1, 2. 


. /? = log (p/c)j$ =eUiU t *S(?I^>-).>^Ijl^- Ojlj/i = OliJU 

‘ W.J-* (j-»^- J' c rt s ’> ^ 

u (p. </>) = -^o log f^ ff“') — f~') l (A, cos n 4> + B n sin ncj>). 


n = J 




U(b, <t>) = K4>) 


= A 0 log (^j + £ ^ j (A, cos n<p 4- B n sin n<j>). 

jloli^lU <.^j\jjLj sc~* l/4>) jl t*jji 


^o 0 = A 0 logf^ )■ 


//cv /m , fc 

a n= T - - ]A„, b, 

VW V c / / 




-»S - 


pu 1 - 5 'j vij c»iV ^yr 



\Sjj* j^'^ a — p ->*^ l ) "" ** * 







(a n cos nxp + b n sin n<j>), 


. xs-»M) }*-> j> b n <z n ^ 


♦ M 



r-N-o 


^jV 4 j - 1 (jjl oLaiH* ji Ij jLIlJ j >• <S oT jl 

oVjL_a—» jt 4_S* JLS” ^ys ^-jL>«j1 4 j * J—^IjJ *^ C~*m\ 

J j ' J ‘-i-^> ji' • p-r 15 ’ <j- jy. 'j i>^-* ‘ 4 f J j Vj-* Jr-^Lr^ 


1 -6 jl^ai 

ejj^ L ^yjLl -bli w(p, 0)1 JlJO ^ o^dj^ <!)Lj ^ ^ ^ J^* (<—aJI “ ^ 

. UmMj 0 <1 2n wj^Lj 

. d—-1 dU«iJ»i jykiLa 'l “ i — £ <Jli* jJ W = 0 d-Jl>- IJ«-A^ jj (w. 

(jli5 <*pjUa ^ “ ^ —6 Jli* L) jJ>- *Jy* jjIaLS" 1j lj MjU-* — T 





^ b jiJ 

^ 2 ^7^2* + P “7^ - rc 2 tf„ = 0, n = 1, 2, . . . . 
dp z dp 

<JUS4~ill. \-\-bJ>\^l>) 

Jl <S" J | ^-a ob (A - ^ — £) aJ^Iaa U *& JLJSO ijblLl 'l - \ — £ 

. k—fijJjAJ ( ^ ~ ^~£) Ij 

. -Ljfc^ AjIjI Y — ^ —0 (Jll* aJI*^ 4 j«AJ 

. C—-*1 ~ jl A U *£ $ 4j-iAj jj^ ia^f j-t jl !j,>- wLA^ ^ ^ —& Jlla j3 

* c—I j\S jL. c^j L.JU^U 

^l^jl^ <5" JuA^ oULi Y — ^ “A Jl!L® j3 

<t>" + n 2 0 = 0, (D(-?r) = (D(jr). 0>'( -te) = d>'(7i) ? n = 0, 1 ,..., 


jl JJJjLp 


<D(n{/>) = A„ cos n0 + £„ sin nc/>. 


^ »J~*U ^jU; <jjy Ja^n ,jjy iJj-i U^i jj : 4*._y) 

(jl^jl-X- a.^ l)LJLi Y ^ — A JliA 


/> 2 < + PK - n 2 R n - 0, R n (c) = 0 


P (p) ^£V_M", n = 1, 2, . , . 


jl jjjjLp 


^o(p) = l°g (W c >- 

A>tAl» Ij l » Ju jjl d—O <* c jt0) = ^|j = aS" l)T Ij lj *1^>- ^ — ) — A 

. JlJSO jj V ^jb cuiliu ^ 

^ «^b jjj o j j*** aj/((])) ^1 ^ “ \ — A <Jli* (^_a31 


A0) - 


-7i < 4> < o, 

0 < (/> < 71. 


. Jjjj\ C -~0 4 j l J 





m 


. K(0, 0) j i u(c , -Tt) 4 u(c, 7t) t w(c, 71/2) l w(c, 0) Xtf (k-j 

1j j -L-iL Lp4-S" -L-ao j. *-wj 0^>" ij (Y — \ *Jl_!L* 

4i^t j i p - c ij**j 4 ~LjLj 0 < $ < 7t 4 l<p<c <^>-U jj I j jl—4_a 

. (Y“ 'l — Jbj^i 4l«£lj o\£j jA~& jJ ^<kA (jjb* Jj* J U = Wjj 


*=i 



r->-o js^i 


^Ujj-4 4 juL 0 < (J) <ti/ 2 t 0 < p < c tj> b ojj^ 1 j LL cJU- ^Ulo 

a JjUk-^U J 4 «i ^JIp P = 0 JJ* t Jj^j—i 4JL> b ct^o J$ (j) — 71/2 j <f> = 0 

. \ ~ (i ^4lJ*b ol£o W (| OjIj tjjlo 





(M-0 JSLi 


-> \ 

-w 


-\r 


i^UL-o T S\ 4 j_jL 0 < d> < ti/ 2 4 1 < p < c Ij [Aj c—ILs^ ^LfcLo - ^ T 



•r r? 




TV' 


} J jA J l wCj-i <l*ib fll^J/(<}>) J jJL^a <— Aj p — C J P — 1 

. (P-^-A JCA) 



M-0 


t u(c, <()) = /()>) t-uLi p<ci)i/^ V“Li 1 j jbj\^ iLL cJU- ^LaLo -\b 

. -7i <<J) <n 

. a-^ v L-^lj«(0,(|)) Jlt-jA G-ill 

? Jjb C-4jlia-fl O-Aiij L (v—aJ I) C^J cjJ\ C...Q Aj k>wJ \jT {c-J 

■ -V** y b ji' <V 

, JujUj I j Y — T “A (Jiia ji C-L*\ Aj A>*w — \ V 

(. c.■■«<*! ^wjl (^l & iJk-j J-P L)liC—^ I Aj 4_£ 1J <jL—NV—a — ) A 




1 < p < Po'y 


2(1) = 0, 2(p 0 ) = Z 0 - 


: <hl#L4 

: tfjj* 


. wLjLoJ jyJ*j jJflUjl U (will) 0-«—J ilL*. ^ 

ui i^j^jLi ) * fljjb aS jT ^jJ >ji \j Ij (c-aJI) Q-*.■■■> aJI~~* (u 

YijUSlAj Y * 

c — 0 L lj ^jL-l»br ij^jj 1 -^*-{ * JL^S " c —^ 0 1 j Y — A—<JliLa — ^ ^ 

. JUA.S <*bl lj j\S il)l^«i JL^ U J Jb^ j!5 Aj 



j x i£jj* p *111 


J«Jlj&d £tfdlu £*j£* A* T-0 

t JL-a J--J1 j-**> c/ibL*^ cr^jj <_r*- JJ^~* *i u^i ilrf' J* 

J»Li 1j - 'jZjj jA 0 j>- . pJj-^ y jl LX ^-S' Ja^- 

• JJ^ 'j oT i^U <->■ Uil *£ c—I v_—-L* t ^ 

: ji Sj jl ^Jk* jjj oIjLp jl <SjjA 




1 —1 + 1 — l-*-l —h-- - + (-l) #1 + 1 + 

0 + 0 + 0 + • • • + 0 + ■ * • ; 

1 1 1 

1 -L- - -J- - _1_ * • . _i_--L • • * • 

2” 3" n p 


O-T-6) 

(T-T-6) 

(r-r-6) 


(T-T-6) 


a(l + t + r 2 + • • • + r" 4- - ■ •); 


(ds-Y- 6 ) 


1 1 (-1)" +1 
3 + 5 + ’ " + 2n - 1 + ’ ” ' 


(9~y-c>) 


Ji?r (^ - t - 6 ) 

S, = 1, S, = 1 + 2, S 3 = 1 + 2 4- 3, S 4 = 1 + 2 + 3 -f 4. . . . 


4JL-j , to 

♦ W ** 


[S,, S 2 , S 3 , . . . J = {1, 3, 6,10. 


. *j\ jj 41l5/ JLlAi ^ Ij 

5 I jb Of <_,5 y>r i^Lf-c-iJLb j C—*1 j-?1j (T -Y -6 ) t jl 

O<■ C—-1 \Sj-~* ^biw* Y -6) i_S, C—l 0 j +1 Uxai 

. Ch«I a 5 t u ■ ■ wIh5nj \£*X>- ^ Vi a > Onj 5^jb ol j*r ^ibb 

p > l \S^y. (^~Y-6) \$j-~* ^ ^b oLjd j’ 41 ^ 

— £ 5L> aJLJj jl pL 5jjfc -ll^U aJLJj 51> ^-L^- Vlafli 1 j i^l *laai ♦ 

^JLij ^ L«jj3 j C.hi/i ll^J t-« jjJ jJJ>- Via a i . CmI jJL£- l5j £ aS - iX jl y <i»i> jl 

d-»l i5> jfj aJIJ^ ^Jl>- *Jcuj k J\X» ^1^ C .-.i.j p-ft 

(1 i 1 13 » 

12' 4 * 8 ’ !*'•■■(• 




oLy Lj 


ja of Jjl aS" <i~*\ ( ~f**J±* (jj~> ( £> - Y - A ) ^ . vJU^l j$\j p < I iS^jiJ *— 

i \r\ < 1 (0-Y-^) aS" j>I^>uVJL; tc~J rtic^jj! 

^jA C j*eU>%A O J y*0 <J ( (^ — Y ~ 6) ^ 0 J /* ^ 1 ^*1 J 


GO 

E a 

r" =- 

1 — r 


r < 1. 


ojla~..*<l L) ^**i^L OI^j aS^ Ow»1 ^ k_^j jl ^—T — c2>) ^ j~* <. pb*iJl j*-* 

: C~*l j\ Jy yj ji \yj C—I ( ^ j ~ T -*j 4,+iJit j! 


. <z~*\ ^Li <U^r iJ-Ua^ j-^ ^ 5 jL^» L Al*^y — ^ 

. c—»^1 jA^p y)ji *• n —> 00 j pi rt aJu^- Jl>- — Y 

j * *>- * ^ 0*1 j c^-i v X^ ^ aS 1 jji y 

A>«y j a>*jli ^jjl • c—-1 n/Y C^ 1- Y—£)) ^ {S^ji * 

, {x^S aI^^L* jf y1 j Y ' j ^ A ^l^j^kj) ^1 ojjT c~*o aj Y -T ^L$ 4 1 j 

C — 1 jdJ ^ \H ^ulj>- fJljfiSs* ‘ ^ tfb* c5^- J 
(in 4 a,f'r — 4 - a-,(-T — x,,) 2 4- * • * 4 aJje — 4 * • ■ (V-Y-6) 


a 0 4 a x (x - x 0 ) 4 a 2 (x - x 0 ) 2 4 * • • 4 a n (x - x u ) n 4 ■ • ■ . 


t JUL- fj\ji . c~m\j£-+j* 4 *i : +A J>\jJ tjj** . ±*\:x-.x l} 31 J>\y \j1S\1S_r* Cjt^- 

(.x n —/?, x u 4 R) JiiU ejL ^1 U i^\j» ic^l j$l+^x = .4 ^1 j! aj (V-Y- 6 ) 

3' 1 ^ ^ly l/ b uT jl-ii* j p-^U ^ ^'IjJ ^^Lwlj /? . c-^-1 ^1 

. 0-^1 e-i-Ji e^l Ji ol-'-J jiJ J$ A^ t Jj jil i, M , ■ - -j .*> Aj C-i nfv nJ 

b jdj LS_r" ^ Y-6 JUc 

(, _ „ . !£^ + !ill>! _ <i^ + _ .... 


* j' LI j i£j~* o-»l jfc : J*- 


6 (-ir +, (x-ir 


^y. ji 






lim - n + * • < 1, 

r W.. 


r k„ +i r (-ir +2 u-iy 

lim - = lim --- 

n~* 'X W_ n-* i « + 1 


Jli-^1 j-> ■ U n d\ji *S 


(— l)" + 1 (r - 


= lim —-— \x — l| — x — 1| < 1. 

^jL^j ^U-i juo^ jLU <. 0 <a < 2 l-l <jc- I < 1 ^ 

4 JL?Ia>- AjL jLS' j >* b *jk <5 £~*\ pN J 5 L^» jl 

. 0 < A < 2 ^l 6 jlj l>- jA 4$ ( ^ 'jij+j) ib (1 )LLj 01 y ^ 

* f~“ <y ^ 0>^ b ^ p^b* - 3 b yJ V** J* * 

DO _ | OO fl 

til>'-> X na n (j:-x )" X a n (x-x Q ) J,\_y <jj -»: 1 -t-fi LaJ 

71 = 1 A — 0 

. 0L~£L ^>l ^UJi 

oo 

ojL jjj* j* 1 a n (x - x ) J>\y <jj~- li/(4 t- t-d 1*41 

/t = 0 w 

j! j JL J j lJL * ^ajti Ojj* jA ^Lj elf j! . J-J-L oA-Ji e^b 

^ Lf 4 •*'* y -3 ^ ^ 

/ 

A*) = ^ raa„(x - ^o)"' 1 - 


"" 1 b\r^ 


n = 0 


, pJjb j-*J oaLmu .«0^L*-> kj£j 4 j l_£j j^m jl pt 4.« .*1 L aS j*j1oL*1 l)L>- 

jlZ jx\ 4. \j^ iSi \j p~*\y- OLi: tjju • (HLrr^ u* A— 3 >.'>. b ^ tS^y. 

. c.^^m.2 -iJLjIS0»1 

, A-jL> Ij v " — xy = 0 aJaIh-o w-^l y*- l^L T— f- d JUa 

A-iL «-b iyrj yj -j cAj* • A*“ 


- X v 


Oi' -> J 





/ = ^ na n x"~ 2 j y" =^n(n- l)a n x n ~ 2 - 

n = 1 n = 2 

A^wJ aJLi ob jti\jLa yjl <Jjli? ^l>- L 

TO PC 

^ n(n - 1 )o„jc " -2 - ^ a ,,*"’ 1 = 0 . 

n ~ 2 n = 0 

**ry L j\S jA . j^-iL j* _/* j* h * jr+t <Ld £ ©aL- (j\ j* 

C — 1 <jS.£y*r^ J j iSj*^ cri xl A n ^ ji' *i 

n - I -j I j«/ j> j n + 2 *j \jn y .p ‘jiL^ 

^j_^0d l j J ■ Ji-M 

* * 

^ (n + 2)(n + 1 )a„ + 2 x" - ^ a n _ 1 ^ n = 0. 

n - 0 n = 1 

J l AXS AJ OO lj \ j\ ft (jT CJjj^+0 Aj \j JJ (Jb>- 

AlL^I 01 4 j wLJrilj u J-«LJ 4j aS 1 j ^1 y* 

X 

^ ((n + 2 )(» + l)o „* 2 - a„- 1 )*" + 2 a 2 = 0 . 

It = 1 


{l,x, x 2 ,x\...} 

y)y. <y.> y J\ J«i j J\ c-l ^ jl 


tC_-l Ja^ Ji—* 

Jyljjly . JLil Ju£> 


i y** 


2a 2 = 0 


(n + 2 )(n + 1 )a„ + 2 - a„_ t = 0. 

(*TU^y 'j jij tr-^y <Jys i u A J* i' j a 2 = 01 ^ u* <Jj' j' 


a « + 2 ~ 


(n + 2 )(n + 1) 


n = 1. 2. 


jw>jb n - 2 ■ J—'l; (jj l. " * -l AJljJy a 0 j i a y — a u /(3 • 2) j*jjb n - 1 <jI^j 

a i 

• a i = a /< 5 '4) = 0 j*jjbn = 3 <j\j, . -LiL^jL^loJljJya^.ljjb <. a 4 = J^~J) 





lSL* * a 6 =fl(/(3 * 2 ■ 6 • 5)jnjbn = 4^1 y . <, ... <. a % <. a 5 i a 2 jj 

, L-JIhm UjL^ . 4 a = —^i-= fi ^jjbn = 5 

Jt . J~^LTi j-' iS j u 7 (7.6) (4.3.7.6) 


)ojU 


a 0 A , °i ^4 


0 „6 


1 ~7 


y a ° + fllX + 6 * + 12 * + 180 * + 504 * + ‘ 


^y }? yj ^ 


x 3 x 6 


^aoli+g-^ —+••* l+aJx + - + - 


X 4 x ? 


L>\ v 




<1 J ji jUta’1 ijelJ C-jIj j * J-*L£ aJ 

. J^jb 1 ^X4jb -oo <jc < oo^l J jh45(Y *b OUiJ 


sin x = 


COS X — 


log (l + x) = 


r 2 x 3 

1 + X + 27 + 3! + ' 

x 3 x 5 x 7 
T ~ 3! + H\- 7! + 

X 2 X* X 6 

“ 27 + 4T _ 6! + 
x 2 x 1 X 4 

x ~1f + l--7 + 


(a-y-6) 


(vy-g) 


(\—Y-6) 


(U-T-6) 


<Sj*'£ik x a J* 1 -* . c—J4 / -,.*,» jl£ jjI 

oo 

July . AUU^LIi W X = x n J.> 1 j elf 01 4ib S 0 „(x-X ) £jjj*9*j\j£+A 

ej^>-jl JflA ^yolj . JUl ^LJbhuX = 0 ji A*Jb ('l ^ — Y —0) li (A—Y—6 ) 

j./..^.» jjl L^jI . ui^U^LL>fc gfc lj oT jl^L ^JuL>m5 ± j>- >_ <uj*-> 

. JLiS" <>-jj (_SVJjLic kJsj jl *4 


. j*. ij ju <JjL«c r-r-eju* 


(x - 1)/' - x/ + y = 0. 





TV? 




=Z a - x "’ *'=z 


na„x" *, 


y" = ^nl’!- l)a„x" _2 ; 


j_jUJ s_Li ojta jiji kJjl*-* \j L^jT j 


y~ n(n — l)a„x" 1 - ^ n{n — 1 )a„x" 2 — Z na n x " + Z a " x " = 


1 <_** Ji-V « + 2 4j 1 j n 






(n + l)na n+1 x" - Z to + 2)(n + 1H + 2 *" - Z na ” x ” + Z a " X " = ° 


o 


V («(n + l)a„ + i - (n + 1)(« + 2)a„ + 2 - na„ + a n )x" - 2a 2 + a 0 = 0. 


u cx >wdJ Li> ^ i_u! jJ* 4 jus* L 


1 

a 2 — 2 a °' 


a n + 2 ~ 


n(n + 1 )a n+l + (1 - n)a„ 


d-> — 


2a 2 g 2 


(n + l)(n + 2) 

a. 


n = 1, 2, 


0 


2•3 3 3*2 


a 4 = 


6 fl 3 G 2 


G 3 G 2 O 


____ Q Q 0 __ Q 0 . 

3*4 2 12 “ 12 24 ~ 43 ' 


tT J' 




a x x + a 0 





+ 


3! + 4! 


+ 



• l >*k a i j ^ 




, cji*- \j u!^ i Lfc.sUj VH J* ♦ 



YW 




. jl u .~j* ktaL*-* * k—>1 y^ ji e x j £(Y > ^j^j) jUj OIj? j 

* j o j <* I j L->lj>- oljJ ,y (Y ^jJj+j) T—Y-6 Jit* 4-i^>- 

JtU <; ^ J L »> ^C**NaIaa J>- U*J-) *■ 

JjjX jk >> b j*j . C—J JJ 

2x 2 y" + 5x/ + y = 0. 


b y = o v j4i Jj . , -r’’j j f ■k*-* ^ - o i* Uj^-* j^jj *-$ “k~»j ol— (6 jiy*) oij^<; 

oTwjI j/> \tx j X j •- ■' ^Ajji — tj~& »JLi »jb iJjlju L . JjfcJ 

UjL»-4 Sj tsL^l^ar <S 0—1 * -* > 41 kl~*Jlj Jjl Ji J« a « * (^ iji/“) ^—* 

• * A ~~y ij**" J-il; b f-V* lJ'04 j* ji 
‘ J J b i J**- ‘ (“j' 5 VV c/U*-** Jr-'b**- 4 Oi^i^ 


3'" + /*(*)/ + Q(x)y = 0. 


(\y-y-o) 


j' j -»-*' J*Li/ t «oiL jjLbw jj j-*CW j ^C*) U-^ji *S x^, !>LlL4 l jt Jl (_5 jjjLLi 
ilaSi ^j X ;| jT 1 . J— tlJ X„ ji Q(x) L Ptx) £\ . «JL*tj ( \ T*-T“6) 

(X - x u fQ(x)j (X -x 0 )P( X) jjui^j^iUa SiX,J\ Jj o-l <\T-Y-6)U^l-- 

tJ—_ <U (\ Y—Y—£) <tal_*_» n_Sa^« ^j £*j < LaS> «L? oT t,JOiL» 1 _ y ljL>»j x = x (J ji ji j>> 

. Jjjta ^lj JrL&j l J»IaI jjL* . u* 

. JuiT(_5 XjO xj lj jjj UjLt* ^Sj J»Ui Y-Y-fijJtt* 
(1 - *V' - 2*/ + n<n + 1 )y = 0, 

.l?01tx B =-l J\ . = ±1 jl MjU jSs J»Ui l*ii : J* 


(x + l)(-2x) 2x 


(x + l) 2 n(n + 1) n(n + l)(x + 1) 


1-X 2 X - 1 1 - x 2 1 - X 

Jj^J r»* ■ '' (*^* ^*D =_1 lTJ • r = _1 

= 1 if Iji 


(x - l)(-2x) 2x 


1 -x- 


(x - l) 2 n(fi + 1) _ rc(rc + 1)(1 - x) 

1 - x 2 1 + x ’ 

,1 |Jil« kJai ^ ^ X,, = 1 


x+ 1 



t Jilj*■ t C...«l oJL*l jj ji ol&^j! ^L*j 

*5 jt J»j-1 ^ JjjT A; (Ja*-J-Jj-w oV^U-. ^ly tSj-* &JJ-* * 'y'yr ^i 

• -i-ib y*ii >-&. J^>- ‘ k ^ ^ <-!>*■ j j ^yr ^ 

. OjIj ^UJl ob^Lj O M V- UT M J Lty ^y ^UjLS* 

Ij JjL 4 ^0 an* ^ j~>- 4 -^j jiJ-S'(j^jb ^j-*-> 3\^ 1 > 1 .*■> 

0 V 3 L*-* J^- ^1 OJjJ jl c3 U -l^l ojjj-f jlai j3 ( X 0 + r 

kkU. jl oLk-l j Jli* c£> U . 3j-S^ oa—-U L r*j~ijj* L rjj 4 

* (*^L/* £LT^ • lT~^ 

* ifjhiJj* u*JJ ^JjlJ * “* * JU* 


x 2 y" — xy' — 3y = 0 


fi> : J*■ 


y = Y j a n x' + ', 

0 


*' = E( n + r >°«*' +, ~ 1 ’ 
0 


y" = £(» + r)(rt + r ~ 1)a » J " +r “ 2 ' 

0 

pJjb 4 oJL^ 03b kbl*-fl j3 <_$j1 jlfL^W” b J 


^ ((n + r)(n + r — 1) - (n + r) - 3)a n x" +r = 0, 
o 

j*jjb rt = 0 (_$1 jj i -Lib jL* JjL. n = 0, 1, 2,...jlj i x* , 'i r uj^J 
(r 2 -2r- 3)a 0 = 0. 

3 y* ^y 4>h*li 4 jAjiO k_iil>v* ‘ J*t 1 * l >-k (l {) b 


r 2 - 2r - 3 = 0, 

J* j3 . J LJI~Jfc T j-\ ol *2 Ljj . *11*11 ^y Uj 1a* I j 01 


JU 0b ^ • T - \ Arr) t Lazarus Fuchs * 




oLflli** >1 iSJj* 4 -1*- 3 ?*^ 


a rt (rc 2 + 2nr - 2n ) = 0, n = 1, 2, ..., 


ol£*' ji • rt = 1» 2,... <. a n = 045 J-iU jl <j*j J*** ^ 

Ji(*) = a 0 * _1 j y 2 (x) - 6 0 x 3 

C ^ J?"** (£J* 0 ^1a 4 <*ijj jh AS .JUljT A^^y . J l^Iilj aS 

* '1 ‘-& Ja" J*L* (iJ— j+ J* (Jj 

‘ fr*cr- J-^ tr'J-'J.r* Jpjj ^ b L^- 1 VV* Jc— 5 Lr^ ^ <1 ^lij 

lj l—£j1 l>- jJ J* 4—* J C.-—1 <*J^La_ 4 k_£j ^^JLjI <LLm_A 

. .>jjT C—o 4 j jljJ <—■>!yr Uai ol? oT JlwU i^j <_$La *^t}J I -' 

<—>1 oLS* o*f t JU-L £^*w> jp-jP (jj^JLp ^i^JJl <l£jj -Y 

. Sjjlc^JAj dljS Lr M Lf ia^- 

c-j|J>- <jSo jI?jJj ^JLP ol? jT i Jjilf <>-lP (_$Ia j^l —T 

^ ^ ajIj! c— i ^ tjjf** j* is* 

. X& tfljl 

o^LoLw«I ^jy~* lj>JL*ua (jJJUj ^L>»j J a ^ (*+• Jt-'Lr^ 9 J* J* - 1* L> ji' 

• (*iJi (^* ^ LT* ->Lr* 

vbjjTc—i^ jjj i)jU4 jjiji wii^ f-r-aju* 


d 2 > 1 rfy / n 2 \ 

d? + ^^ + ( 1_ ^) 3 ' = 0, n = 0,1, 2,... 


Or-Y-a) 


(>At?-WAT) JaljiLLLji j t jj_: ^ .j_pU j-, jL_ ;i^ <lsU^ 

<ljl« ^1 aL* j jl jl . Jule ~» Q 4 j oljL~« C*£jp- OJ^JJ^ CjUUa>i .0 jb 

jL/ (_gl *Jl y-»\ oLd^u ji *S t_£Lz—u j$\ j i A/^laj < L*jjjLL/j ^JlL—* jj 

. C—' »JLj jM Ui 

iJil*_4 L . ^ Ojj-p»y <j^yr CjU j>=r : J*- 

c —‘ ( YT-X-fi) 


x 2 y" + xy' + (x 2 - n 2 )y = 0. 


OT-Y-fl) 





YA 


• L> = 0aS^S<>- y 

■^o*j 

y=Y, a-*""'' 

m = 0 

Yu a »,(m + r)x n ' + '- 1 , 

m — 0 

/' = ^ a„(m + r)(m + r - \)x m +'-\ 


m = 0 


l>* 0 Y—Y—£>) ktal** 


^ a„(m + r){m + r - l)x m a„(m + r)x m+r 


w = 0 


m — 0 


+ ^ a m x'" + r + 2 - n 2 £ a m x m+r = 


0. 


w - 0 


/n = 0 


jj jjj O Jj*i0 Aj <3j* i jlji 1 j ffl ~ 2 i ffl Aj 4 ^ (Sj** 

(a m (m + r)(m + r - 1) + ajm + r) + a m „ 2 - n 2 a m )x' ,, + r +a 0 r(r - l)*' 


m =■ 1 


■f a 0 rx r - n 2 a 0 x r + a 1 r(r4- l)x' + J + a,(r 4- l)x r " 1 - n 2 a^x r + 1 =0. 

pJjJ^ C^H>d*jSo>L* L 


£ ( aj(m + r) 2 - n 2 ) + o„ 2 )i m + r 4- a 0 (r 2 - n 2 )x r 


m *= > 


+ a,(r 2 +2r+ 1 - * z )x r+I =0. 

• r=±n t a () * 0<£^^ji<• a^,L yuo -LiV 

. oJLi L_ 4 JjJO ^jk~a\j iJL* l£j ( \V“Y ~C) J-* ;f \jtj cf* ' J 
J CJ\ j* . ^ ^Liol \j (i\ t JLiL jux> JjL 'jm x 1 v_*jjrv^ 0 % ^>- 

uri ■ *j 1 Y j*** ^ ji 


— a 


<* m = 


m - 2 


m(m+ 2rc) 


m = 2, 3, . . . 



ji | Sjj* Jit--* (_)-^ 


* X jij CJjyJ> 4j a5 i<U~-Ux^ Jj>»y ji di\y lj Jjl ^w-J 


/h - 2: 


2 2 (m + 1/ 


n =4: 


2 3 (n + 2) 2 4 *2(n + l)(n + 2)’ 


w = 6: 


2 2 • 3 (n + 3) 2 6 ■ 3!(« + 1)(* + 2)(n + 3) 




<- D m a 0 


° 2m 2 2 "'m\(n + 1 )(n + 2) • (n + m) 


m = 1, 2, . . . , 


AlJijJ jJJ \lJjy+p 4j ( ^ T — Y ““A) J 


y n (x) 


-“•Z? 


( — l) m x 


m„2m + n 


m = 0 


2 2, "m!(ft + l)(rc H- 2) * * * (n + m) 




rn= 0 


2m + ii 


p^'- 1 uiLX • ^ Md>’ a (i uS'ji — ^ J lji * ^ n V> Jj 1 £s J~1 

2> M « 


,. . V (-IT /* 

’" X> Lm!(m + n)!\2 


m =0 


2m fn 


n = 0, 1, 2, . . ., 


Ofi-Y-A) 


Lf^jy. J- 5 ^ l> g'jUi 1 • °-' 11 J~- ^■ 3Ljw i^j- 4^ Ui' J 

Jbjjl dj Ij t—V— T—6 JU* 


(1 - x 2 )y" - 2xY + n(n + l).y = 0, n = 0, 1, 2. 


Of-Y-G) 


. -U*L U}Iaa 1 j jjl 


>Sj~“ y*p ** \j ^\_yr py^y <j“ (T — Y — £ JlL») ^ Jai * J»lii x — il +• 


y 01 j 1 ATT- WdY) i A. M. Legendre* 




YAY 


^ <j*j* aJa:-OJ^- 

= ^ a M r m , y = ^ a m rnx m ~\ y" = a m m{m - l)*"' 2 . 

m -0 m = 1 m = 2 

^ ^ ^■'T—6) kJal** ^oU» ^jl ^ ^jlA? (^l>- L 


£ a m m(m - l)*" 1 2 - ^ a„m(m - l)x m 


m = 2 


m = 2 


- 2 ^ a m rni m 4 7i(7i 4- 1) a,**' 71 = 0. 


m — 1 


m = 0 


4 ‘tr** -> j m + 2j ^ m Ji-v ^ 


^ a„, + 2 (tf + 2)(m + l)*" - £ a m m(m - l)x m 


m - 0 


171 — i, 


— 2 a m rni m 4 n(n 4 1) ^ a m ^ m = 0, 


m - 1 


m = 0 


^ (a m + 2 ( m + 2)(m + 1) - a m m(m - 1) - 2a m m + t m n(n + l))x m 

4 2 a 2 4 6g 3 x — 2^* 4 n(n 4 l)a 0 4 n(n 4 l)a-jjc = 0. 


m = 2 


— n(n 4 l)a 0 

2a 2 4 n(n 4 l)a 0 = 0, a 2 =---* a 0 

£ 

(2 — n(rt 4 l))aj 

6 a 3 “ 2a, 4 n(n 4 l)a, = 0, a 3 =- - -> a { 




<4j4 


a m + 2 (m + 2)(m + 1) - (m(m - 1) + 2 m- n(n + 1 ))a m = 0; 


a 


m(m 4 1) — n(n 4 1) 

' » 


" + 2 (m 4 2)(m 4 1) 
(m - n)(m 4 n 4 1) 


+ 2 


(m 4 2)(m 4 1) 


— Q m , rfi “ 0 , 1 , 2 , . .. 


C NV-Y-i» 



Cj LaZi m* j\ll* JSL.4 _ 


. cJL o\y^ d\<SUX<j\j AS c—*1 J^y tft d*1j ( W-Y-6) JJjU* 

**** Jj' V*-p* V-^ 

— rc(n 4- 1) 

1^2 a ° y 

(2 — n)(n. 4- 3) n(n - 2)(n 4- l)(n 4- 3) 

4"3 °*~ 4 ! a °' 

(4 — n)(n 4- 5) — n(n - 2)(n — 4)(n 4- l)(n 4- 3)(n 4- 5) 

(T 5 a 4 - 6! Gor 

<1 - n)(n 4-2) -(a - l)(n 4 2) 

" 3^2 °* = ' 3 ! °" 

(3 - n)(n + 4) (n - l)(n — 3)(n 4- 2 )(n + 4) 

— n — C3 = -5!- a >’ 

(5 - n)(n + 6) —(n — l)(n - 3 )(rt - 5 )(n + 2)(n + 4)(n + 6) 

- a ^- v. ° 1, 


\ . X- * * « 


b j-Ul_)3 iJjUb ublj^ jjljjU. 


y„(x) = a 0 1 - 


n(n + 1) ^ + n(n - 2)(n + 1 )(n 4- 3) 


n(n - 2 )(n - 4)(n 4 1 )(n + 3)(n + 5) 6 

6 ! * +_ 


„ (_ (n- l)(n + 2) 3 , (b - l)(n - 3)(n + 2)(n + 4) 5 

1 (-S!-* + -5!-* 


(n - l)(n - 3)(n — 5)(n + 2 )(n + 4)(n +6) 7 

4 X + ~ 


.(U-Y-6) 


. .i::— * 1 j£+. js -1 <x < 1 ^1^ ,jju. jj y» 

( U-Y-6)UiUb jl oUubl l, tj^S^Uclljn = 0,2, 4, .../l 

\\ x: iL*. 

>- 0 (x) = a 0 , 

,y 2 (*) = a 0 (l - 3x 2 ), 

y*(x) = a 0 ( 1 - 10x 2 4- ^x 4 ), >1 Jl 





YAf 

pdjjif c~o j U <_** c ^ Jh+*\ y? Ij J„(U=1 J\ 

P 0 (x) = 1, P 2 (x) = j(3x 2 - 1), P 4 (x) = i(35x 4 - 30x 2 + 3), . .. . 

<\<\-Y-6> 

• ^ l; j~M)J t Ij Ifil <Lu>-Al>- ^j| 

( \ A- Y — 0) ijjbo jl 3 J' e~.^\ Ij Ljj J>- olS" J jAU> <? (i jn = I, 3, 5,... 

jl JLJjUp 

^,(^) = a 2 x, 
y 2 ( x ) = <Ji(x - fx 3 ), 

^,(x) = a,(x - ^x 3 +^-x s ), >1 Jl 

b jij j j eJ j-S" Ij a \ Ij J„(I) = 1 ■!»j-d j^l 

pjj jl CL—O <J 

P,(x) = x, P 3 (x) = ^(5x 3 -3x), Pj(x) = i(63x J -70x 3 + 15x), . . . . 

(Y*-Y-£>) 

• ‘l> Uil'^r-^jil 

*5 ^ jl Jji* JlL—* jj Ijjj C. 1 3 -U>l y>- ijij\£ Y— 0> JLiw jJ jJLjl J <d*>-.Xj*- 

. Jjj-i ^ ^*lk 4 JllJSL t-Li jLj j_5_joJ>u jj 


T-6 

. 0 < x ^ 2 jl o*—*1 w3jL*p I — T —0 tJlL* ^^L*jb fljLi j>«OLtj — I 

cjj< j Y~Y—& ijlL« jj v rl — xy= 0 J.,.,»)'^ r jj j LJjIj»lJj -03 QLw (<_ill -Y 


Jij 


ji(x) = a 0 ^ i- 


n = 0. 


4 • 7 • * • (3/i - 2) 
(3ft)! 


.3n 


J**- J- 


** 'j f v'rr (v 

. -LoLl Ij (a_aJ 1) -ijj-jilj^*^ 

>’ 2 (*) = ej >-,(x) = x a_£ j^S J 

. J£L_»(.x- !)>•"-xy' + >’ =0 


-r 



jA jIjl aa J3U** - 


YAA 


L Omw m I V — Y — & L* ajul Aj s—' l^>- JUaJ oLiJ (iwjil 

*(*) = cjx + c 2 <?\ 

? c~J <_3^ ^ Jl (jj^jjljL* <>■ <jj1jl aj 

<JjUj tjijl y = 'L Q a n X n JSLi *j ^l Jj;. jLU 


-T 


-6 


2xV' + 5x/ + .v - 0 


• >?^- v = 0 L^i a i 

'<JjUm (J**"*** ^l/x j x -A-ilJ 1 ju« ^ ajb y -Ju^S* o>b* 

. JC£_» 6 jJ aj_i ojlj 

J* L> jdJ^Lb 


-? 

-V 


{ 


1 1 1 JLi 

2 t 4 i 8 * ] 6 > • 



. Jwmwj^xj Ij a!Lo ^1 n a !» ^ ( 

. Chm**1 a!L b J->" aWaj \ jla^ oLLj ( ^_j 
IH < 1 c (£“ Y — &) \£j*» JLjo oLlj t)jl olilrfl L 

ii lj jL) iJj”* 


-\ 

-<\ 


11 1 
To + ioo + Tooo 

• 'j tij- &+*>• < V 

• 0 jiJ tf Wi/* j' ^1^0-* JUJr - ^ * 


(A* - 1) + 


(*^1) 3 

3 


+ ^ + - 


(will 


, x 2 X 4 x ft 

1 + --+—.+.4- * • 

2 ! 4 ! 6 ! 



n (x + 3) (x + 3) 2 (x + 3) J 

1 + - --,. +-— +-+ • ■ • 

2 3 4 

2!x 2 3 !x 3 4!x 4 

X 4 ——j 1——y— 4- — 2 t- 1 ‘ 1 

2 2 3 3 4 4 



(ju '<£ C^Jo* ^-AjjJU j\ '. (■» * J>/ j) 


1 ( (x + 2) ( (x + 2) 2 ( (x + 2) 3 
^ 3 2 ■ 3 2 3 * 3 3 

(X - l) 2 (x - l) 4 ( x-1) 

2! + 4! + ~ 6! 


+ • • • 

6 

- + • ' ■ 







. 0-^ iJJLi 'j ju Jr-*L>V jl *£tj* jSj J*U; - 


x 2 y" -f xy' + (x 2 - n 2 )y = 0, n = 0, 1, 2, . .. 
x 3 /' — x/ 4- y = 0 

x J y" 4- (4x — 1)/ 4- 2y = 0 

x 3 (x - \fy" 4- x 4 (x - l) 3 y' + y = 0 


<wUl 


y" + y = o 
/' - y ~ 0 


• jij ■>(*•* jl ^IjJ i^l-fcj*'' j' 

(Jl 


j-a*^ ^£*> 0 *^ 1 *- <,J\y (jlfcj- J>jj*SJ-£ **ry) y'-y =x 3 (>_ 

(-L-w^j -c_, 4 j Ij jlSs^l ji) 3 r ~ ~ 0 (o. 

(1 4- x 2 )y” 4- 2xv' - 2v = 0 (^ 


(1 4- x 2 )y" 4- 2xy' - 2y = 0 


■ ^ <y~ L J'jfejj ^ b ji j j' - 


xy" + v' + xv = 0 
ixy" 4- 2y' + y = 0 
x 7 y" 4- 2x/ - 2y = 0 


(Jl 


xy" t2/ = 0 


^ jj jj 11 j jj j JdiU. - 


(cJ jL- Jl £a\ J*U Jx : 

iJal~ -\0 


y" -*/-> = 0 


cJU jrfl Ji ■ J J=- x - 1 jl .jily (Jj—< J ^jyJ> <j lj Ij 

j-»j—* ^ 'j j'—^ ji' ■ 5 j— 1 <- ' • — “y * - 1 w— " S. ^ j—? x 

. ib # j A U*T* J ^ = A(•* — 1) + H 

jjJjO <bljC4 

/' - xy = 0 


-\? 


X-*U fjj*l glj* jL~£j1 <ijaj J* *^S Ij {fl+AjJ* j* fjjjl 

0MY-\A* ^) i G. Airy * 



tjj ja JaIa Jsl—• _ J^ai 


YAV 


o-r-ft jcs) 

. Jj cu-o <j ^ jl ^i!y ^ e- — p-j \j ^yr 

jlia 'i ft JlJL* L) . Jbjjl c^-o (x — 1 ) jl {£j~* *^d jt ** 7 ^ j*r ' 

(-U5 

« 

y 



isJ&ijt '-v-o 


j ^ iSUi.r* i5j-^ J" - "** ^ 'j ^ ^ ^ *<r** ^ 

( . C~~J ^yLJI ^ *V^" *V^ JHy-* 1 

Ij (A-Y-ft) oVaL_a_ 4 L$jj—«» j j\ Jj i JU b lj V”Y-ft (t—oil — ^ A 

. j^^ftj(n-Y-ft) 

: 4*rji) ? c.,^ i (U-Y-ft)b <A-T-ft) oV*U*^ J^U-i (^ 
alf 0^>UiL Ij^^A t^jilAx* j Jl j~* £\ 4S -US' g^UlMtl C~*aj1j j! JbL 

(. c~m\£+j> jJ ia 

. JulU OLj I j «* y>- Jop - Jutf <u-jUU .y' 1 — y = O^Lfc! j>- L Ij ^ ? <y_ y>j ^L^jl^sf- — ^ 


V 2 * = - 


(^ c~*l jij j£-i ^ (P* 0i z) (^1 aJIjU-I oUw j* 

1 O-r-A) 

p dp I dp. 


p 2 d<t> 2 dz 2 

zj 0 4 P £tV j' *.yr^ w ^ ^ cSjL-IJjr 

: ijr*t ‘(HLrfcf* *i 



YAA 


_r- 


u = R(p)<b{4>)Z{z), 


M • - t j*r j.t.Ij L aJjIjlj jj ._.- w* ^ 


<DZ d 

P d P 



RZd 2 ® 
+ p 2 d<f> 2 


+ R<b 


d 2 Z 

dz 2 



^ a^u R <\>Z! p‘ ji f 



pdf dR\ p 2 d 2 Z _ 1 d 2 0> 
ft (Tp ~dp) + Z dz 2 ~ ® d<£ 2 ' 

Jp 1 —* A)ly ^ i»5J ^ i o-i <j> jl Ji:— a a]^\m jA o^ j^ 

^jUj • X.—b OjIj (jJjljJLa o j\p j-i ^5" A—L 


1 d 2 <t 2 _ n 1 9 

"7 7 , t — ^ r ^ Oj 1> “» * ■ • > 

<D d<£ 2 

Id/ dR\ n 2 _ 1 d l Z _ 

pR dp v dp ) p 2 Z dz 1 


cr 4 A; >r J <-£ j 1 — 1 ^ J?*j> j 


2ju~j jlo ajjj> L ^jbJ (« j) O Ojj—^ jjl j-> 1 ^jj 0 -O.lJ n~ lj ^jUj-*- OjIJ j^Jjl 

O^A* 5 . 0-1 wJjika jl (JjL-; jJ> ^j! j $y X*\ j->- <|> j» 

. JA—L si^^-j>-^j (// j) I^jj ^-jloOaU X. lj ^jL— Ijl^j- OjIj 

JjA—? Lgj! j-i AjL u *£ i^j y Ja^rlj^i o-*~Jg jl ^lj X, j n ^jL^lJ l>- ^j^LL» 

*--1*1 ^jJaj! j-$> L 45 pA ^jS yUvil 1 j l>- jA . aj^_A ^ 

• ^ ^ v ^ > v* Oi' ^ 

J ^jia^ 4 y *-*-* j 1 4j^\jt4 4^ 4j IJ 4J^\jc 4 t ^jL^l-l^- L t 

: (^J 0<5 ^ Ji-V jiJ 


d 2 Z 

dz 2 
dh D 


-/ 2 Z= 0, 


— + = o. 


n = 0, 1, 2, . 


d 2 /i 1 dR i ., n 


■*■ i - v * ** i „ j «» 

dp 2 + p ~dp + V ’ p 2 


(r-r-6) 

(r-r-o) 


i? = 0. 


(t-r-6) 



*iA^oz>la ^j3 gjj* jl-Li* jjL-* - pjjw ,J-^> 


jl XJjLc- o-iy a^ j XjT^ w«*o <u ^L-L (Jjl kbU^* j.> j>- 


Z(a 2) - Ae* 2 4- Be 


(6-T-6) 


<t>(n 0 ) = C cos n<f> + D sin n<f>. 


(9-T-6) 


IJ P-Y-6 JLl^) . u —1 rap) j7 ftp) li (T-r-6) khl*-. 

&S* fj*gj* J-*gl* fj*t->\j9?jn JjlJ*~jgl; . (-ixS' a^M* 

yl j O J | •,<» Aj (^ V* ) *]}\ W • , g* S- < P K—<1 + >~ * 3 »■—■* , *J> flJ.— fll* 71 


U n 


#„('*/>) = EJ n Op) + Fy„(Ap)- 

£j\jJ i. Ujl j^l AjIjX« 1 o l^l1> u j3 aJ^Lm^ aS" J i ^S A^- 

(v-r-o)j c(?-r- 6 ) 

!j (jjJ J-^L>- jj jl 13i ^ c Ju^_aIi j! .»—«>a s*£j xS' jiJw> V"w = 0 

ikXjih* zj^iS '-kj* 2 P =0j3 7(Xp)0^>- .x*U^^/4;/^^UjL*A 

l Xib jbol^ Tju j3 AaI ym W ^J-^J t (Xj3 ^*-aI y*~ l^*J 4-S 4jj£> jUjfc) 3 

\jA tXtb 3 lim. j Ar > 0 £\ - (v^ ^ jd*-\ y^> lj Fc*Jj 

D\jC<S x^S yUul c-A o^> l$ j j-* jl i jjI ^ ^ 

t XjI jh Aj C* > l A? 61 (J ?1 AjIjXA ^Lfcjb^-ojk L j JL */> 

lT^O il j3 Ul X3 ^— a g\y aS" Ij 3^.jLS' 6-6 j3 

P-T-6 Jll* AJ 3 L 1 W JSwAj (T-r-6 ) aJ3Ijw- . ^jy ^ 

(Y Oo^) ^riJ oj jj~s* aj 6^ 41 ^ 

V- (-l) m /x\ 2m + " , 

='- ( * ) -1 skrsiU ■ '‘-"•‘• 2 --- <A - r - w 


(v-r-6) 


r (- 1 )" / x 

—< m!(rn + ra)! \ 2 


2m + n 


■ 

, n = 0 , 1 , 2 , . . . 


(A-r-6) 


(Ob (A-r-6) kJ,L« jl . \jJ, (x) jJ^x) JU 

• ■ 5,J *jy lJ' 5 ^ b {J 3 £y J~i * 



oL-iLj 


T 4 • 


J 0 (^) = 1 - + 


S - 


2 2 ' 2 2 -4 


2 2 • 4 2 • 6 2 




+ 


2 2 ■ 4 2 2 ■ 4 2 ■ 6 2 2 * 4 2 ■ 6 2 * 8 


+ - 


i sin .x j cos 2 Oj1 LjU- l 


cos 2 = 1 — 


sin 2 = 2 — 


X^ X 4 

2! + 4! 

2 3 2 '*’ 
3! + 5! 


6 ! "* ' 


x 

7! + " 


jiy") sin xj7,(x) j cos x j7 () (x) ^ ^Li 


J o (0) = 1, 

Jot - *) = 

Jo(0) = 0, 

«/»(0) — 0, 

J,(-x) = - Ji(x), 

/o(*) = ”«/|(*>. 


(cos x) 


— 0 ; 


cos 0 = 1 ; 
cos (—x) — cos 2; 

d 
dx 

sin 0 = 0 ; 

sin ( 2) — -sin 2; 

d 


= 0 


dx 


(cos 2) = —sin x. 


JjS \~?-6 j£-i j* J Y (x) jJ {) (x) (^Ujb j+j j«> o\y \j 

* LJ* u 1 ^ W ^ 

j' J S X ) = 0^4u‘^‘ /,<*) 

^ j6j* J \( x )j J q( x ) j j' ^ cXO*" U-*^ 








Or-jW^- 


JM 

J\(x) 


V* d/6t 


A/?At 


U/V^T 


^f/Vn 


U/’V\ 


V/AT-r 


\ vwr 


\r/rtr 


>?/TV\ 






* sT-J l_ ^,0 l j 




J o r x"J „.. } (x) dx = c"J H (c). 

i n = 1 

£ x J 0 (x) dx = cJ { (c), (^ 4 -T-&) 

. Jui jl>I 0^ jl A J- 5 ^ 


Jw^fyx'U; 

ji' ^ Jjl J—; £jly 

• (►t*^ J' 5 


, d“z/ du ,, 2 , 2 . n 

x* --;—, 4- x ——I- U 2 x 2 - n 2 )u = 0. 
dx ax 


J_f-i <c-iy Jij ^ n ‘<?J» J-j kbu. 

(W-T-0) 


■!„( M*) * jj^ J?** ■ C— 1 1 n <jy Jjl J_j £jlJ i //x) 




s. 


, d 2 u du , , , 

x 2 —-, + x -j—I- (n 2 x 2 - n 2 )v = 0. 
ax 2 dx 


OY-r-a) 


j*-» jl j oj jS ufo jj Ij (\ V —Y—a) UjIiw j v/x j 3 Ij (\ \ —Y— 6) Jl»- 

r^r* 

UV 


d 2 u du ,,, , , ut> d 2 u da 

ux -J— 5 + y T" + (A 2 x 2 - rc 2 )-ax 

dx dx x 


2 a— ~ (n 2 x 2 - n 2 ) — = 0. 
dx 1 dx x 


jl> °j_k «e o* 1 


(a 2 — // 2 )xai» = 


d 2 v d 2 u dv 

dx 2 dx 2 dx 

d ( ( dv du 
dx( X ( W di” 17 d^ 


— i> 


da 

dx 


‘ c >0/^ ‘uW 1 - 



I^lA ^jjA j\Ma J-rfli 


r^r 



XWL> 




iU ^*a 1 jly Iji (|iv) j J tl (Xx) Iw--j^j <» v j m ^U-L 




xj tt (^x)j n (^x) dx = x(^(; k x)e/;(^x) - ;.j n (^x)j;(;.x)) 


r 

0 


= c(/ij„(;.c)j'(/<c) - ;.j„(/fc)j'(/c)). 


fiJ b lTJ 



xJ n (xx)J„(^;c) dx 



(^WcK^c) - /U/ n (/jc)J'(Ac)). 


ij-i ^ *>i-ii uA" ji 



xJ„(/.x)J„(nx) dx 



liJ„(/.c)J'„(fic) - )J n (nc)J’„{Xc) = 0. 


j A. ^ j.1 *£ J * 

(\r-r-a) 


: _u-iL ^j c/ibU* yl^ ^[ic j Xc /1 c_l j\)y_ ( \T-r-&) UjU. JU 

‘ J n (iic) = OjJ n (Xc) = 0cj_}j~*j i \ lJh(x) = Q (>_i]\ 

• J' n (kc)= 0 j j' n (\yc) = Oi' ‘ / (a ) = 0 

A> 0 aS i W (x) + xf (x) = 0 

hJ (x) + xJ (x) = 0 ^Ia 4_JLi j jXc j he jS\ *£ i? jJm jj 

hJ„(/.c) + /.cJ’J'.c) = 0 j hJ„(nc ) + ueJ'(jic) = 0. 

(♦xr® 1 y- ) ji ./M-t') j ■> Vj-^ ^ 


hfiJ'„(^ic)J„Uc) + c/.^J'„(xc)J'„(nc) = 0, 
h/J' n (ic)J n (nc) + CAnJ'„Uc)J' n (fic) = 0 . 


c) - /.J„(k)J;Uc)) - 0 





L 

nJ fl ().c)J' n (nc) - >.J n (nc)J'„{kc) = 0, 

.c—i 0 r-r-o) ibu. ou> 

JiL*-a (fc—') j** oL? oT C /2 = 0 VL (fc—') j-** J L4^ pL>»jlj-*» 

• ^ t(^) ^ ' (<-r^ 

xojj ^Uc-j 0 < x <cojl^J n (\vc)j / (Ax) J-w gly <S uLi; VI 

. JxJ<L L (*—0 t (<«— iJl) Ja>l jJ* jl j A.^ (X^S* oT i?jJi 4 j JLj-LflUi4 

JdJjJ- fj^ -4*Lr* J-* Jr- 5 '^ 4 ^ 

j Lmix^ L ^ Jjb jljJ ^L^l5c-o jl ,j^L>- <oj ojUJ 1 j (^ -6-T) pi *La 

^boliiOly^ 

_>j tr 1 ^ \ ‘^~r~‘ c> Oi (0, c) »jlj Jj J*IS Sj 3 J j\ y- 

tfl 

^LitJ J_)( ^ j\iJj^Sj lj \j j\y^.^\^3 ^,\y pJljj*^ ^ . X*3yjXi: 

■r" u~i^ J~i-*iJJ* <Js* 

. x^\j J n (Kc) = 0 (^UJ_i_^) C-JL* (jL* Ojj j = 1, 2, 3,... I c^.JLjjS ^yi 
j£\ t Jli^ tjly . cJL ^r^ljj Ji 'j ^^-AuOi' 

. jA Jl jX,c= 8.645 t ^c = 5.520 <• \c = 2.405^^yCj^k i.lfjl <, n =0 

: JH j3 (0, c) i>. y I j /^LJ JU 

f(x) = A !</„(;., x) + A 2 J n (k 2 x) + + • • ■ . Of-T“-6) 

jl j t$jS> <**> xJ n (X^x^dx l j j> fl L? oi <► ^-jLj I j A, j\jJL* p»jblj>»j £\ <JLl« ^jjl jj 

pJjli Jj] ji . pjjf ^ Jl J&\ cL’0 

xf(x)J„U 2 x) dx = A, £ xJJa.x^J^x) dx 

+ A 2 J ( ‘ xJ K (X 2 x)J n (k 2 x) dx 
+ Aj Jj xJ p (). 3 x)J n (k 2 x) dx + 



♦ »» 



oLtt jJ <£) J* jlJx4 J*a» 




. Jj j . a JlJ -jkj C^flj cj^lo jj LJI^j£sjl ^L*j 4 *L_jLaJ cJs> Aj 


r^ 1 * 5 in 


Jo xf(x)J„(X 2 x) dx = A 2 J o C xJ;(; 2 x) <fx, 


A, = 


>1, 


jj x/(x)J„(^ 2 x) <fx 
Jo *^ 2 *) dx 

Jo xf(x)J n (Xjx) dx 

Jo xJ ^ x) 


Aj 01 jl aS 


dx 


j — 1, 2, 3». . . , 


* j* iS^ji b u*jj Cj?** 


Oo-r-6) 


n W J*—J*' • pr^ l J iiy <^4; V* gj** - 




xu " + u' + X]x - — | u = 0. 

' X 


*-1* 2w x jL* Jl^ ^ **•—■—*1 u = ^(X-t) ^1 


n‘ 


2x 2 uV' 4- 2(u') 2 x 4- ( tfx -) 2 xu'u = 0 

00 


t A Sr<-£> 


2xu'(xu" + u') + {k)x 2 - n 2 )2uu' = 0. 


(xu') 2 = 2xu’(xu” + u ') 


dx 


(\f-r-6) 


*S c~olj ,j>l Jl sjLiu-il L 


dx 


( u 2 ) = 2 uu', 


ps-iyi j6 ^jy° *i b (' P-V-fc) !d jIjw y 



jwjb c. ctO jl ijjf J'j&' L 4 


ri ri 

(xu') 2 4- (A 2 x 2 - n 2 ) — ( U 2 ) - 0. 
J ax 


dx 


Jo d{xu') 2 + Jj (kjx 2 - rc 2 ) d(u 2 ) = 0. 


w — A 2 x 2 — n 2 , 
dw = 2 X]x dx, 

(xu ') 2 | f + u 2 (Ajx 2 - n 2 ) 


Ij b f j* Jl 


dv = d(u 2 ), 

v = u 2 , 

2A 2 I* m 2 dx = 0. 

J Jn 


^^ J* jiJ 4 w “ n ^) J w (fyO ^ 

2 c 2 [^(ijC)] 2 + Jl0.jC)a]c 2 - n 2 ) + n 2 J 2 ( 0) = 2 k] Jj xJ 2 Jk-x) dx. 

(W-r-Ci) 

(W-T-WidaL^ 411=1,2, 3,... ij\ji iJ n (0) = 0 J J ii (X£) = 0b yr 


I, 


0 xJ;(kjX) dx = — [J'(/.jc)Y. 


(\A-r-fi) 


j ^\jJ> ( ^ fi-r-6) UaLw ja jjljjUj 


r 2 J 0 l xf(x)J n (k jX ) dx. 


Aj C 2 lJ'(kjC) I 

/ = 1,2,3,.. 

i • u^ij* tjj*- ^ 'j * 


m-r-a) 

j> <S dxS 
<*j (^ T—T—C) ibl** J—* - *ijj* 


f(x) = ? £ i^p Jo s/(s) ^ s) ds - 

oJl>- 4 {_£j— . 0—1 J jlS* dj . 

I o 


f 4 / (■*) 0*1 J* 

j'^ 4 

. 1 <iaj4j tjT £j_lj jljuLa dj j~* 0—1 *S . Sjj Jjbl y>- 





j' a (j ij’/* *i a-i ■ ^ 'j 4^£Y^fyv>L><OA-Y'-0) <JjU>- 


lk,(^)ll = ^ -WA 

f j2JM,x) <&J,M ' 

1 c J^c)’ c ^(V) ’ ' * ' 




'' x^jj £|A °r—' f ) *jA 

• J„{\c) = 0 

,wjb .1? jl i hJ n {X.c) + \ cf a (\jX)= 0 <S 


J’VjC) = -J-J^jC). 

/jC 


<r-r-o) 

4j*vJJ ( ) V-f-d) j} j!xi* ^jl J^jL>- 1/ 


Jo xJ„ 2 (/-jX) dx = - J 


A?c 2 - n 2 + h 2 


2lf 


J 2 (A ; c). 


J— i - (ir - ViLA b 1 ji b jij JjV 1 (' ^-V’-O) ibU* <0 t cJU- jjl ji ^ 

2/1? 


A, = 


2 (Ajc 2 - n 2 + /i 2 )J 2 UjC) 

; = l, 2,3. 


Jo xf(x)J n (AjX) dx, 


<Y>-r-o) 




u 


Jj-J^rt = 0J * = 0 cJL _»-j - l^ijU(Y>-r-0) 



*—V—A) cJU-4jjl 


W/C) = °> 


aS” t X, = o^lx = 0 J ^(x ) jAmp W . o— 1 J 0 (x) u5u Xc 

'J on - r-6) ibi« JA JIj^si I 4,(0) = 1j*- Ju . JLib^ / o (^j o/jl 


A 



JJ xf(x) dx, 


(YY-r-0) 


. -G J -i (> .ob(Y\-r-(S)^U.l i ; = 2, 3,... <, A j 







{S J-i g’S 

^'jd 1 ■ VV f J a ^ ‘^Lr*’■! b uteri' 

^j^ljl^, J*jj *d b <Z l ^~*■' J~! Jr-^b^ ^•>'-*^ J 5 ^—* ^'r | l^=r 

c'j 5 J Oi' J ^,(jc) Jiii j J_i Jjlj U-jji Jj . 3 j_jTc_-JAj 

‘-'J y* *i j*+° < ?y > £j* J—{ ^b' ^ -, T-^ J^-i jj lj K 2 (x)_> Kj(jr) 

^a? * i,J j6 

y„W - \ (j 0 (r)(log I +»)) + \ (t - IS + 5^4 + -'' ) ■ (,T - r - fi) 

j:jjtj *5 \S^ c . wj1 j -L^U ^ yLjl doU lj yo^ 


-.-" (i i 


- - log R = 0.577215. 



r-r-o jso 




/*> jl Xw jJl—*— j*->«-j 


pji ^y y pLJ aJT C~»l C^ g-tti lj ^1 jL* aJUiT (^LajL^ ji Cy»J >l JjLJ 

Y-r-6 J5L5<5 j>uUa F fl ( 0 ) . c—ilogx/ 2 ii^r J,LS 

JCJL^b ^1 -Uj? «u ^US'^jJ ji J^j ^j |y L jU^jli' aS yj i?UJ «o . jiao jUJ 

Oi l ^ *-*?y ^ Lsl - *jS rtU-Z-*\ fj* £y J—J g)y jU JC > 0 

jy* p-» l sU^ j* Lj ~J*\Mjj&\ g\j*\ JaU» JsLw* J>- t Jt* <■ fjlj* cr^ 

. aJ^i ^ p 


f-6 

. jujjT c~o -o (r-> -6) y.>u* ji ij ( \ -r-6) y^u* - \ 

(^T-Y-6) y^Lc4 <j (T-f-6) y^Ln-a J-jo jl—U t x = Xp j y = R ^jlJ&U-1> -Y 

• *y*j Ji-V 

Jjl ^LUJ a 5T (A — Y —j) \Sj~** J^-*j1 oLiL**l Ij -r 

* X A^Jk (jjljl 4 j wUu! H 4 *j jA 

. J-* cJi ij yj iuljj jl l5^ (A -r-a) y^U* jl oLc^l b -Y 

«/,(()) = 0 (^ <7' o (0) = 0 (^iJ\ 

jy*) --j,(x) j 1 (-x)=-«/,(*) ( v 

*JJ(x) = -nJ„(x) + xJ„- ,(x). n = 1, 2, . . . ^ 

^(x“J„(x))=iV,.,(i), n = l,2,... (^ 

. o-i(u-r-G) j^*JjU-^^-‘4k«;^x=o^^ jj>j -6 


4 xy" + 4 / + y = 


(- *(,$:n w -o 

dx\ dx/ 

S + *--o 

ax 2 


(Oil 


j" j «/,(*) a* = i 


(« = e‘^^ : ^U^/j) 

• •^djjf ■ 0 *t IJ jdJ ^JJ jl *1*^ ^ ‘ ^ jf I "V 

(<y jj Ji(Xjs) ds - 1/^ (^jill 

|; j,(V) = o < v 



. Jjjjl c—o IJ yj -UfljJ jl <Sij* “A 


| A a^oWiis) ds = ±x 2 J,(x)) 2 p J 0 (s)J,(s) cis - -i(J 0 <*)) 2 (will 

Ja—J 0 < X < C ijtjJ j' tij- - b jrU jl 

Jl^&il ^J Ajj** ^ 6Jlb ( ^ ^-V-6) Ij u*o!) 4>-^j) J (| (AjC) = Oa£ <. JLJO 

(d —-j 4w<L>x 4 Cj'b/l?- ji 

/(*) — 1 (wjoJI 

f(x) = x l <«-» 

♦ 

: <>. 'j ji> J • **rjb 


s'J 0 (s) ds = x"J,(x) + (n - l)x" 1 </„(*)- (n - l) 2 |"J s" 2 J 0 (s) ds, 
n= 2, 3,. ,. .) 


A*) = 



0 < x < 1, 

1 < x < 2. 



(x5 4^*>u ij r-r-a jsl;) 



r-r-o jsLi 


Obi*» . si.-■»*?! j^ < 01 iSj^ l** <> 'i * 

Cv^l (J-**; *-X> ^jj j\ 

^ 2 1 1 
TT + + -> + - = 0 

ax jc a. v 

Ji*V v = — ^jU^LrUbl c-l <ylXj jjJ) 

(^Lf 4 


1 tfz 



rM 


O y-NjJ ji <Sjj* ^J-I^* 


? d 2 /? dtf 

’ 2 -^X + 2r —+ (2 2 r 2 - n(n + 1))R =.0 


1* jjijjL jiL^-La kJ^Uuj j dJ-iUuj ,v0 

jl 0 JlLtl^l L . Jbl ^a ll.0.0 4j ^a 


p, ' \ 

*" , -<es>* 


( . AOS" ^JjwLJ fl + -^- <Uj j ^|iLu# s^J 4 j Ij Jl 


dx a: ax « 


0 


J—j 4j lj jT X"\/ (W / k ) 

(. x5 ^ Jj JJ 

^j jjj t v — u i '\/~x‘ ^ j1*i£ol^- j! o^Ldi^l L — 4 -j jA j ^J-mnw'i 

Ju J jl <J 


-u 


d 2 u 


dx 


+ u = 0. 


uLAi (JiLJLj L» 


sin x cos .r 
y = c, —- + c 2 — 


v* 


\ 


• ^ c crM 1 -*■?*■> y 'J ^ 1 / 2 U) L yLS” Qjc^J g j 

-V^ ia-w,/, (Ay) W—Ij (y) ^ ^j^£^ («^aJl 

. jlo5 ^ jju* 7,(2A,) =()j^ U A..45 

. JLJ&-i j» i . ..i^ ^ ^ j-^-**“A ^jJjliAJlJ dj t A" = [ I j^ 4j ^ ( W-^ 

JL^C-U (^jill 

* ft 

«/i /2 (*) = yjZInx sin x. 

(julS” oiLil**! sin AO J (_£ jl ! ^^Lo-La/j) 

jo 5 c->L (i^-j 


->T 


-M* 


J>U\ jbO^jJ j jb^Lj(\A^f-\AT \) * Helmholtz* 




oU*L_ 


r* t 


J- I/ 2 OO = yj2(nx COS X. 


I' sV„. L (s) ds. 


— {x'V B (x))= -x V„ +1 (x). 
ax 


i 


x «4+1(®) 


ds. 


JtJiS" 1j jjj ~~ ^ Y 


( . JUlS" o^IaX— J) 

juJc-iC (U3I -\6 




/' + -/-> = o 

X 

<djL*-a ^1 jljo ^ #J— i ^jLJa7 4j^4 4JjLm 1j 


^o(w) — i + -r? + 


x 2 x 4 


+ 


2 2 2 2 • 4 2 2 2 * 4 2 • 6 


+ 


Lj^dji£jJj~JgL'\jl (l (x)A5 ; /„(*) = J n (ix) (i—*->,>• Jr? 

. J-jL Ij 4W ojl (^> 

ju$c-iU 


- w 


n<x) = - y,(x). 


k]^L-W A *J *S XJO l)L-nU l X ^ ^ — T* — &) JwJ ij^bca .jOj L 

. a ; = a 2 = Oj da) = Ojljo 0L2J i 6-T ^U-) j! ©jliL*! L (^ 

» -US'J>-U* (T—-ft—Y) <Jj^ j jj 


-U 



^uS jj* ,j5i—*> - ij-*^ 


r«r 


jAiljf jlgl dJdb^Ju? T-A 

1 r - <-«0~ ' -T-A J5Li jJ^jj o\y ^ ij (r, 0, 0) jSCs lyAZ*** 

p j\ ^(j;l>- <* uli]j^« L y^*«j . iSjjj^ „P i ^i. • O<0<7tjO<0 < 2 jt 

. Cwl <JjjjJ> cJi^jy jjt Ul 


z 



jj/oL^ \-f-0 JSLi 


jl c-l OjLp^-^N (p, 0, Z) i jl^lj^i jJ> 


2 d 2 w 1 dw 1 5 2 w d 2 u 
V 2 W = — + - — +-v-r-r-r -H 


O-T-A) 


dp 2 p dp ' p 2 d<f> 2 ’ 3z 2 

■>>-* lt 4 jii ^ ^ j lSaA ^ 

x = r sin 6 cos <(), y = r 9in 0 sin 0, z = r cos 0, 

Cj 1 ..^."•>*** !j <jl j *«* j -S* ^ — T—A) L aJ$ OwjI jJ aJLi jjA 

- fjj £ 





Jajl Jj Aj Ij J C—*1 Z J P jl U al^* ijl <■ j*Jjb ai^i i*I— ii-» 1 j (b ^^1 


z — t cos 0, p — r sin (K 


pijk iSjr^J 6 ^ ' Cw ’ 1 ' ^ j r jl u 


du dr du d0 
dr dp + 1)9 dp 

p du z du 

= ~rTr + 7 2 M' 


(Y-Y-C) 


oLol plz = tan 0 j z + p" = 
«15J c-i'u I j s t f>j~Z ^ L 


d 2 u d f p du z du 
dp 1 dp V r dr + r 2 dO 


r Jail jj jl OQ/dp j dr/dp ^liL ^ y ) <bL«-* j* 

y^*A p <j c—-J la*\jj jd jl jzj <S X'£ **rj J . pJ 

pjjb JU- 4(,jjb^4 


j' (J y$ J> — 4 c$Lr! jl jl 'j <bUi pJly ^ J 

pjjb o j_y& ^ ajLii**! 0 j 


d{ ) ^ ^(_) P <K ) _f_ 

Pd Pr r dO r 2 


Cji'jt- 


du r pi 5 ( l\ du e z d ( 1 \ 

-T^ - + - u f + u r p — - + —- ^ + U„Z — -J 

Pp r r Pp ^ry Pp r 2 ' P\^ 2 / 

p(6 2 up d 2 u z\ 1 / 1 p\ 

2 / P 2 u p P 2 u z\ / 2 p\ 

+ ^ 7 + M 3 + ("rvj 

p 2 P 2 u 2pz P 2 u 1 du p 1 du z 2 <3 2 u 2pz Pu 
r 1 <?r y + ~7~ dr 36 + rl7~~71fr + 'i J W~~r :i ~d9 


jb t t l +x 


lj d~ufdz i*— j ^y ijp* lj 



r 


Zs l—fl.. j2 jjj jA j\jJiA — 


3u 

dz 


du dr 


du 36 3u z 


du 


dr 3z "*" 36 3z dr r + 36 


d^u 

3z 2 


3 /z du 


vz \ r or 



1 du 3u / 1 \ z z (3 2 u z p 3 2 u t 

r dr + 2 dr y r 2 J r + r ^cr 2 r r 2 dr 86) 

du / 2\z p ( 3 2 u z o 2 u / p\\ 

{^)r~r*[Mfrr + W[~r*J; 

1 du z 2 du z 2 d 2 u 2 pz d 2 u 2pz du p 2 8 2 u 

r dr r 3 dr + r 2 dr 2 r 3 dr 36 r 4 36 + r 4 d6 2 


Ji'S. 


Lj 


^ z + Upp 


du (r 2 — z 2 + r 2 — p 2 \ ( d 2 u f z 2 + p 2 ^ ( d 2 u (z 2 + p 2 ' 

“H ~ I => J “I" 'Z17T 


Or 


dr 


36 2 


1 du d 2 u 1 d~u 
r dr + dr 2 + r 2 d6 2 


r>2. 




jt 1 


1 du 
p dp 


1 3 2 u 

7W 


, d 2 u 2 3u 
V 2 i/ = ^ + - —+ 


d 2 u 1 d 2 u cot 0 c 


H- n T7T + 


5r 2 r dr r 2 sin 2 0 d(j) 2 r 2 36 2 r 


vu 

2 ~ 36 


(r-f-6) 


('i -T —6) kJ^L*—a b IjJU Jji . C—j^ o' 


b j <jl^I 







ly* ^y» C ~£y yj O4j (^j yS" o t.4 l > *^ j-> ( J_jbj Atalx* L) Y italx* 


V 2 u - 


d 2 u 2 du 
H— t— f~ 


dr 2 r dr r 2 sin 2 9 d(j) 2 r 2 dO 2 


d 2 u 1 d 2 u cot 0 du 

4- — — + —— -“ = 0. 


M 


(> <^y 01 y jJ yj &jy* * lj Of 4j 


1 d ( 2 du 
— — ( r 2 — I + 


v / . „tiu\ 1 d 2 u 
—: I sin 6 — I + - - » - — = 0. 


(t-T-6) 


r 2 dr V cr ) ' r 2 sin 6 dO ” 50 J r 2 sin 2 6 34> 2 

■ fr^LS* ^ tfjL-U*- lAjj Ij 'j Oi 1 ^ 


«<r, 0, 0) = *(r)®(0)0(fl) 


jj! j} « -LjIoj ^ Of—T*-£>) ij oT j 


Id/, dR\ Id/ d0 

+ i + . 

r 2 c£r V dr r 2 sin 0 dO \ d6 I r 2 sin 0 


d 2 <t> 

J?0 TTT = 0. 


sin 2 0 d / 2 d/?\ sin 0 d 
i? dr dr y + 0 dO 


aj /?4>0/r sin 2 0 



sin 0 


d0 

dtf 


1 d 2 0> 


1 d 2 ® 2 n , n 

--77T= m , m — 0, 1, 2, ... , 

$ d<\r 


O dcj) 2 

(Hj^ 4 0 3' cP^— 4 

(O-T-6) 


\j ^jLj (w j) O g\j lj Syi ^jA J ^w) /7Z OjIj ^Jjl 

4 ->-y Lj eJlgl i_.U x« JlO ^_J*>1I-Lxj 4-JT Ajj^S* <jL»—fc . JL-ib 0 C~—*i 271 > >jL 7 ojj^ 

. J^ j Y Olia^!>La 4 j 

cf 4 l£j^^ jL 


1 _d / 2 dK 
P dr \ dr 


1 d ( ■ n d0 
- — sin 


m- 


0 sin 0 dO 


dO / sin 2 0 




C^yQ. S' ^Jji . J»jl A. lj P-1 j>- Ojb 45^ 



r*v 


Ji ,jjjA jIjX. JjL-> _ J*ai 


c 




d z <t> 


d<j> 


2 + m 2 CD = 0, 


kJ^Lw—* A*m 4j Ij 4J^\ji_4 

: fi' lai J Ji-V" 
(P-T-6) 


s i^-o|j( sin "^) + li 


— (r 1 —) - A R = 0. 
dr\ dr) 


m 


-■-IT) I 0 = 0. 
sin -1 0 


(V-T-6) 


(A-T-6) 


IK 

a5 ^JijJ+0 t CoU Ji jl J>L*i fJ *£ ^ y 

J-^U*>c—-I c-jIj y J^Li 

j JuT^ 4-» jl c->l j—>* i^jb o-jij < s_jI^ (?—T-6) AtaL*-* 

jlc— lOjU 


cD(m^) = A m cos m<t> + fl m sin m<t>, m = 0, 1, 2, . . . , 


(Vf-£» 


* oJ-i ^ ^-3-r* ^ ^y</ J 5 )(( jA/ 

i jT Jil*.* oT jj ^ *£ jJaj (A—T-6) ktaljc* (Jl>- 

r 2 ^ + 2r^-A J R = °. 
dr- dr 

°JJ- v9 <jib J Jj*-W = r jl«jUiw\ljlj jT.c—-1 

y° J J jiJ <i 4 J J '" 


r 1 k(k - l)r*“ 2 + 2rkr*- 1 - Ar‘ = 0 
(* 2 + k - A)r* = 0. 


l> 


^->1• A 2 +A — A = 04£jTj3t Cw <l (A - T—6) AI^Lj*-* <^\jp?R — r 

J n j>}j> b* • A—-L-i Oi'^i C—ol 0^* J&J J**- J- 2 -:-• 

jL t c->liw1 —(n + I) jjl^i lj A Ij) j A = n(n + 1) alf jT 1 ^->Uwi 
y>- jj> (A“T“6) ^jiUb# A = n(fi + 1) b ( j —j . * y* OuJ A = n(n + 1) 





jtj ^ ■ (* tXr^) r " + '' j r 


R n (r) = C n r n + Z>„r 


-(«+ i) 


0*-T-6) 


! (*-1^ ^yfl jjj ^ jU^jl>- jl , |>- Ij (V —T “6) <!jLc4 a£ jl i$\J> 


, d dx d . d 

x = cos f), 0(W) = v(x), — = — -7- = -sin W - 

dft cfO dx dx 


d ( . dS 

M s,n " S7 


/ . dx d0 

'■ !,n ''a I r' I «)* 

(si,‘ll^) 
dx \ ax) 

,-, d ( , d\ 

= Vl-x^ 0-^)- 


ui J- 5 


jiJ 


<j (V-f-6) yjU- L 


.2. 4v \ , / , , m- 


— (1 - x 2 ) — + «(n + 1) - 


d*C "'dx 'Y' ' ' l-x 2 


y = o 


Aj L 


.2\ d 2 y dy , / , , ,, m : 


(1 ' r) s?" 2i s + r +1, “N?r a 


(\\-T-£>) 


4' ^ j- 


L t jl ^y* J_AJP- <*-J‘1• w~*l nJ/y4p <ij LiW ( ^ ^ — Y~ j) dJ^LlCA 

+ d nm Q™(x), 

j\ oLfl-^l . -U/.U ^ {J*{y j <z—jIj gly <~j y <i Ij Q >} ‘ ( (x ) j p’l (x ) 45 

, Jbjta j*J ff j in 4j t A'y r *JU ^ ^ ^ -CttO ^y> jLlj .j^L J ^ ^ 

Jul ^y> jjj Ojy^ 4j ( \ ^ ~Y _ j) el^ jl t J-iL ^yC^L J W J W = 0 ^1 


.2v d *y o„ d > 


(1 - x 2 ) j- j - 2x -r- + n(n + 1)^ = 0, 


(U-T-6) 


, \ — P n (x ) jl ^ 1 .. .“ I ^jLj- . y . jc^U jJuljJJ~~jl [m I j <jl *S 





£ j * ji J-*** 


( jliS* Ij V*” Y — & Jit-) ^$.X*»lJ ti — 0. 1, 2,... t ti 4>-jj ^1 <1 ^ju>. ^ 

I £?„(*) j& LLi; * = ±1 . C-.1 Q n (x) £} Jay- Jii-• vl>=r <•& 

(8 *Tt);e *-l tj*j j (8 * 0) x * 1 ^j .kdi Ij jl jiy^ (jua ^jbl^ Ijbu ^ oUjk) 

ol v9 -^->w* V <bL** c «l*Mj ^yot-U j rt j iTi—0 

<^y jJj CJ <j *(f—Y—&) 


I!( rl £^ + _4„-l 

r 2 dr \ dry r 2 sin 8 d0 


sin 0 




: x yJ gV J-^ *s -* j 


«,(r) = C ff r" + Z) tt r-^ +,) 

J 

©„<«) = £ fl P„(cos 0) + F„<? ff (cos 0)> n = 0, 1, 2, , . . . 

>J jJ oJLl ^ i jJf jj Jbu 1 j^U? 1{J,J ol kJjL** J*- <jj1 

6-6 ,j^o jj . c—-1 *ii J- 5 tfl j> Lh 

J&^'k k<Jj ■ j\ eSAr-d 4 ^ ±j* fs^j* 

- X> jb — \ ^ j* J* <Sj j A ^*f1 <S JbJjjj* *S O-ib 


r*>/ J- Jjj If 0 (' T-t-6) Jjjy J~H** u*u. V-T-6 Jit- Ji 

<**■'>* tSLrf • <■ ^,,(4 yj*y**- iSWj** J 

: (Y—Y-6 J5w) p-i?^ \isjp U-jjI j* \j <jl^!<L*>-x>- j\ ; 

PoW=l. P l (x) = x, P 2 (x) = i( 3x 2 - 1), 

P 3 (x) = ^(5x J - 3x) t P 4 (x) = i(35x 4 - 30x 2 + 3). 

jiJ J* X-Ui- ^ 3 jiAi- Jj'—a 3 l iX^i ^ 1 ^ 3 ^ 

(-L^ 3 J !J T £~. *.^ 4 J 


. (-L^ <laL>-^ib» 1 j Y— 6 03 IVJ^bu# *£ jl/ n = 0 ★ 







H \ 


liiw. j&J Ji iSjj* jlJ** J 3 '—*-|^»«j J^ai 


lr (—l)*(2n — 2£)! 


w .iy 

,w 2" l~i k !(n — 

k=0 


.n-lk 


k\(n - 2k)\{n - k)\ 


(\T-T-ft) 


l*jjb . JuiLaj?l N = (n - l)/2 j Juilj gjj n j$\N =nl2*S ^iS c-»tf 


(X)= J_ y_Jt. 

♦ ,w 2* +1 Z-*Kft- 


(-l)*(2n —2& + 2)! 


-»+1 


2" + 1 A!(n-2A + l)!(n-A+l)! 


^ > n+ l(*) 2" +1 ^ 


1 v- (-l) k (2n-2A + 2)!(n-2A + l) n _ lk 


P »-?I 


2* +I ^ fc!(n-2fc + l)!(n-A + l)! 
1 ^ (-l)\2n-2k)[(n-2k) 


2" fe!(n-‘2A)!(n-fe)! 


— x' 


xP;( * )= rZ 

fc = 0 


1 ^ (— Xf(2n — 2k)\(n—2k) „_ n 


Al(n-2fc)!(»-A)! 


1 f (- l)*(2n - 2fe + 2)(2n - 2k + l)(2w - 2 k )! 
■ rP ' ,(X) 2" +1 2- fe'fn^feWn-A+lHn-A)! 


2Jc 


2" +1 Z-^ fe!(n — 2k)\(n — k + l)(n-fe)! 

1 ^ (-l) i (2n-2fe)!(n-2A)__ 2i 


-iy 

2" Z-< 


2"£* A!(n-2*)!(n-fe)! 


l b»-«p;( I )=(2»-2* + i- n+ 2»±|; j y^^, 

= (n + l)P„(x). 


P' 

A n * 


n-2* 


*- 0 


OP .jij-j) j'jj l; b (&) 


jJjtjJtfllitiJUfjLf ^ 

’L^ Jjl , jJjI jj aJL^-s^wLjj- 4j*- O^-ZJ 

^ jj* jl JjLm^ c Jbi J* 5 ^ 0^*-* 




4 «1 - * 2 )i\'(*)) + n(n + 1)P„(*) = 0, 


n = 0, 1, 2,. . . . 





\\j~\ jS J1 j&j\ j P„(x) j* ji\ •— *jJ> t 

J_’ , P„{X) ^ ({1 - x 2 )P'„(x)) dx + n(n + 1) J*_* t P m (x)P n (x) dx = 0. 0 fi-T-6) 


jb* V - ^ ‘brf <i ‘V’T tT 1 JJ ^ jljj ^ Ij Jjl 


u = P„(r), 


du = PJ,(x) dx, 


rft» = — ((1 — x 2 )P„'(x)) dx, 


v = a - x 2 )P’(x). 


.if oT 


j_\ PJx) ^ ({1 - x 2 )P„'(x)) dx 

= P M (x)P:{x)(i - x 2 ) 1 - (1 - x 2 )p;<x)p;(x) dx. 

-1 J 1 

(^ 0 —, f “D) ^ (1 — x 2 ) Ju*- C—-!j <-ijl* VJUj^ 

- J_|, 0 - x 2 )P' n (x)P' m (x) dx + n(n + 1) J ‘ ] P m (x)P„(x) dx = 0. 

J j* <^0i' lT*- 4 ” J m .XT* -1 p 

J^jjb Jjl Jj . <j+iyZ b fl j m u!jj ^ jjl ^b 

- J 1 , a - x 2 )P'Jx)P' n (x) dx + m(m + 1) ( P n (x)P m (x) dx = 0. 

c-lb <■ 1*5 <jLi j' b ^1 jf 1 

(n - m)(n + m+ 1) P m (x)P„(x) dx = 0. 

J/.b;b . (? !>►) . c—! n +m + I = 0 j n - m * 0el? jT . n * m cr°j bL»“ 


ViS 


J 1 , P„(x)P„(x) dx =0, mi- n. 




(> P-t-0) 



i^JjA jljLi* JjL-^4 _ 


nr 

'iS'ytJfy* 4$ ^4 OLJJ 

{Pq(x)> P l (x)>P 2 (x ),.. .} 

. lLw^I JaIjCa ^ Ojj ^ Cyi (“1, 1) ijL^i 
A-jS ^y <^J>y 0 k_-— s^-IpI U^jLS' y jXl^l ^5Wi^ 

o 0 ly . ^-JJ jj <. dx =-sin 0d0 j x = cos0 

taf^y ji 4 j ( \ 9 ~T — A) ibl*** 

£° P m (c os 9)P n (c os 0)( — sin 6 d6) = 0 t m / n 

l 

J o * sin 0 P m (cos 6)P „(cos 0) d0 = 0 r m ^ rc. 

{P 0 (cos 6), P j(cos 0), P 2 (cos 6 ),. . .} 

. C,wi -L*tali sin 00 jj 0 < 0 < TI ajL^j 

uuj <j t JjJU 2/n 1j m j 2n <j I j n (^ ?-T-A) itabc* y 

J 1 1 P 2m (x)P 2 „(x) dx = 2 £ P 2 „(*)P 2 ,,(*) dx = 0, n # m. 

—' 0 < * < 1 ‘0^ £J j ^ (iWi 1 ‘ OjLj-p 

Ojj <* C -^w) 0 < *< 1 o jL j>*j* O*y jXl^l (. j^1* * JLlJUlni* ^ 

«(T ^^%3) jl'juIai* \ 


J'MptSr* 

tj-tr/j/^y- 4 j 1j/JJL« yylJJ ^Uj jXl_j] ^4 jI 0-aLo C^-s^U> 

. j jL— i$W jl &J** Sj 

^jj ^y*il 4 JL-A «^o t c-»«*L> jA i*L *1 jajk 10 Y—Y-“ A) jJLjl^jl JlyjO italic* 

•j ** aij+ti ty Jc^ o'ji *jy cr^ cSW^' o^ *& j' 1 *ju 

<£ dwU> JLajOJ^ ^L^j.1 jLJL> jljO ^y oj')Lp ♦ ( jl aS 





iJ 


r\t 


£^1 y Aj ti-~J (-1, I) ojlj^ ijj\ jjJji 

/(*) = A 0 P 0 (x) 4- A,P,(x) 4- ^ 2 P 2 (.v) 4- i4 3 P 3 (x) 4- ■ ■ • . 

jl J P 2 (jc)dtc ji jjJ 4iaj1j O4 A 2 jLi_a 

j*P f{x)P 2 (x) dx = A 0 P 0 (x)P 2 (x) dx + A l P l (x)P 2 (x) dx 

+ A 2 P 1 (x)P 2 (x)dx + A 2 P 3 (x)P 2 (x) dx+- ■ ■. 


j-i • 


j*** _rtbi c —“b J'v^' j* ‘ c-U^j 


, f(x)P 2 (x) dx = A 2 J' t (P 2 (x)) 2 dx. 


^Jjj\ ^ C—*0 4j l>T ji aS 


A 2 = -' 


J \ f(x)P 2 (x) dx 

J_\ (P 2 (x )) 2 dx ' 


1 J- 1 0 ibi 4 ‘ *i lKJJ or*-* ^ ^ b A „ k -r-ij~‘ i j* 


n = 0 , 1 , 2 . 


Ov-f-fi) 


P. f(x)P„(x) dx 

K = ~?T -7-- 

J_, (P„(x)) 2 dx 

II 2 b b oT j J^>U fsgj* b ji' • ^ v-^* b <jj* UjU* gj** ‘ JL>- 

t ^ ( _^a a-L^lj (^1 ^ 4 jljLLa ^Jjl 4-—< L>»—a . JlLBO ^a 

• (Kj' A jbb 

jyJ> 4j *S C Cw«i (-*" — 1 ) (_$! ji Ix»mJ bj 1 * 


iS j-Ji j(\A 6 \-\ V^Y) <. Rodrigues * 



na 


iifc* ^1 +aLCuo JiLw«^jW?w J-^ai 


^- i r-l ( -» k kK^m x ‘ 

k = 0 v 


w— 2k 


iXr*^ (**->'■> j j!Li-(jTjljLn J?l 


<pqp - iy 

doc" 


,v 


(-l)*n!(2n -2A)! 


Z (,— a./n:^n — 

~k!(n — A)!(rc - 2k)\ 


.n-Zi 


OA-T-fi) 


aS y^o ji N = nil JL»i ^ n - 2V = 0 L-.I . Cwl c-iU ySA iL_»- jT ji <S ^ 

iSjNoy* i j^l . /V = (n - 1 )/2 Jj»i ^y fi - I - 2V = 0 

.lJiL n aS j nil <i J_*iL n <*-S" ^yzjj (^ A - T — A) L»_^ ji . 

• .{«-!)_ 


*J-* <S ^ J J ' J 


iZjjj+aA, 


Jtj J*" 1 *i 'j *V X ) 


PM = 1V (-l)*<2«.-2fe); 

" 2"zL k!(n-2*)!(n-*)! 


.11-2* 


OT-f-d>) 


j ('i T-T-6) jU JjU-. V-iUL. jl . jj-5 ^ 1 A-T-fi) kfcbw U /V j! _p 

Jj -1 L y A>^Sj (\ A— Y— 6 ) 


„ , „ 1 d”(x 2 - 1)" 

PM ~ZW.— 5 ?— -" 0 , 1 , 2 ,..., 


(\<\-T-£>) 




jdj ll/ , n lt 1 ‘<U^U*i (^Ijjlj ( M-T-6) u» 


J-, < P ^ X » 2 d * - J- , p " <*> 2 ^! I?^ “ X) " 


^ *jpr *i *’_fr SjS <J'J 


u = P„(x), 


du = P'(x) dx, 


* - sh (,! - 1)- *• 

d"" 1 , 



J‘ ( (P n (x)f dx 
1 


2 "n! 


PM £ r (*’ ' 1)' 


- ! 


- dx 


jl t j-«o J j a‘S* (x — ] ) 4j -l>- jJ jJ O^lj »*J> j!b <L-*->- 

<^J^?r^pyr J-jj ^ <Sj$ .A (« - n 
, (P„(*» 2 dx = ( -^-- /.* t Pi" -1 •(*) ~ (x 2 - 1)” dx 


- 1 -* 0 ij* <r r-r' <Jj$ jIj S~i_ 


J '1 1 ( P .(*)) 2 ^ J_\ Pi B , ( Jc )(* 2 - 1)" dx. 


( 'i Y—Y— 6 ) kb In* 4j Ij fj* Jl>- 


p ( :\x) = 


(2 «)! 

2"(n!) 


pjjb Jl^&l 


pi jl ©jLiz**1 L 


f x"(ax" + fc) p dx =- 1 -( x m+l (a*" + b) p + npt> (x m (ax n + b) p ~ 1 dxY 

J m H- np +1 \ / 


p-jb t Jlj&l jIj « Ij j 


[_\ (x 2 - 1)" d* = 


( —1)"2 2B+I (n!) 2 
(2 n + 1)! 


pub 4 (6 ‘(Ti 


I 


■ (P.<*)) ^ d:^« < ~ I, " <2 " )! <-')" 2 ("»' 


2 n n\ 2 K (n\) (2n + 1)! 


2 _ 


2 n + 1 


n = 0, 1, 2. 


<Y*-Y- 6 ) 



nv 


J&i Ji < s'jy jlJi- J-a* 




|P 0 (x) P,(x) P 2 (x) 

\ v'2 ’ V2/3 ’ vW5 
kJjl^ v^-*a . c—! 


^ Ojj ^ ^—*^**^ ”1 <X < 1 *^* 

■> j-* iS^yji) *H tiy £d^ <> <*ry l» OV-T-6) 


2n + 1 ri 


(Y>-f-A) 


n = 0, 1, 2. (T\-T-A) 

( 0 , 1 ) i jb Jj j -^1 • Jjb -i 3 ^ f - *. - * \>- *JJ>» lSj* - V J-^'j-J iSr* 

ij\jj . jb ^ijLJ i-srjJ jJJIjJ jl *-5^ L ij jT jljj^ o^_i 

<_r“j : : - ^ i5j— OijjTc —j Aj <_$■ o*»jT x;L. jl ^yrj j jLS" jj! 

Jli* jj jy £-.y <-£> 


^-^ 5 ” 1 — T— 6 JLwo 


fix) = 2(1 - x), 0 < X < 1. 


j jrj j l$W^ (‘-fl-lO jl li Ij jjl jXl^J <jj~* ^riL^J Jjl -^r j* 

* ^djjf c~-o <> jji i>-ji (^) 


A 2„ = (4n + 1) J o ' f(x)P 2 „(x) dx, n = 0, 1, 2. 

b liJ'.^1 J oi j5 I jjU; jl pJl y ^ i 

A 0 = 2 J o ’ (1 - x)dx = 1, 

i4 2 = 5 J o ‘ (1 - x)(3x 2 - 1) dx = -^; 


(TY-T-fi) 


£jj Jl^l u>^ 
^jb Jb- . 


f(x) ~ P 0 (x) - ^ P 2 (x) + • ■ . 


0*1^ 





ru 


^riJ **■'' JJ-** 9 ^ ^ ~ ^ “ A ) La_* j 3 jJt ^y+**y ^j 


» I X 


A 2b + 1 = (4n + 3) JJ f{x)P 2n+l (x) dx, n = 0, 1, 2, ... . (Yr-T-6) 

<_rj • £jj j*-* k’Ji' •■Allj&il *5" -U^> 4^jj 

A , = 6 JJ (1 - x)x dx = 1, 

r-r 

A 3 = 7 j'J (1 - x)(5x J - 3x) dx = -^i 


ui'ji 


l„L- 


/(*) ~ P,(x) - ^ P 3 (x) + • • • 

• f (0) = 0 (w-^) jz xjS <^-y . -Jijl o*JLi oLij V— T—£> ^ji j 

«L*> 


/(X) /(X) 



. ay^j? ( v ) (.-ill) r-f -0 JS^i 








m 


oL-aI>^ tiJ-^ai 


aI^x^- (!)>► (0* 1) ^ J*« JW Oj^- . -5 jS' J>- jly iJjtLf(x) 

(Y Y —T—D) jl 01 y t AjJL^Iai^ ejlj Ailf lx *-j y j jtjj jJLj!^] 

. c-o 4U (j (Tr-t-6) J 


{J* £j* J-Vty glj 

J**- O 1 - »r- . -^>~ • fOi ^ ClLjlj Aj pjJ gljJ ejLjJ ,j^u L> l_> u ^y jA 

• • i:j ‘ j cr* J^-^" b ( ' T -^-6) ^j^f-^jiy~ j-Ul_jJ <jlfi1 j ^1 y jA 

jjuljj dJjljco I y>- wiNj 

(1 - x 2 )?” - 2 xy' + n(n + l).y = 0, -1 < x < 1, 




OjU 


u = PJx). n= 0.1,2. 


J 5.. — < wlj^- y*\ jIj j-J«J^lj4j ,y^jj ^ • C—»l n k>-jj (_Sl *S 

** 

v" = uv" + 2 u V ' + vu n j v ' = «v y + vw y ol? jT . xiL wl^>- iXy = uv J^S y 

■>^ *•*>?•> J—** j*t* >> J-ijS' j±I j j 


ui/' + 2w V + vu" - x 2 (uv" + 2 w V + i>u">— 2x(wi/ + uu') 4- n{n + l)wu - 0 


u[u" - x 2 u" - 2xu' + n(n + l)iz] + uv" + 2 u V - x 2 ui/' - 2 jc 2 w V - 2jcui/ - 0. 

. J-iL aJ^Ia— d 4^»1 u <• O —*\ jA ~+0 y)y. *~*j c«.»+—^ bl 


^'(1 — x 2 )w H- v'(2u' - 2x 2 u' — 2 xu) - 0 


L 

•j 




J H ‘ - V ur^jj ^ 'j ^rr* 1 ^ 




w' + w 




jl c—I OjU jL- Jl Jb\ J*U 


(Tf-f-6) 



( Cu t' rx —2tdt\ 

exp ( 2 J 7 + J i ,/ ) * exp ( lo S u + lo S < x 


= u 2 (l - x 2 ). 



i jLw Jl/dl (YT —t 1 —6) j*J> L 


u/u 2 (l - x 2 ) + f^(2(l - x 2 )i/u' - 2xu 2 ) = 0 


L 


d(u>u 2 (l — x 2 )) = 0. 


dv A 

dx u 2 { 1 - x 2 ) 


V = 


B + A J 




J 





J UX 

(1 - x 2 )(PJx)) 2 


(Y6-T-6) 


fi„ = OjA, = 1 jjb jlj-i L (Tfl-f-6) jl c G„(.t) 




ji 1 ^ 





OU-^LlJ 




Q n (x) = P n (x) f — 


(1 - x 2 )(P„(x))' 


(Y?-?-£>) 


’r-iy ** 


Qini-X) = P 2 n(~X) J-— 

*- p “ w J?rr 


— dx 

X 2 )(.Pin(-X))- 


(1 - x*){P 2n {x)) 


2 = -Qln(x) 


Q2n+ l( X ) ~ Pin + l( X ) | /1 _ 


— dx 


(1 - * 2 )(P 2b +,(-*))■ 


= p. 


'<*> J (T- 


(1 — x 2 )(P 2n+ j(x)) 


2 = Qln+\(X). 






^,1 ^r4y j' 


q„(-x) = { ir q.,(x). 


. jJI.aJ. ob aLU 0 < .v < 1 JSLl >s Ujbj^j ^C— I 




1 + X 

1 - x 


i£jj* - ±1 <S oL 

0 = 71 j 0 = 0 j-Sj; _>x = cos 0 4-kjij Ja__L_Lj J_ A (r, (j), 0) 

. XjL jUil 

b-H 0,5 c ~" 0 *-! b -G> f j- 5 f\y y 

oLj j_J 0 jjl£* <Sj~* ^ log + -*)/(! — x) ia —j L ^aLjl^U ^j—- Oj4j 




. /l+x\ / X 3 x 5 X 7 

lo ni^7 H , + y + y 4 y + 


— 1 < X < 1 . 



rxr 




f-fi iSl&jti 

^^AjV <taL*w# J^L-w-a (Y“T~6) j (Y—Y—6) ^l* x : m jl—lj — ^ 

. JL^L-Jb jS* 

jl ! ^U-i^b/^) -1 ..t..,-» (A—Y-6) ktaL** L j^> m 4 r ^ + J) J ^ -L^ — ^ 

(d—*l ^oti j ti *SX^S A^y j ~L iS cJiliw*! jb*.® J»$ 

, [x^S *LwjLia 'i Y—Y“6 *tal*-* Ij)x^5c«jIj jjjlji^L^-jl ~~ Y 

p,(-i) = (-iy <v p,. + 1 (o> = o (sji\ 

xP'„(x)~ P',-,(x) = nP„(x), n = l, 2, ... (^_, 


P„(-U = (-D" ^ P 2 „ 

iP;(x) - P'„. ,(x) = nP„(x), n = 1,2,... 

(2n)\ 

^.(0 ) = ( - 1) ’^Tjl fi-d 


(^ Pi.(0)-0 


ujj ^?Ij c<.- «■»»> 0 < x < I ^ ^j—• jJuijj 4-Lw*-j£>> X-^iS ci-jlj — Y 


. X,Xa\jCj> 


. X~ M * (Y • ”Y — &) {S^ji f J *^ 

. XiS" ^JJL*** w =0, 1,2, 3^1^ \j (Y * — Y—&) P n (x) Jl L 

-1 < x < 1 ijL^ P 2 (jc) j t Pj(x) t P {) (x) a-£ -Ujo jLH ^- r 5-: .,-»■« L^L>w< L 

« ^ Jjj £jlj 4j Cf~J 

. ll-J -1 <x < 1 4 Q h {x)^\JL» J»ijl JLaj jLiJ 


x~*z oLu 


Jo Pi»(x) dx = 0, rt = 1, 2. 


(P 0 (.t) = 1 : ^U*lj) 


d-wuLu -\ 


J' t P’„(x)P„(x) dx = \-(-\Y +m , 


(J ^S ojLLJ aj Pjs? ,jjS (Jl j&\ jl : ^UjjaI j) . 0 < m <n *S 


Xjm jLJLI - ’i > 


[J x(P„(x)) 2 dx - 0. 







iJ 


fTT 


ax 4- b 

ax 2 + bx + c 

ax 3 4- 6* 2 + ex + d 


■y. b jij liUi 1 j' ^J* -' V 


(will 
(■—' 



n 


PKD^rln + 1). 


. 0 , 

/U) = ^ 2(1 


* 'Aljj' 


/(*) = 


. JjjjT o—o <j Ij c A | t /4^ 4 /l () *wjl j*j> ^ “T—£ Jli* (will 

■ 4—^(L>fc4 Ij /\^ j/4 4 (^ 

-bj/ c~o 4j ij ^j gli ^ 

-1 < X < 0, 

x), 0 < x < 1. 

. J wiT 4 ^* 1 1^4 (<-<j) C—5 lj/(0) (o 

^1 

0 ^ b Jij (Jy j' <£j~ Lri^ J- 5 ,/*** js* <Jjl ^ 


-U 


-\6 


0, — 1 < x < 0, 

1, 0 < X < 1 


(c-dJi 


. (joiLii-^il (ki->) T j^j jl ‘ ^ 



/(Jr) = * 


- 1 < x < 0, 
0 < x < 1 
-1 < x < 1 



* o ~ * l OjIj jj _j>*I <1^- jla^ y ■ IjO A—T”£) —\9 > 

Ij j±j “' V 

I ^n(s) = 7"" (^n - l( jr ) — P* + it- 1 ))' H- = 1, 2, . . . . 

J-» 2n + 1 

. o^Uz^mI (^-) ^ T*—TWtalA* jl 1 J) 

■vLjftji iIjVJLj l»l^L wi *c n j■> jl kXj/x) jfl -\A 

r , /<*>/>■<*) dx = 0. 

v ' 


ry<> 


ji tfjj* j\Ja* JjL-> _ J^aj 

^ is “ jIa ju ^jj~° ■s p „ (*) ^ _ ' ^ 


P„(x) = ^ £ (x + (x 2 - 1) 1/2 COB <t>Y d<j>. 


• -L^ n - 0, 1,2 1j 

JL iS C*jU i&jjljj (J y*j3 j\ L (<wiJl 


-Y 


d< r, ' 1 V' cf <w_ 1, i/ w ^ 1 
2*n!P. + iW = (2n + 1) —— + 2n - 


dx (rt ~ l> 


cf x , *~ n 


2"- , (^-l)!P„_ 1 (x) = 




. « = x - 1 jT j* aS 

jl oJUl c**nj 4 J aIsjIj (L_*> 


dx ( " 


-i) 


J-A* jUJ 


p (x) -p (x) - 2 ±tl d ^~ ,)u " 

" i,() ”- |( ) ~ 2-n! d*^' 


4* , — i.a f j r j— i <>• .l yjT 4 0 * — T — A) <u o^>lL — T \ 

(\-6-a)jjjjJ- f .\ T-T-a) jxi_jJj~ji u. u-ai 

xL iJ 
•* N -/ • 

y* )p <jJj1 j fib) = 0-Uao oLu c 6-? ( j£-Lj jL*j jl ojUi^I L (u 

• <i~m\ (Y-T-6) 


-YY 


l MfjS 6-6 

l£jj£ J{j\ jZ~m\ oL-aX^*jl Ij (5-Iaj 4*m 1 4$ o^UJ Jl>- 

. }ji jls” 4j lj T—6 J T—6 ajj#1 C*-«0<t££& jl ^j <J^*J-i « Jh 5 *- 

aL^ jA wLjL-j b pl-A-i <Ui yy a jS Ojj* 1 J L>L cJl^ jliji jS 1 — d-6 JU(6 

. ^ yt* f (COS 0 ) \j o j$ l> J J 

. 4> jl ^yAl~+A LfcLaJ t V^wjI 0 j\ ladi ^AjIj \Z*)jyy£> Aj a 

; I j T—Y — 6 kJ.j1j»^) lj kJL^ 







rr9 


- , . v d 2 u 2 du 1 d 2 u cot 6 cu 

V^(r, tf) = —^ + - — + ^^y + —- 

dr 2 r or r" cir r l 


r 2 SO- 

0 < 0 < n \ 

u(b , 0) = /'(cos tf), 0 < ^ < 7T. 


50 


= 0, 0 < r < 6, : 




jLij ) -.JiCi 0--I ^£\j jj> *S jl 


<9 = 0 



>-0-0 JSLi 


U . JJJI C> 4j 4.1 ■■><L jli <jlJbU 4^ jl Jajjj-J* 

wj|^jl ^ L jl e^Lix^ 1 


u(r, 0) = i?(r)0(0). 


d 2 /? 2 2 dR Rd 2 0 ft cot 0 dQ n 

0 —^r- + - 0 — + — + -= 0 


dr 


dr 


dO 


dO 


r 2 d 2 R 2r dR 1 d 2 © cot 0 d& 

R d7 r+ dr~ = ~G~d(P ~~gT ~d0 



L 



r-R" + 2 rR' - XR = 0, 



rrv 


If*J ijjy j\JJL» JjL-« _ J-** 


i *• =*(* + 1)<j'jj^ 


fl n (r) = C tt r" 4- £) n r' (,T+1J , n = 0, 1, 2, . . . 

4 *& (jLi^j (J^ y «JLi oli ( \ * " T— A ) ji <■£ J jis» t 

( \ jij^O C—>' Jij J-^ Jr~^j4p 


1 / <f0\ 

•taoio sin, ’d« + "<» + I > 0 »°' 


Q„(0) = £„P„(cos fl) + F„£„(cos fl>, n 

^)F„ = OjD n 

r"P „(cos 0), 


c —■' jij *; o' tyj** '-r i '>*" J 

= 0 , 1 , 2 ,. . . . 

= o jjLj jkjUu jii ji j-—^ u 4 *r ji jj 


ij W j^r j' j ‘ xS" j.u<s> o-lJL. Jp\i (jjj-» J ojZ> ji u *S jT j^l^ j o—l 

*Oj^» iT ji . jt ji jji 

u(r, 0) = ^ ^„r"P„(cos 0), 

n = () 

^ia(j?jj aJi-i aita ^IaLo j! l> . j JuL> Lb A n <S" 

i/(6, 6) — ^ A„6 n P n (cos 0) = /‘(cos 0), 

r? = 0 

t(T ^~T”(i) ^J^Lw jLn» {Sj** ^ JbUy(cos 9) jla^ oLiJ aS 

A n b " ~ ~ - ~2 ~ /-1 fWP'W dx ' n = Q,\,2 . 

ij*- ls“ jij ^jj***-! je'j^ 


u(r, 0) = ^ ^ P„(cos 9)(2n + 1) J 1 f(x)P H (x) dx. 


O-A-6) 


b L$Lf> j~* b#ff <l».» ^y? lj* ^i-L»- L_f-jL jj !j jl j-Z ^^ 


. <aiaj , ^ ljUJ 




^JL 




oLO>Lj 


rrA 


b j\ j c ^4j jj jj <j| jZ~m I Oj j’S \ j IjIj t jii of ^cjIaLo T— &- 6 JUjo 

J ; 0_%iLl Jjjl—C' .j^jL OwLP U t 3 ^-£l ol^J J Z .* s > ^ T j fl <5” 0^ ^ ** Jwjf—J 

: ^ • *°j^VU^li 


Of—..^".i - *^ 3 jl Y— & & ^ 5 ww ^jlia-4 j 4j^-^ ^ Lfc C. jwLJLd 1 ' fj of j^L*^ 1 j\ 

1 (V ^jjb f j —* Ojy> ^j! ji . ^a oUi*J ^1 <jIjZ^I 


1 

w pp p w p 


+ U zz = 0, 


0 < p < c. 


0 < z < 6: 


u(c, 2 ) = 0, 0 < z < b, 
a z (p, 0) = 0, 0 < p < c. 
u(p , ^) = 100, 0 < p < c. 




l> J./'* 



r-o-o 


L :> <blv ojj^ ji t-UiL u( p, ~) - A J ( p)Z(z) o j* 

-**' ^ .p s-j “V 

ZR" + - ZR' + RZ" = 0 
P 


R" R' _ Z" 
-r- + ~ ( 7r~ ~ Z 


l 





j* iSjy j'Jx- J-*ai 


(V 1^>-) * ~ j ^ j L *j -4 2 (w j) ZIj ^ji ^i.i^iii *S — ** <h 

j\y y J**+* <SJJ* y jl -la** j^) ^ Jr—^y^ <-^*1** 

jl jjJjLp (^jS oAiiJ 


Z" - X 2 Z = 0, Z'( 0) = 0, 


R” + - R' + k 2 R = 0, R(c) = 0. 

P 

«. ‘ (T-r-6) j (Y-r-a) <oLi_* ^y< 


Z(Xz) = 4<? Az + B<? Az 

I 

i? 0 (Ap) = EJ 0 (Xp) + FY 0 (Xp). 

y Owi R (c) = 0 ]» y j\ . y jA^> L y\j> 1J F XSL jb ul^S" L^lj^ aS' jl 

./= h 2,... t A..C .c—l/ 0 (x)J~#gl;4 / () (Xc) = 0 

2 i—• 0 j-r* J ^- 7 c - 5. 520 <- A, = 2. 405 t 4 

(^ jl-UI jLp 


Z(Xjz) = cosh (/^e), j = 1, 2, . . . 


u(p, z) = ^ a } cosh (A^)J 0 (A J p) 

J - I 


cri 



4 (Jjy o*j,j\Z <t{j 4 j 


u(p, b) = a, cosh (Aj 6) c / 0 (A J p) = 100, 
J= i 


0 


C p < C ojhj-J <_$ 



4j JL»U/(p) = 100 JUo ^ jL-D ^—S' 


4 S 



(\<{-r-b) ( <j>\ 


oL 






a j = a i cosh ttj b ) = c y ( j^ jC ))2 Jo WOxJ oO-jX) dx 


200 


^ jj' 1 ’ sJ 0 (s) ds 


C 2 (J' 0 (AjC)) 2 A) 

j J ^(.t ) = — J ^(,t ) Aj y J t O * — y~~ &) A^l*-* jl o^Lar—L u el? jT 

Cris^^ 

200 


Aj = a j cosh {kjb ) = T 


u(p, z) = 


^cJyiAjc) 


200 JoUjp) cosh (AjZ) 
c Zw cosh (Xjb)Ji(Ajc) 


o~i 

Of-6-0) 


jiaj jjjl Ij (JJwLaJ J.} aI^I^o wbu (Jli* 

. • ^■■. ' ■ 5 ' ij r~ A— a jUii 


o 


Z« = — 0 < p < c, £ > 0; 

P 

z{e, 0 = 0, t > 0 ; 
z,(p,0) = 0, 0 < p < c, 

z(p, 0) = /(p), 0 < p < c. 


: <S jy ^r 1 


aJ Jjls a 5 |Wjb C J'ljc-i Ij (-LJkS” A—^ —Y — f Ij) ^\JLp L>- ^jl 

J kJ*j Aj . (. L v .5 aIsl^*}^ I j T~ £ —0 . il—■ * I oJui AT ...o ■w-’ij Aj jT ijp 

aIoaj t»^j ji I j L^jL^La . n i ^~£>\y>- Vb Z J y**"* ^ .^- " *1 / (P ) A-Jjl 

p jl laa . + A<Jjl jr?** 0-»~a3 1J y) . p-jjjl ^-1- .»Q Aj / Obj j* j ►VJLp jl el y»*}^ 

Aj l L&^jJCU c $3\—1 JkJJ- jl O^Lfl X ^l \j . J-.flb 4> jl C aS* Jyftj jLU «sJL—<I 

( v 0 jij C&-* ^ J - 1 J 

7 1 " + \ 2 a 2 T = 0, T'(0) = 0, 

+ pR' + A 2 p 2 R = 0, R(c) = 0. 



m 


\Sjj* JiL-^-|^>tij J~oi 


, _ ff 
*“ T- 



r- 0-0 JSLi 


cZ.-..«.^J 1 j L la A) jj- t— a j (z j) T iS *■,*“.—^l oJLJw v_jI>wj 1 ^1 4a 4a <*Z—iIj 

^»(ty) =° *S I fj* 

tc-i; = 1,2,... 4 cos(Vtf/) 4 j <jljk Jjl i-kU-» . j = 1,2,... 

*cr*i j&J* 'j W V> j' 


*(p, 0 = X A >^o(^jP) cos Uj fl 0* 

j=i 

jl5^ A T—C) bJUjw* jl^XoJkU kJjl ii 45 <1)T(^1 ji 



C 2 (J x (/.jC)) : 


jf; 


xf(x)J 0 (XjX) dx, 



■ fistis" 


, .\ 2 T-'J 0 (Ajp) cos (/.jat) rc 

^>’.o- ? x. - ( j, (Aje)) . J 0 »ft»Wj*><fc 


J 

<r-6-w 


4,00 = Oc~i* ciU 4-ljj Vc 45 


• UaU* .bu Jll« j* 



J llfr * Ol-OLj 


•Ij j t_j jIjJu‘- dl—* f-fi-fijtt« 


“,=-Vw p )p, 0 < p < c, <>0; 

p 

u p (c, /) = 0, < > 0; 

u(p, 0) = f{p), 0 <p<c. 


: lS jr J* j-i 




1 oJ - i ^yrjl^- V 4 - 5 * (Hj 1 - 5 c J* : ch 

j o.! il jl; ^ 1^4 o-l ^ j, OL^r * . (T-6-6 J^i) 

^ 0—1 3 (() jl Lai t . 0—1 o-L— j^lc* j-J jl j VL ^1«jjli ^jia— 

t . |*-jL f OL-j y> lj lS^- 0 . 0—1 P jl Jaii -oljl tfLo ^jJ 

(A {jlj* j) ^ajjT^o O— ^ Aj l J j J^AJ* o\ L*_» c La ^ 5 ji—I jl^- jl olio I 

T' + fc/L 2 T = 0, 

R" + -R' + t 2 R = 0, R'(c) = 0. 

P 


j_ ?L 
^ "" 2 



T-0-0 


0 = 0 


<■ f-> ~ J*jw p (p, to-Uoi^l^l^^jl-l^oU jJU-^lj^ 

jlj jl jS (_$1j1^ J C -1 A <3^ 3^"*’^*kLjl_a 4 ^ 4-1^1—*. A 


rrr 


j* <Sjj* (J^ 2 * 


T—& >*j ji (d) *f yyj jl oiL-^JL-^1 j fiJL-t ob Jo j—0-*y jLj % Aj L . JL-ilj y 7 () ( Xp) 

J'Uc)= — AJ,(Ac) = 0, 

7=1,2,... t X.c lj y^all ^La yL^> yl . c~m\ J { (x) = 0 jJl-* \Sj Xc JUoy oLJtJ *_£ 
yj . o jJ*j (. X c= 7.016 t X ? c = 3. 832 4 X,c = 0 tyu t j*yUy 

*<P. 0 = ^ A; exp (-ft/.?/)^/^), 

;=1 

(Y \ -T-O) jkLc* jl s^Lix^-1 L1 j La >4 1 4 JJ^" <Jjl J^ '*—■'ly* - ^1 01 j 

jAjfe . =n = 01 

Aitm h$° xf(x) dx ’ 

Aj = c\JJk^y Jo *' ( *> J o( V) rf*. j = 2,3. 


u(p, t) = A^ + ^ Aj exp (— k?.jt)J 0 (/.jp), 


jl c—I OjLf. 


(T-fi-fi) 


; = 2 


7 = 1,2,3,... t y l (y) = 0jXi.jLiu4 i yu*^LjA/\ ( ji4 l *s 

o_L^ Lp ^•'•^ 01 e-LplS -* AS" Jj^^j jJij 1J ^ 4j a ^Sij 6— fi - A ^LLfi 

\j LL cJl_>- 4jbol J -S' ^Lo . * j—i y o^b/(cos 0) L jT ^L-o j c—»1 

. -LjLj 01 0j_p 4jnajji 


il (j) jl l-i>1*1 ^Lo oy*- 


.-0-0 :jU* 

• b jt> 


V 2 u = 0 ^ j\ ijjjS ji 

0<r<b, 0<Q< 7t/2 ; 

u 2 (r , 7t/2) = 0, 0 < r < 6, 

w(6, 0) = /(cos 0), 0 < 0 < ?r/2. 


: <hu* 
: 4> -W-P 




rrf 


o = o 



oiy j - 1 




4 ) — 6 l{ . p— 



2 = r cos 0, 



y 


Ui 


du du dz 
dO dz dO 


— r sin 0 


du 

dz 


^jjb0 — Ji/2jj ; 


du 

dz 


1 du 
rdO 


. U H = 0 4 0 = 7^2 jl d£ Jjkj ^ fl_ = () J 

^jjb 4 ^ ^ dll* 4 j L 

u(r, 0) = ^ A„r"P n (cos 0), 

n = 0 


u e (r, 0) = ^ A B r"PJ(ccs 0)(-sin 0) 

rt = 0 





rT6 


J J&i j\j£a JiL^ _ J^ai 


Ji { y^ 


u e (r, n/2)= ^ A„r"P'(0)( -1) = 0, 


n = 0 


lj jT $ (.L^£ <ia>-^4 lJ T — C (o) r c ^l £jj rt A^ Ji4 j^jJ jT jl A^ 

^ jL) ^jy* <t ^yr ^ri * 2m 

u(r, 0) = Yj A 2m r 2m P 2m ( cos 6). 


m - 0 


^ 4 <+iji *i 'j tSjj* J\ J^- 

u(&, 0) = ^ /t 2m 6 2 "P Jm (cos 0) = /(cos 0), 


m= 0 


0 <0 <71/2 Aj JjU/(COS 0) 4^ 

J xli * L.4L <JL * oJL>i OjLjjJ aJL-W^*J^ l>-^jl I 'jl_) Cw^l y Jb jl^al jl5• 3 y* J (jLJL j 

fc • fiji V^* tS^ji h (* Y-T-6) aLU- p-ily ^ 

^2m^ 2r " = (4m + 1) Jj 2 /"(COS tf)P 2 m( C ° 8 ®) si n 0 ^0 

A J* y jiJ vlp" j 

u(r, 0) = £ (4m + 1) Q P 2m (cos B) P f(x)P 2m (x) dx. ■ 

m = D ' / 

£2Ai*l *jT ©L-?j^ 1J JijjT Aj 4 JLi-* J-i A. I - » J jl£ Aj ^Jj 

AS'cwi<. Jli'j^iaj 4 <jf**r*S jt ijUjj <5-U^>- 

Jj * pi^i J** 4 * *J-* J a jiJ <5 jT j| JJ c jiUjC* 

* p-Or 1 j^'jcAjjO*' t l _ f lSw^UC J -i ^TJLUjj 

J jJ—*J y Aj JJl y ^y aJL—< (jjl jjUij Ajj£,>- *S ^1 jlJLi <J(J1* JL>- ^ 

—- Jp~ <j\y.\j iSj^^r tr'jj * yr-* ^ <S ^j^’ 

\j tijj- 4 ^ ■^- 5 O^' ^ ^ ‘ ^ ^ <£jy* j^Xa-© 

CmJC^J ©jIjj^ AI—«JIJk j\ . ^ . fT Ajl/lj^ CJ Vji\jc« Aj 

. <cu~j ^jL-1j>- Aj 1 j lj p-c5" ©^Lii— I cjjj+,0 jj 



cj— 


j^jjo jLiu \ — Jib* ■— ^ 


1 d 2 © cot 0 d0 

-- -\ ---• = -n{n + 1) 

0 d() 2 0 dO 




1 d f . d0\ 

- .-( stn 0 — - ) + n(n + 1)0 = 0. 

sin 0 d() \ dOj 

l j kjlj^ *£ ^1 <>-jL-ipM D = f — () jbu 'i — A (Jll* ji jua^ ubio 

l j Jolii -Lb 1^>- * < ‘~‘ i 1 •■+ (d, it) j t (/?, 0) % r = 0 J^LL ! j^Ui iS^ ^>xi—>■• ui 

(-t+S" ^ jj* j ^yr <ttaL *-«*j i j) ^ -i_^-<w ^jl>- 

. -Lota j^r! k _j-s* 5 b j ^>La a <j 1 j Y - &—£ J Li* a Jw-t ota (jj j jA jl iJxj jt> 

*» 

. JUAJ La^a^A ij? jta*ljL>- J j jji 1 j wjLj^>- i Y-&-& JllLa j.3 

J^5 J^>- lj 


Z" - AjZ = 0, Z'(0) - 0. 


UjjT-UwU* Y-6-6 Jll-U) 


. ,4 ; iS^ji *'J w<>Lj^^- Y £ w (Jlia 

j Jj-*-*-* b Ju^j jlS" <j ^j La^aI* \jr*J J Y"—(^ —6 Jl!L* 

• <0 I j l> jj^ 

lj Ju^j jlS" <J 1J La^J'-J* jL*Jjj>- a j l T - JllU jj 

r-' 

► Jo jji c—o <j 

L> 4T.. ^I J) Job i J+fcO T w & Jlia 

lim uJp, t) = 0. 


.J-jlj \ * * '“ Lj JoJjil J *j ^ -6 —D Jlla kil_^a j>- 

? Jijl^ wAilixa ^ — y — Y j j L Ap^Sj /^jl L i . vX-iL 

t e^ij) f (COS 9) = COS 0 w*j y*& <j ^Lo J$ \ I j \ ~~&— 0 JllLa <lL ——a 
( . P^COS 0) = COS 0 *& Jj jiat>* Aj T-^ii j\ \ L+JJblj) . -tjjji c—- 


J Xi 



rrv 


l$j j* jl-^ j^L-* -jJ~ai 


iU (■ 


. -L ~*jyj lj Jjl < 0l*->' 4-^ j b — C — 1 J-s^.5 jl yl ( Y — <^ ) ^-iLc* j,i (i^jjJl 

. Jul5" 4 pw* 1 >*j 9 1 j w(0, 0 ) ; (i^iJl) 4>wJ jl olis »* l L (^ 

. ~LAi ^y>p y V Jjjb jUiljI 4fT 0L»-fc (^-j) O-q—* 3 Li (**-•> 

(^Lo j} jjb ^ ■^ a " ^ J 6-^Li t£ jl jj L Jl cS ^J>- Ij Y—j—j Jli-* 

. J^yM 4l«£b ol^w N • * ° ^Lo j3 ^yUjji J ^.d-ygJ 

L 4>*y» Li ^ 4^- 4>«-jj jLiL ^yii«L r—j—j iJIjl* ^jUIJbj- lljIj ^^1 

. JwAJ y ^ .} jl .3 O-SjUfl-a Jk*J C^joIj 

(r-a-a) »j ^ ' <^j/( p)tr-6-a jii*> 

^ I c5^j—r-* ^jl lS' 4 -^ ‘J^* j - ra » 7 O^T ^ 

■ y 

(T-A-dV-daU. jj*^ 

lim w(p, 0 = Aj. 

t - * 

• CH 5 ^ ' J **2^0^ 

(j*Lo jjs l jjLi ^ ^ y j y** 9 jJ-* - ij ^ ^ jLu 

. Jajl jjU J C*2b»l& 

4^ jl ^jP ji L -LjL*j b ^L^-*i 4j jJjJ jjji lj 4 C-Jl>- jL> jl jS ^LaLo 

. $yM a^b / (cos 0) L a ^_P !“*■* £-ijy j ^y* 4iJ»b ©l^j jup ^lo 

c^l y. I j '<—■^Ij—>" j f (cos 0) = 100 L ..jl— .A 2 j - - ■ J oLl>- ij ^ A 

. Jjj jl CwJt <j 

* 'j J ^d^ri <* bf (^OS 0) = 100 hyJ> j-j-j Jll* 

E c^J-^t 4j o*>"Ij-^j ^sCj ji^jl jlJ lw« b 4j ( ^ f sCj^i^]l ^LL*m-jL 6 j$ 

. -L-j5 Ij oj-? ^jL^- j *jS J^b J. ^>Ljj . zyJ*^ e^b j\jj z c-^r 

(j±p iJiLc* JjL ^ (E) j-jU- j («) * ^U^a/j) 


. -Ll5 


s^b jl 




rj- 5 


u(fe, 0) = ^(6, 0), 0 < 0 < 7T, 


. c— j (^y) v_~l^ *y ^oi' * 


-NY 

-\r 

-NT 

- N j 

-Nf 

-NV 

-NA 

- N ^ 

-Y * 
-Y N 




oLJ>Uj 


rr a 


Ku r (b y 6) = U r (b y e\ 0 <9 <n, K > 0. 




lim i/(r, 0) ^ -Ez- -Er cos 9. 


*-• m x> 


J-i <4 ji ^Jnj *5^ !j b 4j ^UL>j *—T Y 

l> V u — 0 pjjta ! j , ■XjLj 0-^1 ee jb j\ji L& z jj>** ii 


u(fc>, 9) = 0 


lim u(r, 9) — —Ez = —Er cos 9. 


iib«l£j u 2 j u { ji yJ^ 

• ucA jrr! _/* J- 5 h J—^ • 


-t r 


b ^ ti 1 <i ^r-j^ ^jj- 4 tiij- 4 j^*- 4 —- pLJ L>- jA t 

<Ob -*3 vbsj ^ ^ ^Lijl CJjJJkJ jJ> Jj . pJjjf C~>0 <J jj ^8 

jj , J>J? jlj-*J ^ **1 -^«j ijj L lj (j! aS" J j-£ ji(jjl a^j ji a«L%i 

: L*"' JA Js^ ^ *4 ^ <4 jr^ 4 

C-ib ^Jl>- 4^ jT jjJU J ~^-*A ^bJLJL* L <hbca 

. ^S it J^- 1 j jT c ~L>lj 

. -LiL p -l fa u a lj j jA (i^» 

. XJ>\j ±9jk%A jllSjj* J*i'A 

. JCUiL jbj <4 «C^*j1j ^ 

. «x**iLJ j ^ jJj^-i {j^u, Jblj (vi-j 

lA>-> 7^ 7* ^ 'j cr* j 1 IS*-*! 

IJLxj 4_S^ JLjjb I j $ ^ y,J* j * JLjjLu« ^^Ssr<v>» j--P lj 

• - L . i (*-*'>^- 



m 


ij jj ^ jy- jl ai- Jjl—• _ f*->^ 


w JH5* ^a <oU—»l Jl * »! • > -1 <U^iaj ji ,J^ol <-£j jl Aff 11 j Jj^jo> j_*P ^£jj *-£j IJLIjI 

Gyiijj 11 fjl"y^ i V‘« = 0)*Kj^i'<dLw.j-yly-y^y <5ljl 

lj it jlj»JL a p- » fel^_>- ■/* (J^" ^ pJ^* 4 ^ J^- 4 ^ Aj>*jL*3 R A*_>-lj <jCji ji !j 

* p-ijjl O—.>Aj P y>J JL* <ta-4j 


j aIxOj C$NJI A> 1 j La pL>«lj— ^bLuaJ {£j\$ji pL? cSj p05 £jj—* P aJxSj jl j-?l 

^U^l-Lul Jj>- 1 j Jjis aj^I^aI? J^Li ^y^Laj (jjbjjflf j* -p-^LJ^r* C, lj jT * JJL-j^ 

jjp^ . c«^l aJL-i ob jLw \-P-6 J^Li ->•* cSjb^pl? ^r>- jl ^lL» . o—U j^>*a ciJlj^* 
P jl bJ-« . p—»U ^ u (C, ) 1j jlJ-L* ^j! \ ^Sy 0~j ij jT t O—l p^L <-a C t j* W jl J-i* 
^ J'J ‘ (*iJJ^ lj «(C 2 ) l; ,y jli-f I j yj) tSjby f ^ J (*r^ y ^Jy- 



'i -^-0 j£-i 


jl o— 1 c^jjijj P <> 45* j j-a jl -S aj j.i — j JLo^-l aS" -U5f <jl —j JL»o ^ l A^iaj 

(j'y—1«d> y. 1 W ■ —I <^—I jj-> ^ jl ^ j j* jl aj q.x.— j JLi*-l 

. JJjb «(P)^-^ j-> J^jji tSj^ SJj* P L$jj* {ji 1 JW 

<Sy>-~~- P r j* J t u j (.5 ji * **>• <£j R *S J\>- j* ^La jT L 0I> ^ 1 j «j'j? ^1 

• L _^~i>»j ^^1__ ip.»i/^ jjgLa -j^l ^Vi4i LL oJl>- 

ia«-^U jIJaa a 5 pjjb jllalJl ( ^ • * • <. ^ta) i£j\sji t pi? ^l JLaj jl t ^jjl^ jLj 

1000 

1000 X “^ C,) ’ 

1= 1 



L _i~ 


rt • 


^jiaj ji *5* (jLl*j (jljJ . -Li\j U ( P ) jlix< jlJjLo «0 

1 " 

t/(P) = lim - V u(Cf ). 


0-P-&) 


• 4 JL 4 <-£/ C*JjAij*Jj \j Vlj e-Li w-Aw*jj ,J^JJ 

^Jj . LI—I -Ua* (. -Lib JZ >JJ~A -015*1 'ilaZ cpUxJ j* \+}f? J*j U^J-*** U^Jj *>J 
{J>Jj jl -LJm~*A ^jl.^ / .. ^ LL* Oi A cjl>- A& <* J ^A |*jV J^LdJ S/ y±JKA 

. J—Li ^4 L«J^a \j ^jj\ i LL cJ^>- Lo aJL— a jj . ^jta o^15^j\-LL* u l^i jl vn-^jj> 

j^Ul^Jj iJ**^<1~***jSj*^ i?Uj jl jj Ij 

o^Ld.. : ■*! o»jV . j-* u * , ‘ i M ij*jj J* Jj^Jj c 'j u^JJCf^ * 

V-^ 4 * -^fj^ ^ j* ^ J jl (JIaO li/? 

A^aiJ j-* jJ 1 j U jl.JL-d—« 4—? }i ^ C»>-*J*lj ^1 I—J^j («^-5 Li) 4^«. .* <1 tl J?) j* jl 

jl oLd.1—I L. ^ajIj <iflj1j oLj J^Laj jj U jJ^Li-a jl ^aj\j y*& 


du 

— - lim 
dx >»--* o 


-L^ t |Jlt>» . Jbl ^^4 UMtfJ <0 

!/(* + ft) — tt(*) 


S' 


U^- <s*> 


aL^jAj b\y^ b x >a ^ j*J* 


u(x + h) — u(x) 


d 2 u 

dx 1 


^ U- 4j dj LL 4 jjhj . -Li L ^ ^ ^O j^t 4j ^ y*J jJU 

1 / du(x + /i) du(x)\ 

l^iil— d, - dx-) 


lim . 
h^O h 


1 / u(x + 2ft) — u(x -f /i) w(r + ft) — i/(x) 


^ Jtj&r ju 


^2 (w(x + 2ft) - 2u(x + ft) + w(x)). 


^Ufi jb^Lj (^ AVf) t K.O.H. Liebmann* 



j* ijjjM jloi- Jil—* 


ij-** ij 4 ji) *i ciy °jV* 4 


3-y = i (u(* + h) — 2 u(x) + i/(x - A)), 
ox^ A' 4 


fllf jf 4 Jt-iL y j .X ^ Jua jj jl ^uIj M 


d 2 U(X, J 1 ) 1 

~ d i = tf. (“(* +Ky)~ 2 u(x, y) + u(x - A, j/)) 


— (u(x, y + h) - 2 u(x, y ) + u(x, > — A)); 


tJ j JiJ 0 J>- C ’ Jr~^ oi 1 ^ 


u xx + u y> = p (u(x + ft, y) + u(x, > + ft) + u(x - ft, y) 
+ u(x, y - ft) - 4 u(x, ?)) = 0 , 


u(*, >) — *(«(* + ft, y) + u(x, y + ft) + u(x - h,y) + «(x, > - ft)) (t-?-6) 

4 /? <L-—>-li (jJjj A^Nj—i *J>u « Cw! aJ^Ia-4 ^yj}\-0j c— j^-Aj *j5sJ 

u j-oUL-* ]bum j-^—* jIJlJ-4 L 4 P aLju j^ u jIjlJL-4 a-S* ^ jLjtJ T-?-6 JSw 

**i-»jLpaj , Cwl f j if 4 T 4 'i^Lfc ojlo..^ L jjLju# aIiaj jL^^-jj 

W(P) = i(u l + u 2 + u 3 + w 4 ). 

jl j cTJ-JOi 1 J 1 Aajlj^l 

J 1 ** J -r^ ^ ck 1 .Ajsr*^ *! b ijT *5 -US ^ ^J_j3 { Ja>- <Jj~*- 

<^L*i jl <ki; jj j-j t jy j-S*l . ■i ".~- -» * j ^ c£jj •v^ r i 

ji JoLflj aJjI ojLiu^l jl jljJ ^ jT 4 £*lj 

a >-jjh aS jLJLi^loL>- wUL . Jjj^, -* ^ ./>T L ^1 j *X>^4 

• Mi < TiJ* 

J-^U: jZjj Sj jj o \ 2 lL* L oM^U* ^1 jj ^.Up ^^ipl 




^uLJiLj 


m 


4 j ysH j+>- j! ^l£L-0 Aj ^ I^SC 4 OjUp Aj i l*.^ I 

^ <■ ->j£ o'y ^ ^j. l' - ^ (.£■*-*“* cSW-^Jj ^'j ^jy*> <ji' j-* * tx 4 °j 

* 4 - 4 r^ , y ' cr^ J-* ^Jj jd 1 J' Lr^ 


y 



^Ln-i JJfi»U? '-tijAi Y-^-0 JiLi 


4—JJ^llra -a hUJ jl A^^j^ jA A> ^a L . 1 —a ^Lygl Aj ^jA^j <^S>Lj <*£**>*—S Aj \ . ij 

Ck*? <}*-* J>J 

, Ju^j ^j j! lj oL—Lf. — * uJ) LaUo>- ^jL- j 02 j— 5 ^L*l_la>- \jU ^ 

J , >- jjjLa AtaL«—* Jl Jjt ^ - ' w ^ d—<1 jl <jjll*—• Aj A^-_*i 4^0 4 ^jl ji 

A^ J~Sj}* jl cSj-'J-rr^ AiaiU-O 0-1 2j^~ iojjAj^jJ a 5 4-Xij_-i J^^jL* 

J 1 j>« ! j ^4 ^Kj.} 0 \ ^jI • ^ ■*'**tj AJL—li jLj 4 d« .*<1 jZ^m2 j2 

iS***~* J^ <^r>- J-i J $\—• ^j 1 jl J* 4 ^ . ->jL- ^a o2 1 4w > Jjli 2jj ^ jUalil <^S\ 

j* 6 j^.0i\ 4^^. • °- 1 ' 

^A 4 jfr'ji j-— ^jjl Aj 1 j ■,<? 1 — -Jl , Ojb jJlj—>■ t—Ljtj 

J — 4 '-<Sj-«°-?. : f J* S-0- 4 t>>*- ol.aoX— lo^U—£^J< l-- jl^^jAj 

cS^*—*J j ^ * —d 1 ^- 4 J uf 4 c$l ^^ >. * jlj 

* uf 4 


#C. E. Gerald, Applied Numerical Analysis, 2nd ed. (Reading, Mass,: Addison-Wesley, 
1978). 



£*** J* ( j* M dJ 


rtr 


f-fl 


jJl 1j (jjLi*l j «w»L£ ci^ . Jl^S jJijj jo^j j-** <i ^y^Uaj' ^Jlp- > * # jl ^1 <* 

J VU jJ | ^ilj »jL^i jk J?~\ p*Jj ji J JLl £ jji ol^li^ jl jl J 0^ jS* e-»b>dll 

ils- j* . J_^S" cJ 

JujUj jJ jj -Ujl-4 (jjl *£• y*3y» l— »-J jJ ^jjl <1 . J—15" Q..J I j o JjLa ^iL j ■LIS' ^.»..-.aj 



]2, 1, 0. 3, 1, 2, 2, 0, 3, . . .}. 

aS Juj£j ^Iqj j} JL* W x T < alfcji '<>%Aa 0 <Sij Ij “ Y 

jJ L^ P ^$Lo jl jSs J 4 - j\"° (^Lo uT \S^-jS jl 

jfT^* Ij to . -Li5 ^UcjI T—?—0 tj o\ ■/>">■«* * -ij ^ 

. J-JnS I-Lj ^ ®-i-i A_J^I ^Iju 4 j! j /*■ \ * L» a>\a^> 

: *J$ yj Oj_^ <i Q\y ^ Ij ^IdPi 

\z£f Y • 

VL<j OS 'y JUJZLmY \ 

Y T 

^Uil tSJ^ji f^ cS'j* ^jl t ^ ^ fU j c5j'v. ^J 

ij(1 )Ij c J—-L jlJ J>ljlp|4 j1 . y-\ j tie^Lil—3 ^ji 

■^jZyy. 


y 


i 

k 0° 

(20. 10) 

J 


0° 

• /*( 10, 5) 

100° 

0 

0° 



r-f- o jsLi 



Ij X «.AjL^» ^ylj j *Aj-S f j jl jj i y bJ->w-^ I j jT *_£ k 9 z j—i f ^ >—....^7 T 0 jJk_p 4t 



L j**x*jA oL^Lj TTT 

j—a 6 aJL^Li Aj I-Aj j>»-* ^jl ^ ^ ^ Ij Y —T 

(Y- - ?"'6) <ctaL*> jl olaz-*1 L . JjJ <* ijjj* ^ a? ^jjlw JuiS* ^~a T |«jk jl 

. J-iS” Ij . juaj ^J^JU iSj^r c^VjIaa 

<Jl>- . J--aj Jr-*i^r*^ 0 Y/D <» ji^6 j! Ij <£—*i kJL^Li V jj -Y 

? C~£ta ^-a! y>- (<ijU-* Xj* j) ilaij JL>- 

w*»V^L** O J JL%AJ> j - yA ) T~ Aj T j.> Ij i <L^>ll ■“& 

( . JLiS" (jj^flj jl ! 1 «.»a/j) . JL i £ Ij 

l w(jc, 0) = fix) 4 W r/ = U xr 4_Jjl j ^JLjw c£j ^-4 kbL«_* -L-j-A^ jLJ^ 

. ^Ia L jljj^4 Ij «,(j:, 0) =g(x) 

U(x, t + k) = 2U(x, t ) - U(x, t - k) + A z (U(x + h, t) -2U(x, t) + £7(x - h, ()), 

U(x, 0) = f(x), 

U(x, k) = kg(x) + f(x), 

(X< I <6 c—i u*j U jl ji *S ab jLti jl yy : *3*y) .\=k/h*S 

iJj( io j^a j jLlil kj jUu aS juax jblj — V 

u(x,0)=f(x) 

'-tr* jU (J-* 1 * ^ *Lyj <J j\y y !j 

U(x, t 4- k) — lU(x + h, t) 4- (1 - 2X)U(x, t) 4- kU(x — h , 0, 

E7(*, 0) = f(x ), 

jlJbLU ^ > Ai ^li oLJLj • 4-3?j*) • ^ ~ A/ft 2 


. Jj-5* ^ ^jJlt U jl-Li« jl U 4 ol—*L»^ <c*UI S*i + 




(JJc 3 § 


taJUflO) gUby&lA 

IM «A $0*1 yjJ 1 -f 

. Au£lj j\ ^Ia < ‘ -w«j Ini? > 1 . < ^IJLpI 

l jail 4j fj-f** J klS* 4 Jl^I j-^T *i ial" >** j\ 1 j (1)L*jIa *^> J b ^Jy^j ^ | j} 

. ib ^a\jp^ p - y <h.wi lalr>fc4 jJ&» jl y C 

/ j jtf ^AaA>- oIjU- 1 >’ j x*? t x + iy J&ZajiS c—I <jxU- Jai&m* xU 
. $b Ja^j (x, y) jtjJ Ij I j -* + iy ul^J , JLii> JjJU^ i — ~~ 1 

jJJI J^Ioj j tal?>i^ 4^J <* ^1 »Uj L j&jj *S C*4> (1)1 jl ijpyMP^J JS {f\ 

Oiy^ vi—I eJui oob jlU ^ j£-i j3 ^ Ob- lj P iU) . c—l ju* $jjI ^ ^jAj 
\j\jPajO j\ jb y 9 py\y ^ g\j j* . ^yy x+fy xXp Ij 1* (x, y) <-J y gjj L 

^ A * ^ (JL^ y 1 Juol lj kb^ji jIjlpI JLjb x + ry L1 i>m 0 Jlp 

. Jlalj jtl lj ( ^ ” y JSLi) iall^u* k>mJLia 4 j . ^ J$ 4jljl 

iJj 4 y}j>. J -^r ti'j 1 ’ 3 aL ^V j'V. J j ^ vkU- <{ 

.fc = djfl = c^?l iiii j ^1 c + dija + bi 


-Sj— Ob cr >l ii ( , i AYT-^Vf A) t J.R. Argand * 





ol— 


m 


y 



Jj> x 2 4 iy 2 JX 1 + i}\ jS 1 « ij-i ^ Jj-i* J-> £•*>- 

Ij ->4P J*a^ -Lki^ 

U, 4 IV,) 4 (* 2 4 - iy 2 ) = (*, 4 * 2 ) 4 i (34 4 - .y 2 ). 

jiaJ 4 -l> 4X>jiaj jbji ^ *■ 2JS> JJ l iSsjj+0 Aj 

a Pry * (jlj5 a!^>U Ij Y-^-P JLZI b\ £L+\ j\>J> J* *S sZ~*\ 

• -1 j^bi* <Ssjyj UjjJ ^ 4 *^ j r j 1 aS'ou? 


> 



, (-Ui£ <]a>-^® Ij \ ijiy^ jlJtflj ol<j Ij jT oLIl aS 



l J-*£* 


rfv 


: ol? jT . julJSL iah>^ 3 - 1 p« u*x 3 + />' 3 j t + iy 2 t x, + ry ,xzS ^y: S-S-9 Ju*J 

* (o>^ Aiw uw>U) Ul>w> 3^p c£j (jc, + ry,) + (x, + iv 2 ) (i^AJl 

* u^ij^ cu-^U) (a- + iy,) + (^ + O 1 ,) = + iy 2 ) + (x, + (>’,) (W 

[(x, + !>',) + (Xj + i> 2 )] + (x, + iy 3 ) = (x, + !>,) + [(Xj + %) + (x, + «>•,)] 

• (,_y-«- Ajjtj) (x, + iy,) + (0 + Oi) = (x, + iy,) (o 

1j ULfeA L 0 + 0&" L J A... ? i - al l A-Lp 4-^ ( T A13 (jLij (jl^J ^y 

Ji Uj c~3 (j-J • Jjb y-Jj- <jr'y ‘ yw> y-i?- ■ S - Lp Jj'a a'xpI 

^ JJji b jib 

0 + Oi <-» 0. 


**-*-> LX 5 -^" a * ap * J pCrt fl-f 

t i pjjj\ c ~-i *j x + ft' JSLi <j i»JL>x* 

x + Oi «-> x. (Y_^_^) 

*£ c—-*I a 0^3 3^ °aLc*-i\ (Y — \ ~9 ‘) 

JaJu>c* A-Lp £_£j i jl— /l"> - 1 4 j . Q .^i -lal—>\^ a1-Lp1 4J*jas^a 3^ (^1 4P 

. JiS” cSU 5 Jxk>^* xLu-l j jyt ji oUl^jl 31 L yj>»i ji Ju\jj‘j* *£ ^yklS'jjj t c-.-ft jJ 

^ ^ 3 ' • |* J . :> _^ jIoj>I £*>- *jja ji Lij l»- jj! U 

J-lP ^ £3 jS\ . < ; ■■<■ •- AJ-P >-^j ji I J Uliw* A-LP >-S3 <_A jJ> iJ^-A <■ 

»l? jl 1 jlIL 


a(x + iy) = ax + iay. 


AT 


uij~ 


;)c-( 


-(x + iy) = -x- iy. 


^ lS I m — 1 3? 1 Oi 1 A 

r*j> *a = -i r j»j J i J ;(r-Y-p)yju. J x/i 

aS Ayl ^jA JU- . c— l X + <>’ LJbiv. AXP ^ 


(x + iy) + (-X - iy) = 0 r Oi, 



oL^Lj 


rt a 


Jl!L* 45 Ojjlj jl ola-iml . c—x + iy 3jjlj ~ (x + tv) t ^^Xaj 

. <Sij^ 41 ' ^ , ^ ' e-J-i <ob <jtJLi -L*j 


Jj5 J>. \j yj &U* 1- t-f JUa 


x 4- O' + 2 ~ 3/ — 1 4~ 2L 

ob *bU^ lJ^U aj Ij OjLp 1 • - 2 + 3i jl 

x 4- /y = -14-5/. 


1 OjU 2 - 3/ 

^ | » -j. > .5 A*Lj>\ aJLJi 


^ » Cm^I — 1 + 5i ^Ijb x 4- iy ialr^* 1 j ^*>-| $ji 

fl .y = 5 & x = -1» L 

U oljj ^ lj ^ ^-9 j£-S P aJo-Lj |^5 oaLi_JL-*«l ^^Jai oU<a-l5«_4 jl ^-51 

jdjki objtU jJ(rcos<|), rsin (j)) 


x 4- /y - r(cos fli> + i sin 0), 




0 Ajjlj a 5 CIS (j) j ^aZ> kA C-> jy*& Aj v^-UjpI 

0 ^*iU>luTAj2J:^jU^.^I jjl^b ‘C—J 
J^Li '_^iJ ‘ £r?V (T- )-?) iakiw* id* tjJai J£* 

t[£ jT .tj + iy 2 = r 2 cis <j> 3 j jc ( + iy l = r, cis <]>, ^fl t JLl. ij \j . XS ^ «jL> lj j 


(*] + *>l)(*2 + iyi) = r l r 2 cis (0 1 + 02). 


(x, + /y/) r, . 

(^rng = ^ cle( ^-^ r ^ 0 ’ 


‘ (jl^ \j r-\-9 jO) 


(* + iy)" = r" cis n<j>, n = 1, 2. 


(?->-?) 


t(JuS«U*-*. J£J) 

(V-i-f) 


(*jjb i j \J r= l(V-'i-?)kJiU-« 

(cos ^ + i sin </))" = cos n<j> + i sin n0, 1 ~^) 





m 



iU*i^>r-N-f jsls 



llb>m JJL£ cib |».^li T“> - f j£-J 


jaJb-^a jljL_p1 4—Zjj JJjjICwO-U j,> JJjI , JLUU * Jjfj-*J* JJ-*J-> d)T ^ 

.C— I JLi- 

M 

oLJ jp5 oiLm £\j» , ^>\tZj£ ojL^l-J «u + iy -kb->w» dJL*d OjLp Jl L_s*- L? 

\j Z, j X + /}’ lj Z J-^ai Jjl *4JL Ji . O-*! iaJb^ ^ JLP u& Jab jlw 

■ ^ rr*'^ *>. ‘j* j x i + iy i ls'j< 

JL^ J>- \j jjj Y—1-^Jttfc 

r 2 - i = 0. 

. p....w cos n/2 + i sin 71/2o jy-^> 4j ^-Jaj , 4^ lj j! j? t / — 0 + If j^>- ^ 

OL^iiil i£j-^ J jb^Lj ( W6t-\^^V) t A, de Moiver * 



oLj>Lij 


L _ r >j 4 7 = cis 71/2 ^ ^^ y^~^r z±>k>** j-U S* ^-j 


.; *Y _ _ V'2 


e= ci 8 - =d Sj = Y(l + 0. 


ol jl 4_r (? I jf) j-?z = cis 571/2 c. 


, 5ti -72 

= C1S T = (1 + ')’ 


' jj i^r 0 b Oi' ■*rr-S' ‘ L - ; r_? j " 


ruj'cf* 


Z — CIS 


. Vi = (*\/~2 i 2 ) (1 4 - i) ft jl-ij . pjjb jUail 7 = + v? jl ^ oL~a 
olfjl t z = r cis 0 /l ^ ab oLi; j ab r<r -»; 01 y ^ 1J T - ^ - 9 Jit. 


z ,; " = r 1/n cis 


(/> + 2kn 


k — 0, 1, 2, . . . , n - 1. 




^jjta t z = x + /v . z = 0 Jaij j r = 0 j r > 0(^- ikb-» ji 


r = V'x 2 + y 2 = |z|, 


iJU- (US’ 


jluL 


i ♦ 4 


- jju. jli L4~*L1\ J $ 4jj 1J . :»jb fU zJali^iX* J^A \j jUkjJSI I 
yj> h = 1,2. 3, ... t c)> -h 2rt Tt oL? jT t J—iL z -L*i 4) . <)) = arg z 


* p-r^cy Jr-^yd- 5 j! 

xj/ c—o <0 ij jij jU>- vV J—^yi* 5 <yf- * - ^ jua 


d 4 )' dy 
dx*“ 8 dx~ 0m 


z(z 3 - 8) - 0. 


I>rr ^ ^— *Vi <**>+£* 


<oli r »..«3 \j . p-*jbj JZZS Z 8 — 0 j} !__> z 4—i JuL l Z — 0 jJ 

^jb (*-1-P)kbU* 

z 1 ' 3 = 8 ,/J cis^^|--^ * = 0,1,2, 





rt\ 

^ v-jIj^*- {/Jj^. • fij/ty '^—■>*{ 0 - I ± -s/l i j 2 j\J-Lj> C>\ j\ <s 

■' o-r Jr-- 1 ^ 

y(x) = C'l + c 2 exp (2x) + exp ( —jc)(c 3 cos ^/Zx + c 4 sin v ; 3x). ■ 

V> ^jj ^jL-«o ^La L iallp^« ^J-P iJkj |»! n ^La 4-2j j aS C.--*l <>-y JjIi 

z “8 = 0 <tabc* t Y - — \ (Jli* j$ . Jbjl^ jl Ji 1 ^jlp ^jUa.AjJu j»l ti j oi *£ 

oy 1 j (J> = 471/3 j (J) — 271/3 i^**~** -)"* J ^La 4 -Xj j j (2, 0) <-1j j (^1 

. vju— IaJuijULi6— \~9" Y-\-9 Jlirf^liJ^i^m^-A lLa<2oj^jI . c ...., *l 1^1—2 



Jaiiiv* ibxl O-N-f JSLi 


^ J -2 ‘jA ^ L $>~Jj k.^ J 4j ^4.laily^^LA A*!ljj aS jv-uli j*>- 

z. — v + iy j i L aL«^"JC^ <]^La^ P n (z) = Q/\ cjjLp^j . .x :: »,a 

aJL_»U r. Jal l>%* z. . c—4 4jtoj i-SO z = .v — iy oL? jl t JuiL jl ^JLj j ^50 

^5-Uj <jjl^y, -c—ijj ojL^ ^ t5^Uj ^iajjl y?£JJ y> ^ 

Owj I j <Sj^ Jr-* ■ ’ j^L>- JL>- jJ . CjJ* J-A^yi- jlj-5 o^La^—-I ^jy» 

• c ! -- ^ La j; jy>%A 4j d■■■■«■-) aI h U (> y>J-XlA jiij ji 4,5” — ^-l5* ^ya 


*1 + ^2 = ^1 ± *2> 


i\'-\-?) 






j-Xp 


rar 


*0^ JSLs) 



Zj # 0, 


= 2 •li'of z = w 


<\r-^-p) 




uij^j jl j* <( J»jlj J oLJI 


>’ 



(\ \ -S-^> 9-\-9 jSLi 



' j Iz, 


ZZ. ^ 9yi. ^ ^-ilJ jjjl jl iii^-4 £\P> f-fr-* cjUi^jLS' jl ^ 

I~«—. J gjl>- i-LJSIj oJui oh<X,V 2 * 0 4 ( _ f ju) Z, * Oj 21, J\ . (V I 



^1 = *i + iy 1 = (*i + ^i) . (X, - iy 2 ) 
*2 x 2 + i> 2 (* 2 + ijy 2 ) (x 2 - iy 2 ) 

= (x i x 2 +3']^) + i(x 2 y i ~ * 1 ^ 2 ) 
~*2 + ^ 


(\T-\-P) 


IjOf-'i-fOkbU, tj olj jJ 


(X + iy) Oj yj> Aj tj\jj \j j>-\ *S JLl $ <>"JJ 



*S c—-I (/ L j 





- A • V • *1 


I. 1 


/T_\ 


/'T\ \ 






rar 

yj jjpu . -u! ^jA*.<L > ~ 3l»xpl jjk o •■ O i S ' _j3 ^jjl i Im(z) ~ y j Rc(j) = x t\^> ul 

. 3jb ±yr J <■ *0—1 V L yLi>- 3JU- Z iall>^ 3 JLp ^ y* Ofc—Jb O'jUp jLj j3 
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. ^*--40 <jLJLj S L Ij £ J^Lflj jl AP ^ »- > t>» u£j . i-LP *j£j £ a£ 

iaAi a£ -LiL J £j jl — £LXj o\£ p--j5 AP 4 I 3 UU Ij aJoJU 

.-L^L^ji^iAka: jl aU; yh. (r-r-? jo> s J>uj 

<jl ^Xjt—£ jA 5 AP j^>*» *Lxj 4 la At Ij aJq Hi <*£j - jL lj AP y 

(Jjy 1 J^LiL* ^L*J 4& y*Jfy* . Jj-i J^Li -Li Lj S A^ Ij aIojAi *^£j J S jl A in flj *J^j Jj|j^- 

*«J>s j 4 J— * Lj J^a L. Ij ^ ^ A*A &S APj— iJkj . JLL^j^ 5 J^lj 5 





^c/ 8 


iJLaU 


<Jjj* j l yjL? A j£-i 




r?v 


, jiaj ij jj j ^Ia _}! u^j^A t — ^JUa 

Iz - /I < 1 (cjl 

]<ld<2 ( v 

z = 0.01 i c (JLla iS^ji * j_P c5^ <1)1 aJaajjA \ <.i. ,«i jL <p ^ >m cJkj (uiiO a& j**>%a 

(wjiiO kpJaib J^Lt £ ~ 0-00 1 L i <Jo4j Jtl—».* — £^A <J^>- t d—1 dllAJ <Jkj 

j ^ ^L- Jti Aj i^jb Jj>-b ^ d—-1 ^kLi* pl-*j ^1—*t <UP j - * *— ■ *%-* i ^*wJLLA jiaJ jl . d —*\ 

]&\jj *d»-A <1)1 iS J j* * cl—*1 * J L — > <Pjp-«L^4 ^ (c-j) 4-P ^oj>«—^ . JJjb j! jS i £ j* <0 

d—«1 oLi 1>i-4 I JL*4 o^jb J* '£J* ‘ ^ ■— 4j ajjb ^ j j ialii 4_*»jb j Jj>-!j Ojjb 

. (cjir-r-? j£_t) 

jl Jjjl^ jUj • JuiL ^Oi# Ax>*A ^aUi Jkjlj 4l~j A£*y*±>yA cJkj 4^ JLlST 4>-j^J 

j! I < Re ? < 2 4P yt*>yA . J41mm J 41wJ L jL vljJ-U» 4j <1)I^J 1J Ob A&yt>S***A 

■ (' uij-*-) l ' 1 —' 

Jut 0 ^ju1j_/ JldT ^ji *■{ 4d*^-j (^0 c-5sj u-a^j*j ^ijj <1)1 _^j 1j (3j* 

-,>*< - J^jf ( ;1 * J - i ^ oJ - 1 U>.U <• NI *J>- J j ^ J ?n '-^ J j ^ 

•dtL 4 i .. t 1 j> **i 5 clL * ^Ssj <. £ > 0dS" <jl J^^t 4j i <u<. m! h' () JiS” l ^j-v* 

^ lSj>; 

!/(?„) - v^,l <e 4 l? jT k I? - ’,1 <5^1 

r_U jLa^-L 


lim f{z) = u; 0 . 


-O 


lim /(2) = /'(2 0 ), 

z ■- ro 

-V L JL*t>0 4_Ux t*J S « 




Z 1 ‘cr". ‘ * ,! .» =/('«) 

jl Uii^A JJ.//I . O-l q, Ji ff-ijfy 

. i ~ - - * 1 4I«m 

* J* * 

{j*? A> " '*-^0 l 5^ J^" u-i^»04j Lfc^dlw* JL>^ ioOj yC 

. X-tOjl ji j ijja jjj *S c —J j j\ 





dj 




jT l = kv 2 jlim, ^.JU) ~w t J\i l-f-f M 

iim (f(z)± g(z)) = w x ± w 2 ; (^t 

- ' - u 

Iim f(z)g(z) = w { w 2 \ ^ 

f(z) w | 


' * Zr< 


U ) 2 


urn 

: t!(z) W 2 


^J_^L- J < a 5 " i <»yT ^ ~X“~ 9 ' 4 . .,rtk jl 

c—I <^y^f <$ Jj-i ^y <4>^J «L? jT 4 w =/ (^) = u(jc, >') + iv(x, y) J\ i yjJy■ jtAo 
pJly^y i Jli* tjljj • O yy^) jJ _y v(x, }')j«(i, >’) -kiij 

**(•<*£{ **r* 

/(*) = ( 2 x + y) + t(^c 2 >) 


. X- _ a v j x jl 4^^ ( _ # iol y ^kijy* y •* >' j 2x +>' L $U<uJjj> jy». ic~-l 4X-J-J U-<UJk 

^fj\ «J» j3 <luj z y • jl*4 jJ / I—4j yu iiilj ji I J Zq ilxij 

>——*\f (^>) TlT !->"*•* J ji^i l?""* 4 ^1 J j /'—’ ’jy^ jji' j 3 • Az = Z — ij^j* J •^“"Ti Z« 

f(z 0 + A z) - /(z 0 ) 


f(z 0 ) = Iim 

Ai -*0 


Az 


(\-r-?) 


( ^ -T , “^') ^jlJL m i^jkjMJ jl . -Lib $Az s-^b*cJl jh jj JL*- *$ ji -bj-i <j 4 ^ y~* oli 

. 0««*1 •£-> * j*j -Lib jJkAj j^LL* *S aJoju j> J*f*£ 

• (*’ : : - ~ fl> ^ c ^ yJ J- 5 ^ S-A* jl j-A+j. ^ 

S a]ojsj j> ji ^^1 ^Ll ^r S jU AS'j-^s^a 1j JaJkX>*4 L f 1 1 — Y—P hJ 

. JL^b yJu (j?* JL* 

L^Ju 4j ©15* jT t J-ib ^Li>mJ <lsuu ji /£tl a 5" C—-I A^l Vb i<ujV 

orN^' X-^ 1 • j -» lj ^0 t/i 1 - •-*j J /' (z) ^L; 4 lwl JjJTJ_ 4 /'(^,) 

fU y o^U- . JJ«*b |#t 7 ^fb'lj ji 4 -Lib ^jL b» mj iall^wo jl 4I&JU jA ji 

• J^ji> |H^ aH\j\ jl J^i . XL .a 



(5 La jjCjk _ 


-Lib ^LU; *;, ^ai: Jif(z) = u(x, y ) + (VU, y) ^L' aS jt^ f jM Jv- ^: T-r-f M 
*jUjj-*sj)/jU 4 j* j x~±\j syry ^ j* Sv/dy j 3v/cfc t duldy i Sw/cItaS'cI^-IoT 


r^i? 

dy 


(r-r-f) 


pjjb 


,, v oil , dv dv . 8u 
f (z) - — + 1 — = —- I — 
ox ox ay cy 


(X-X-?) 


4j jiaj (. <JLw^ <jLj j>- jJUl jL£ 0 L*j j - C^V^Ia—« 

jJUT i jL^J i ^S' (jly ^ Ij X-f-^ <r*4* oUl . -Lijb jJ - - J *■ Jt— J ^ J , 

Jajl. Jjo *djl Ij ^j**y Jajftl Aj.^aft 4^ , U5 A>-^J . c2-jLj 

W - 1 **y J x *i ^r~j v j u Jjl ‘kjj* ^sjzr *S -^S ^ >-$ji-\ J*~' a 

. _C—ib 4i—Jbb *il4j £j*\ j3 <£b J^Jib }j>-ja 


^b- r-r-fju* 


f(z) = e z 


1 f ^ 


e z = e* cos y + ie x sin y; 


Ui 1 ^ 


u(x, y ) = e x cos y j t;(x, y) = <?* sin y. 


= e cos y = — 
ox cy 


du ov 

— = -<?* sin y = - —, 
3 y < 3 * 


< N \ AYi G.F. Riemann j 


i\j-* ab^LjOAdV-WA*) i A.L. Cauchy ♦ 





£ sin y j e *cos y (I-?-?) oLij- i ^iS o'blaU^^.lyb 

l (T-T-9 ) jAXi . JJjb La z^L*j iS^ji ^ x r* J j )'J*^a*a 


f\z) = e x cos y + ie x sin y = f(z) 


f{z) = (x 2 - y 2 ) - 2ix> 


. jllcalil <5^ j^la ijLoJh 

gt? r-r-*ju* 


(* 0 ^ W- ,ji' J-> • ^—5* Jj 


(?u „ dv 

— = 2x, — = —2x, 

f J V /"I V 


= -2y, 


-—= 2y, 
ox 


0^ JUUmlUl . j*> t x=y = 0tf Jail 

. C-U-gyAoXi oib ^U‘>> 

£l y jl cSi5'y. j-» ^ i_r“ ^ >3US 4j JL>- 

p-ijb JJ *u ^ ,^*5 jloli-ili wJ aj li 


sin 2 = 


sin (x + iy) — sin x cos (iy) + cos x sin (iy) 

= sin x cosh y + i cos x sinh y, 

jl ejsbjj: .*1 L JL>- . v(x, y) = cos x sinh v j w(x, y) 


d(sin z) . . . u 

—---= cos x cosh y — i sin x sinh y 

dz 

= cos x cos (iy) — sin x sin (iy) 
= cos (x + iy) = cos z. 


- sin x cosh y t ^ >> 

<r-r-?) 


jJ cos 2 j sin zjuo jUU oI^paj 

• ^ <■ J^i j\j Vpj*m jl lar 0 ^>> 

jl ^J5wwa L j Ij jl aIxiJJ ji jjb ^^1 *lL^> Ij iS jlj <p 

; Jli- c5^^ri ■ ^ ,J-sP j 4 ^ t xLmuIj Ai~*<b jljj S Ldlp«j a£ -U^- ftjL» ^aIxi> J bo 

. c^jLaCu) r-r-y j 4c^i.r^»(i>ilor-r-^ 



rv\ 




*JJ>- J-> je^i crM^" L* %J~*y 


<^'jr 


. Jlftl ^>- c j jp- k-f£j ^ajL Ij 


■ p-O 0 jLil (J^4j ^ — ^ J Y — T ^ 1^-- L j>iJ j 3 AS p 4 j f iLi>mJ 

p* J u(X, y ) ^J> »Lf jT t J-il{ ^jJuU; D *Sj jif(z)jf {z) = u (x, y) + iv(x, >•) j£\ 
OUjj _ ,^lS jl U-JaL^* u-JJa* , JLUS'^y» JjL,^ D jJi ^'A/V jJ v(*» >’) 

Ij v(x, y) j u(x, >’) g\ji t-Li *ij£ JJ (j\+JL>u aS jl^>- . iy i ^ *s*~j ( Y-T-?) 


. -lull jL.-o» a 



. . 1 I.-« > U i^ j ia. K i4 (<-*>) . i.ir.^ > AJ. jth4 ( LJtil ) Y — Y — P 


/<*> = (* + l) 2 


^yf>yi j ( _y4-4>- —J XZS T-T-f <JUx> 



r^ b ; J 3 * 


(z + l) 2 = (x+ i^) 2 + 2(x + iy) + 1 
= (jc + l) 2 - y 2 + 2yi(x + 1). 





v(x, y) = 2 y(x + 1), 




•u 


tvy 


u{x, y) ~ (x + l) 2 - y\ 


= 2, u„ = -2, 




yy 


J u x;c = v yy = 0. 


• ^jL^jb ^yuljj v(x >’) J w(* y) 

^IjJ j ^LUmJ g\y SjAj SLj aS ^b OLU Y-T-P Jb* jj> 

Jj . jJj U ^A (z + 1)" j c~«—i j:> j* . j>jb 

aS lI^jI O-joIj ^jjl ijb 

u(x, >) = c*X J v(x t y) = ^ 

JLiLfl ji . t j-aj Lfjl jpj ^»L» j JxiL ^Js>L5jl> <S L>- y^ y 

aS J J -> L JjJ -bjia^- JJjI^J U = Xutf ^$1.^ i ^£Aju j} j kiL--.* iXj) 

t-r~^ ^JSw jA . XJ-S" ^ <^jli^_wj lj J : - X lx ^Jb J 0 jJa^- V = <*Z*j\j ^1 g, Z. ,>*/«* cJL>- jTji 

• kl«*.>i 1 aXi a^b <1}LX> T —T' ^ Jilt 1>«JL* aj>l^jl>- 



(T-f-P Jli-0 JUUS4 abjiUT-r-^ J5Li 


^-* ji—4Jb £ib ^ aS <& JjI 4-i UJ>b A>-y L Ij 

f~>\y ij* i-L-iliaJ_^i ob u(X y y) jt—~*Jb jS\ OjI^P4j ^«»jpJ ubL <0 t lJX^I 

*£ ij£ v(.x, y ) XjLc 5 jL^jb kXi 


f(z) = u(x, y) + iv(x, y) 



rvr 




u(x y y ) = cosh x cos y, 


u x - sinh x cos y — v ; 


■ fr 5 "'j V^ 3 * ^ ^ 

C-*«l cJLi ota j 'j A-1*— ^ JUfi 

L w(x t y) <j! L yLi>- c-wi ^5* Jj jL*jy" ( 2 ) ^L X>»j ^_5Cj 
t (T^y , ~~^’) <jLwj —o^ld i ^l L 1 




y(x, y) = sinh x sin y -f 4>(x). 


^d> j* 


v x — cosh x sin y -f </>'(x) 

= cosh x sin y = -- u y , 

^ri . c~J ,^4 ^c-jUc£> <j)(x) =CLf(x) = 0-^w jJ> 

i/(x, y) = sinh x sin y + C. 

jl c~-l OjLp^j^lk* j ^tT jl L 

/(z) = cosh z + a, 

. d— -'l L yx*%*a yk C^jIj \£*i OC 4^ 

u JL **a 4 fl-Ul c—o aj u(Xy y) j\ a£ \j &-Y-P Jtl* v(x, y) 

rc U . li> «^ £j^y*y o jL-jc- L OjLiu 4j L>* ^ jliS" a >-y . jlj»U 

• cl —*1 jl 5 <J i -X*> c^ajjJO i—P ^^jio ji 


T -9 gl&jV 

^ \j*7 ^ A ~i **y • 'j I < Re z ^ 2 kpL^jy 4 - ^ 

ju(* y) _^lo~-1 <^yj /ol?jT t/(z)=w(x, y)+/v(x, y)^lJu^c-ali -Y 

• *^-*4 j* j* K*» y) 

f ^ tyv^’ yj jl *V iii oUj -V* 

sin z (ciJl 


COS z (c*> 



oly L. 


rvt 


<, j\ :^jjLz*tj )cosh ? = cosh* cos v + / sinh* sin y JyouUL 

(.us-^Uuif-r-? a-r-p j t r-Y-? 

* ->jy y> y tj jy . -US' yy ^ b >u <5^ j' ^y> 

p, < Id < p 2 (y lz-z (l ! < p (y 0 < arg z < rr/2 (**i!l 

Im z > 0 (u> Rez <0 (u> 

IJw ->yrj ^jj-*^ J- 5 b i$jy J b yj *ey*j** jl 

. -US' 

M 

1 < Id < 2 (s_j 1 < Id < 2 I z - /l £ I (^JJI 

t * 

L&L..U.w\ . Jjl i>lij jl ji ^Il*J>-l J>xj Ij>- *UA ^jj £j !jj jl k_So^A -US' OjU 

. -US' uLj b 

w = I fz (^ W = Izl (w> VV = I + £ (*—ill 

i 

7 X 2 

V. ■ 


vv = 


r + z-2 


( 


£ 


W = Z 0 


vv 


= Im(z) ( 


\ —V—9 aj^L*cj jl I ^jjL^aIj ) . u —U y Ju ^ jU L * L>- gy* f (z) = Z Ij^ y 

( . C* — 1 ^_yry° j&~ JUo 0 j _y -US' c j Lcul 

■ JLi: cO-r-f >kbU. jl/'(z)y-l~L 

^j jl b/ (^) 

/ (z) = sinh Z (y /(z) = tan z (y /(z) = cos z (ci!l 

/(z)=z w < 2 - /(z)=l/z(si< /(z) = cosh z (-J 

^yl—i>x? UU<*lj jy**A y g\J J?L3j y Jpij Is** UA Log Z ^uIj (t-jil 


-T 


-6 


-P 


-V 


-A 


-<\ 
■\ « 


-U 


d 1 

— (Log z) = - 

02 2 


p-jjb cc^l^^Ll^Logz^^UzWk^l^jy^OLlJ (y 


jij gb 3 J uUxJi jj y» -US' ^ Y 


/(z) -z - i(z + 1) (-- 


f(z) = 1/z Ul 
/(z)=e‘ r (cosx + f’sinx) (o 





rvo 




wLjLj b>j c ' y jl <£j j* iS^^rj^y 0 


r 1 — ^ r\? 4- v (V isll 


-\r 


4 log (x 2 + >' 2 ), xy * 0 (^ 

v(.x>y)juOc,y)g\y jl^jjk.LfoT <■ /z) = k(x, v) +iv(x, >■) jS\ Jl-jo OL-U -\T 

. C—ft JLilj X-^) ^ 

4 z = * + /y t /e) = w(x, y) + iv(x, y) L : ^UjlaIj . -US' c-jU \j (\ - >-?) i < T ^ai - \ 6 


<6 IMS'S <*-* Iim ; _,^z) = H- i *-■ = W] +iv, j «, ^ + iy\ 


lim u(;x, y) = u { 


X—X(j 

v - y<> 


j lim v(x, y) — v { , 

x-> xo 
y-yo 


JL •£ OjU i LLilj jl g(z) jflz) j£ I 


*^j^S t jif(z)g(z) 

. 5 (j;>) * 0 *5 jl i> jJUm ic —.1 


. L—«! j^y (z) ±gU) 

f(z) 


g(z) 


(l 


- k ~S’ cJl?-y» ji !j t \ T ^ -'V 


L-llSj f-f 

«0ljl L -j-i fl*L>iLj ^mUkajI J fiJLi ^JUjAJ U J = \lz Li 1j ^ — Y —^ (Jli* jl 

l I j Sj jb j Ol JjJ p-»'>*■ C-lL^: OL»- i-Jlk* *, _p . pO_^ 

t -Ui JLa!^_>- go L - T .^1 jl-U®- 4 ^JjL—^Jj*- <5Lh J 1 ^ ^ 

• f cj^^" j-> 0^ ^ Jj ^ ^ ^ jLiJ jij Jli* , ^zS ^ 

- (^ — ^-U^ jjj iSjy 1 ^JLwa l-f-f'JU* 

^XJC + U yy = 0 , x 2 +y 2 > 1 ; 

^ = x + l t x 2 + y 2 — 1, c—IjloJI^Iwl 


-^J J* 5 jbjlj-S O^—^ j* j* ''J*- 

j' J £ = 4 + *1J - = x + O* t/* A ' + y y)ji *j-4^ lSJJ ^ —* 

-bl _)£ jiJ l «—^j4jLw«~a . |>US a^ L fl. " -«' L, = l/^^K xjI O ■.wL^j 


^54 + = 0, C 2 -f }] 2 < 1; 

; + i, i 2 + >/ 2 = i. ■ 





tv? 




[/(£, tj) = u{x {£, tj),y{c, t])) 


. (c^-*l i y^i\yr^ Ijjj c jj) C~*»l *Jnj f/ — £, + I (.l.. ' ,..i \j \ A a£ C.-*l j 

\~y-r jw ^ 15^1 ki-ii^; u 


T7 ; 


OjLp fiJL-i <jl —*4 /jjiyUj 


u(x, y) = 


x 2 + y 2 


* 4 1. 




eJl-J. ob <_£j j-* J* J b <J^L^o w(.X', V) — A + I <-S" <S* 

jb jl j_S” ^>\j^r u£b (^ ~T—P) aJ^L_»—* <£ .^JL»- J** —J jb jlj^JT l—«\ (j j—^ 


> r 



\-f-* JS-i 


a z + ft 

w =-—. xd - fiy ^ 0 

>’2 + 5 


O^ <5* jl ^^b*-- .yJU- ISnajI <1—Jll^ 

(Y-T-?) 


P (. CC <_£L$IjIj , JJwflU C—b) * L ^ a > > i j < 1 >^ J ^ j-i 


• -Jia± J>4» J tJ-Jrf,* 4 JiV • 




rvv 


[jjL a — |»—~ 


jLiU ojIj o.Jwl^j ^ 01 <j>1 jj ct8 — Py ^ 0 J . xz j~a Jabj u 8 j y 

*(? 

jj aJLi Lj ia>- jJ5 ^Jj-Lj j! ^jlSb*- W — 1 lz Q.,.til^o 45 JLi5 <la>-^La 

. jJ j*\~* J A*JUa^ <i jU<a^>-1j Jb»- . C^il ( Y — T—^) 

I j z j i J{&f\jC~$\&j i \ .w = z + p Jjo^ *>^Y = 0 j a = 5 = l - 1 ! 

Ij iJLaIi1 4_£ > L: . 5T aj>-^ . Y — Y— P ^ O^-aXiI £ + p <1 oju 4j 

. CJjf J*> jAjJ j* £+>- Wyi 01 J? ^ 



Jii^i x-r-f j£j. 

t / w *^-> r ^ ^ f f ^ j 0>> ^ c^it^ jj\ . w = ot? a*o ^ 8=ijp = y= o -Y 

<**j^ . c—l 

it’ = |a| \z\ exp (i arg (a + *)) 

^IJL^a . *y-~* Ictl < 1 j ^LajI Q. L- ^ iSjjj ki-pL loti > 1 Uj 

. c— \ oxi »jb OLti r-T-^ J Six jj 45 c~-1 w = (2 + /)* c-5l& jjljl 
*c~-Nb(Y) j (\) <jifi[*~ j\ y <6 i w = Oc + pjuo^y. 5 - 1 j y=0 -V 
fljljjl 4 j <J^- 4 lil »* J lOt I djljjl Aj j arg Ot AjjIj djljlil A/ 4 Lf**£ 

• pjkji 

. c—<1 <>J_i ^ j ^ >LJ 45 ^ 4^w^ !j Jj p = Y= ljOt = S = 0 -T 

lT^ 5 LSI* 'j ^ U ojjb j |»^^> JjXj ^ 

. (^Ul5 At>-*)U ajlj^ oLjI jl 



TYA 




j 



<-> uly ^ JjXJy» 45 jjj j'y ^ LS^-fr^O^ 3 ' 

>_n - /* L>- i^Ssj ■ -* y*^ u^ I^wj i j L^jI jji t 1 ^.^iI>*j i IfJUjl jl ^aIii> 

45 xi~a Oujlj oJijb a£ L) ^-j-ua * =- S/y j^j z y> IfLoJ jjI .Jjj\*^a ^o ++* 


, wLvt J-* 1^>- 



jiJ'-Hy* j> fy+^jt 


. -L-iUj-Jiobvv =/(2) *-f-f d^u 

!j j^i^i y Xji? ^ ^ jl ^ Qy C| j* J h o = ./ (3i) 

<ij'3 ^ b j^i^i y tS % 3' *$ F 2 j Ti ^^>^4 jj 4j j^5^ ^Ja* 0 4 jj 1 j l 

. JLl 5 ^3ai 0 

C..^i> f-* J p-* uSsj <5 sJU-*l 4* i, ^ I C~A-jlj /jjl N \j <*_3j j-fC Jj 

jl^j jLJtJ \j il, l 53 T^T - f’ iai_>- Ij 4j j\j <S^j 

c/'(*)* 0 ^ jLil JLU; o\ Jj/ a 5 ^ =/(*)c~il& aS jb jit. 



L S^+j*** - p-Ll i 



(JUI) 


Cy) i Z’WL* (ljJI) : f-f-P JSw 


■V* 'j ju V- r-* ju* 


W = l( Z + z 


Jj-V jjl *S ^j» Liil : ju. 


= U -I- Jl> = 


1 / 1 

5 * + V + —~ 
2 \ * + ry 




* 2 +y / 


ut'SM 


i / x 

W = - \X + ^T“ 


2 r?T? J w -2 y - 5 T 7 


1 / 3' 2 - x 2 \ 

“ x “ 2 { + (^Tyj 1 ) ~ ^ 





-xy 

Uv ~ 2(* 2 +^ v 2 ) 2 


rjj\jj ej^ . w' tJ U^j 2 - Oji j^j U-y» /aS' Ifci y jUJ ^j\ 


r(z) = 1 fi - ~ 


1 (z 2 -1 


2 V 2' 


*i J 5 ' - '' J 21 • °~' 1 Jri; = +1 J 2 - 0 _P 


k ^ j il ^ * 


- = 2 l^ + - 


,tfOI * bl = c > jij 


w = i | c(cos <p + i sin 0) + - (cos cp — i sin (p) 

2 l C 




u = l / c + cos <p, v = ^ (c - sin <£, 


p-jjjT^ ^ L^jT ( w r j tejSgj* j cos d) j sin 0 jjjjtc—.o ^ 1 


*(?Ti) u2 + 4 \-/-l) vl = h 


y jl . -U jXi j 1 _/* ^ J* l£ 1* Ojpjl^ JLA^ jLIj a£ 

el? jl t Liw-l c-jIj ^Jlp ^$u ni dS (. y- mx J>\ 


U 2 (* + x(l + m) 2 )’ 


mi 1 

V — -~ l X - T 

2 \ x(l + m 2 ) 


2 2 2 
mu — v — 


1 + m 


. XyX y jiyAl f-L^ yL^JjilA <b Xj±S y 1_L^ j I ^ 3 " >■■* 

w — i 1 l^_J jJ_Ia j l l _^L^^jl5' -lS' oI-^j 0^^ 

^—-1 *>Jj>-* w 1 '^ 1 L—- j^> (Jli-* ^! ^JjJLj - -Ail oJ— t a.>b jLlj & —T ^j^Li j2> 



r\\ 


(jj U j -a1* _ J^u 


^ •»'««*"« • J, j* 1 j P 0O~> 

J-l^J (^l^j Jt--4_4 (jjjj—<*j Oljj ^y 3 1J flj L$sJ <£ jl_Li J-AJ JlJLa 



w 4+*i^ r > (i^j) i z ±*-**0 (^-#JI) : (T—Y-P JLlO h* = — {z + 1 / z) uk*^ 0 - Y - ^ J-£-^ 

. J^S ^jji Ij w = sin f-T-fJU* 

4 — nJ2 <c x ^ nil jl yj >*l ~**1 S' < In Lj sin z Oy^ ■■J~ 

|H> • ^jy. b -°° < v < 00 


w = u + iv = sin 2 = sin (x + iy) 

= sin x cos o' + cos x sin iy 
= sin x cosh y + i cos x sinh y, 

u = sin x cosh y, v = cos x sinh y. (t-T-P) 


La w jl ^ 0 < X ^ TT/2 4^ 4 Ik X jjl 42 ■ A - - * 01 JL ’ JtO i ya 0 Lw j+>~\ y2> 

f J& it > I aS La u j y*-* jl a .:.-.4> .». 


i4j y> 0<.x= nil i 0<u< I ^ 


r At 

^ —T — ^ ^ <^5^ jji-ft* L® V j ^yS—4-*-ji 4 j L® V ^4l*lj 4-^_J £ 

uUU i Jbl ajL^ ^ya. -^ - ^Jji* o jXj J jb pjjj Jjy>- L <-X Jx>\XL-* -^Laj L ij d— 

( * L y*i <• ^ j£*'* i£^ *i b c ~-'^ ja' ■ • Xft - a 

b v (jij*^ i_r^ z = s ' n vv ‘ t b-"J < i n <y > J f '^ b 

• (-Vsri J**-* X. 



w‘m~* (<_*) i z±»i~£> (i-iJI) : If-f-f JLu) w = sin zcJH& 9-f-9 JSLi 

x$ ^ Jii-^ \j c*+>- Jij xS^ 1 j Uj j «j 1 JJl *£ d—eSj L lj jjl 

Jb»eSj 1j A ■^‘ K jf‘*U^j £»!»■ b c -r^ , '- i, "iji' ^ lSW 1 --^ • (•■ay.^bU^ 
cr"Jyi ■‘JJ-* b '^Jb ■!*-*'->■ . (-1-;^-; j&>i 

cl^—O c£j « cl —<1 1 J—* < 5 * JU^^j ^iau 4 j c jS jl Ji 

J (0. 0, -^-) j* 6j$ jfij* (0, 0, 0) <iaiJ <S" *di£ cjUw! jli^ (£^ rj, Q cjIm±i»^ 

. JLjI «jL*i oJ>l^ O^-—» V~T-£ . JdlL (0, 0, 1) ji ^.Jral B 

^ p 'U >0 kka; As *jS tfjj P{% 11, o kka;: ^ ^ yj 

0 !«» <»* ci—Ji^ j~* ^y* k j'*- 4 ^ L o L YP ■^ 4s ^ ^i^jy>*y Jty 

( jJLai ,ty P i _ 5 ^jL^-» -t»Laj aj 6j5^ iSJJ ^ J»Lij 45^ {_^*-* 4 j l ci—<1 

4—£ jl ^ -J P ^4j ^sL-dj jm^jj J C Ju*i JilAl^ji- 

. ^jjl—- N*Sqju LljiV JCjt* 4la4i cl—-1 v-^j <j c^j 0^ J cl—iU>o 





rAr 


ijd 1 P • pr'^cr' &*\j ^ J*te» N\*\jZ = °o Vpjl^L 

iS^ji J Z 00 1<- ; .‘- I J-i i^ 4 Jl»- ■ —Slj IJ ^S*(j |» j « ■ ' 


f(z) = 


32 + 1 
2^2~ 


cP 1 — 4 • /(°°) = 3 j/( 2) = OD ^(»* lj . l _f 4 J J ‘ t / J '-H ■ (*-^ V-U* z = 2j Z= «jj Ij 

■ >* •—iU 4 ^ J j ‘‘^ Jiy*j J 41 - 4 



jj&inSjt** V-T-? JSLi 

f-f 

Jli-« iS 'jj-^ -kj—* J tjj? 4 1; ^L—»jJ ujXy >Q = x + y JL-»a uLiJ (.—aJI -\ 

. j\>$J U XS ^ JJUo W-P 

J»J-S j Jjljrr ol£JL« L idiUj j3 «(*, >') =x!(x + /) + 1 JL*3 jLU (t_J 

\-T-PiJaLw : 'jjLitlj) . c—l-f-Pjli. 

(. -lAj t Izt -»<» ,_yJj !j Jl>- j [cos(arg z)/lzl] + 1 lj 

3 f~ cf 4 jti ^ JJ~* ji JjJJ ^XjAadli; -Y 
Aw 2 + Biv + Cz + D 0, 

. Jui eJL*lj Ij <1>T cJlP Aj j <1—<1 jjh 2 J W4 j C~.~J *£ 



TAT 




aS — f$y 1 at 
^ V yz + 5 + >• ’ 

1 j aS/y «l?jT t y*0 -LAS' ^jj : ^Uaa/j) . a8 = py j£\ o—l lljISh* ^I^jUj 

( . JiaS" ^ ji \ Y — 9" ^bLn* j * +£ ljj _y^ 
a8 = Py j 8 * 0.1? 01 iCu? Ij T ^>0 y = 0 jj JjjLJ ^ j* /l 

. JUj- <jUj Ij . 1 Ira4 ^|*b . Ll— *1 <A~jL H’ < 5” JLAj «L>*Aj ^Jb jLi 

01 4j ^ — Y ~ ^ _P J 0^ JLj j—-^ jJij j^ IJ ^ = 1 / Z 


C JLi 0 jLil 


Ijwv« jl a 5" ^ 4j JUjA?1 a-4 j\ aS J?j]A~ aj> Ol-ij (i— a)I 

. AJ ^-i ^ ^^iij it = 1/2^2 ^1$!^ Aj {x - af 4- y - a ^U e^b -Uaj OLiJ (c-j 
. AJ ^ v = —l/2a *“ + (y - d)~ =a ^UftjjbJLAa ObiJ (^ 

? AJj-i ^ buS* 4 j (^_j) J (^|) -J U e^jb ilJ^a 3 J?Uj (AJ 



. a^JL J& ^ Ij Y-T-? Jl*4 


lz I = lcJU <t_aJl 

I z I = C j I £ I = 1/C a~a^ Ob—■> i . AxS" Ij b I < 1 ljJL>- 

• <jr** cSWrArf ^ 

\Z I > I 4j d—^|—4—P j^ 1^^* A~A^ jj (^-j) iA-q. A>*Jj jl oJil—a.~— *i| L 

^jA« 

Ij 0<y< c<.-nJ2 <x<n/2 JJai—o (T-T-?) ^U-JjU- jl coLii^-l L 

. .I.. : . 5T l 5-JJ ^J ^ktjAa J>Lij . .L.5 ^^«/a.o <uj *L->-Ij 4j 

® jl AjI >V =/ ( Z ) LA-il^i A~A;> *jl—ij * A-ili ^JLJl>ij ^»jIj D ft j j>- <£j jj j JlAS" ji 

. AiS” (j-^^ I j cx* ^ L ^ >_ Ij AjjI j 

jjs JjA-j _Ua^ jbij 

1 

= - 
z 


-f 

-6 



-V 

-A 



u l + (V -f a) 2 > a 2 , i; < 0. 


cr* jiJ l J0 < y < ~ 


Jfl>- ^JjJL? JLA^ 0^*J ' 


U) = 


2- 1 


1 • 


• xS ^ jjlij u < - lz I < 1 

J^ -X-AJV oUlj 


-u 


z - t 


W = 


Z + l 


. w < 0 a>*jLm» pj <J 1J Iz I < 1 !j&j* 

Z ~ j (z) <_£L W — j (z) J—J l5nj (<jj1^jjti JpI—1j) i>Ll; 

. -iJjli »JUjIj kiwJ JL»Iji ^wLj JL1£ vJUjIj . i JJjJh ^ 

. wUjLj 1 j jjj w j ^u JLj j! sV-jIj J^lii 

2 (^ 


-\Y 


-nt 


w = z + 4 - (* 


VV — 


\v - («wi)l 


z m z-l 

-Ulii . i y^i w> —j (z) J*U Ul AJ <Sj j (^j) = 0 |jT jl <J <S* ^| jljufl^ 

• ^riW b jiJ j' 


-NT 


vv - C 

z + / 

vv = z 2 0 


vv 


= 1 (-ill 


vv = sin z 0 


>€ jT i jlsl ;/j, ^ <!•«; />(&, ri, 0/t jl« ouu (.-ill 

? + v 2 = ca - 0- 

■tfjf cojsi iPju^a P' (*> >’) J\ <* 

C 4- r?i 

z = x + iy = -■— „ * 

1 — s 

/XjU JiJlP JLA3 OlJJ v ..JLL^fc Ja>- pjh /* j (.Pi. N -Uli* (u 

aS ijb iyrj 

c = /x, ^ = ty, ; - 1 = -t, 

sjUij w> jy*P j^jI J J-uLj Ij t V (<w-iJl) c l.» A>»ZLi jl e^Lal^l L 


-\a 


c — 


x 2 + v 2 4- 1 


x 2 +y +1 


x 2 +y 2 
x 2 +y fi 





tap 


^ C— 1 -oo < y < co «, -K <x< K j\ y c^ljb <c51j W = COSZC~il& - 'l ? 

■ 

. JuL lj — ^ <)’< 0 ; J: — 71 Ji>- ( jli (<_aJl 

. juL lj Imz < 0 4 0 < Re ^ <7ijl ( 1Z 
. JLjLj 1 j -*1 < V < 1 i 0<X<71 ^ l a * .—«j ^Laj t ijj ^ ^T^aj L (s_J 

. JLj jJL JZ j J lj VV = ^ C-J^ ~ \ V 

(ui]l 


. jl>L lj -oo <*<<*> t —it <y ^njL*] j\y { JJu (w-j 
. J^jLj \j - k< y < K (> X = O iap^- 6 jL ( jJLi) (y 

. JLjI«j ij 0<y<mx<0 ^aIcl*U a^.J jIjj iJ p b Sj ( 

. J^jLj I j 0 < y < 71 t Cj < x < c 2 J : .U:—« jjiJij (O 

ObiJ (u-a !1 — \A 

«* 


[/« + U„„ = o, £ 2 + n 2 < i; 
I/=£ + l. «* + !?*- 1, 


: <5jL»c4 


: i$ jj* 


•4 «j y j Oi w? Aj ,-jf^.l d^L ya" .>ya 


M - 


r. 11 . 


p 2 £/ pp + P^p + ^ = °1 0<P<1, -n < <$> < n\ : <bU, 

(7(1, 0) = cos <j> + 1, -n<4><n. 

Zjj\ yj J ^ 'jJy aJL^4 (v^ 


(7(p, 0) = p COS <j> + 1 — £ + 1. 



£JJ ^yulJ COS 0 + I gtt 



: 1 j }* > 0 ^_aJ jjy^aj VV = (1 + /) j| a^Liu^l U 

jl oaUuJ L (waII 
t olval^-a jl t^Lcu^l L (w-J 


-\<\ 


* w^jLvj j 1 j a^>-L» . ,Ly.i^ !jl> 

I X5 jjj o^ ^ J -kUj 4j£ JLl£ IJLj ^ JyJ — Y 


«i = — 1-♦ u>i = 1, e 2 = 0’♦'^2 = 00, « 3 = 1 tv 3 = i. 

J*\jW = Z Ji-LJ -Y\ 



— p .- ■ * j n sit 


rAV 


(jajLal^l ^jJdS jl l j) . -LjLj 1j Z ^HAv<3 

fj^ J 1 • Aib; .p b j -is** ^ 

? L_^J Aj i_SsJ C—AS* J 

. -XuLj 1j I Z I = O^jIj |jjl^ fijjb cT^* (^ 

p ~ jd J i >^:! *i Ij I z I — 2 o fj \$ Y—f —9 J It* ^jlj jlaj j LU 

* JulS', n^*vJL^ VV A^mJL^ j Z A>*jflpi j> j J I j yWllI>Q jp Li> J JLJj) 


-rr 


WskoJJjSsM A-f 

•k.j&i J&Jijij ^ b iai^A ^ Z/^X ^b^*' 

J** f{z) dz, 

L ^jXaj t jiii jJ Jl^lil ^jj>l ^l^j 1 j JJ-?I • iallifc-a ^1 -LpI P j (X A? 
jj jli* Z <5" <->wJ al? oT t nX^Ij AXJib IJ z = p jl JJU j Z = CX jl jlAi* Z 

CX (jj j?~~* A; jUj ^Ij <J^ j^j I C—-I . *US"jLl^i P < 1x flj l: (X aIxAi jl Ij A^id.^ 

^17 4^* ^ . -LiLfi-Li J-i jlxL ^jjb pj 

Js^JfiJfj&jl ^olj / Jak>L* 

>*j . J-JiL J-..i.a Ja>Jl ^X>w Jlj&il Aj iJUa-* jjJ bLJ* Lj^^I 

J J^ 3 *--> Lftr*-* J^>Jl ^>*1* <j;tgJl <s^\jjt\j jll—jlj <jj Jj-J jl*L-« vJ>sj ^j^-A4 

jL^£N .,<?! jl . » X11+~A J.A-J9 ji\j{ Aw^Lp^laI jllwL jl Xwfl AXmJ 

'-X 

C IJ Ja>J 


» . J C J>Lpiij-«j *** X^U-s<PLj 45^ 

aj ^ C-^ 1 ^aIiias jl ai^ 

i-a-fju* 




2 dz 


-UjLj fc Ow-1 f-X-a J$jA*j JL*-1 J Ojjb ^-jlj A»J CA* jj \j 


t z — a* + /v • C—>I «J—i jLu ) — j - ? c..^ c-^>- L C ai*mj _^-w* i 



TAA 



• d >' = 0 * >' = 0 ‘ js— 


>• 


-«—t ^\y c j 4 dz =dx + i dy c £ = jc - /v 


J* 4 1 x ds = 0. 


OL-uaI^-4 








s. 4 z = e ' ,!> t dz ~ ie ° c/<J> 




oJJ -P 


.v 



i ijX^>ys> jlS" jjl ji 3 . ijb (jjli y >_-Ul Jl yi>\ dijS^yb^ 


^j^J UMjJ yj <ZL> ^yj3 Aj <ji^J ‘ j 


C: x = x(t), y = y(t), a< t <b. 
w = u(x , y) + iv(x, y) = /(£) 

J ( . /(?) dz = J* (u(x(t), y(t)) + iv(x{i). y(t)))^ + i dt 
= JJ* fu(x(t), y(t)) ~ - v(x(t), y(0) ^ j dt 


u~i 


j 





+ i £ fc ^u(x(i), y(t)) ~ + u(x(t), y(l)) dt 


a^L- \j jL J\ i\j 


J £ . f(z) dz = J t . ( udx-v dy) + i J c (v dx + u dy). 


j ALL j ^ ... a C j£\ 4 J Jjl ^3 -j-A >- (jL^\J A (JL- 

o\ d Z*m\ <»L-^ jJ> *W^ jl ^ .if ji 4 wL-ilj 4^— x^j-j V J W 

J t .( U dx — v dy) = -JJ 


I ( u + “ d >'>=JJ - ( £) dx d >’’ 


Rjl fiz) j?i . c .. : 1a i.Z~prj* JJ> j iC-1 C <J ‘c —I ^ 

OL-JJ — (Jf ^jL AjI— £Jl Jl J&i\ J2 J* La «L? oT 4 J—Slj ^-UbNU 

jJj <,«/! » 4 J&J |*-A Lj 1J ^^aLL^jI J^l . C w xl ji—^ ^jI^J (Y—T-^ ^La aJ.>L^) 

ot^Ol t JLl ai^^j f j f Cj j?~** j Ojj^ -LLiu 1 — 6— ^ Lai 

(j) f(z) dz = 0. 

$J% <i<Jl ( m 5 U >J ^ -IIS'Ob \jij C**^t aj^- y> 4—0L>- \ ~6 — 9 1 *yA* 

iS^ji <?+* ft*-™ *><j£ jr*+** ,Jj ■ < 3~’* J 

O ^ xl Ol A^vJO . JL JLaI^p*- \j{ La ftJjL* ji 1 >J>-"-j *S O—-I 

j . n «» * <S Ol -L **> 4 O—i ol JL>- jl ^Jui^o 4 <Jl j£Lzj\ <£ 

. JuiL JJU-O eJlilOl j oi^»- A \£jS 

(oUj j-** < a..w J» L) Li j j& ^ AAV j* j *£ C—jU IjllI 1j aL ♦ 


jb^Lj (^ ^ a<$a) «, Edouard Goursat * 



oL J>\jj 


a - -.■<»* u d t pU 4j e j jjA 1 1j 4^4i oJL^ C-J jjSJ L>- 0^ C*J jJ> 

• |~“° cf* ^b 1 •- <s~* 


c 


(j) f(z) dz = 0. 


<£j ijZjj j ojj* -tLi f ^\i ( l ^JtS4~*d t) Y—A- 9 1 iu^ 

a\Zo\ <• A*iL 


^+*L**i 4> t£f I j 0^ il^“^ ^ ^ *b~ va i 

i^ -/O ^jl^j 4L..-W j k2>o Jl< lS^ -U5 jL) <»-,.-sflt AJ^-jJ} \ -UlS" 4_>-. XI>lj ^ 

^ c^j>- C^jjaS jb>-*A 

jrVU- ^^ b ^ v-“ '-^ ^ j' oi l <J^ • jb 5 v^r ‘-»> j- 5 «-i 

, Jjbl jA.*S* j*)ji 4j*mJj U- j\ ^ j>b pxalJ>- 


-l^w^l^ r-A-fju* 


p t/2 

J<’ 2 I (2 T “+ 9) 


1 I <lzl<2^-U '^CaS 


jULi . JjO jLJlJ i» C-*~- 1 a^Li iJ^jLd C-g >• <5* ' J C Y ' w ^ — ^ * <J^" 

c>X>-L* z = 2 j z= 1 Cjt+* *i J z ~ 1 j'jtr~* p*** (_r* 

J J-*J p* ^ ^ ^ o\y ^ L$^T >> h J'S. j 

. Ow3 Z ~ ±3 I t Z = 0 j.5 J—>mj L_>- ejJlj^lil ^oLj . *AjI <j (3 4 ",^i a^l_w- 

4 . i.g* j|_* ; *<Li^b jljJ (3 4j ^I-w 4 _^-!j 5 j ^jl 4-^ jjfc Oj^“ 

. o-m-1 ^jL<3 

4 J —*il_J l _ j -L 1^I j^ / «Lf^& j^-^U ^ /£j1j L 4 Jy-Xr 4iai/X lj ilaii 

//' t ciJL>- J ^-3 j-*tU <<) — £ j& bl 

<^;X \j^ cL?oT t-uiL L _ f Li^ t ^ ■>>>-j^> <; t -£/ji 

^l: . ^ 

A2) ' ?(^+'9) 








r<\\ 


(z - z 0 Tf{z) 


. jSz i>U;{jljb z = ±3/j z-0 jj> 

Lsl JuiL klaij Xj j£\ 


0 J^-jIJ f ftl ^j aL^ (1)1 C J-*iL ^ jl jjXj jj J (jjl ttf (jjljl Aj 

jjljb (^ - £— P ) ihL*—® ^ oJ_waU <- Jai i i_Jai l rn — 1 ^ j ^ 

. C—-l 7 = ±3i jJ> oL- rjlfiai J z = 0jj> Y Aj j^o <wJoJ tj£j 



► * 


Y-O-f J&i 


4 C JLi w-»L>fcl>1 i j&\>- (jjl* «^jb 4 j J \j£li I j \ JjL* Y —&—? ^JX*£ 

^jJL>i_ 4 ^_>-U ji ojJl j^IjI ^S" il)l 4 j tib JjhlIj Al-*w j *-+**& jA 

. l$Jj J j-— 9 


. J-iL 7 . = 7 t) j-> l—fo jX J 4Ja5j X> ^1jb/(7) ^L-Xj ^L" X J-^S* ^j-i JL^ 





^ b 0=^ C jr~* ^ of Js»^i ^ eJ^U^ jj>/ (z) #-L*^ 


rr-d^Ljr 4 





Res \f{z), 2 0 ] = ^ J r AO d £■ 


r<\Y 


(T-O-P) 


lt 4 L> jij '-*Cr" (*-S* l^'ji 


[ c (2 - z 0 r efe> 


(r-o-f) 


•ji . or-a-p j£-i) 0—1 c-JL. tie Ji < 1 , Col 

1 ) C ..* t /* 


•z~*y jij U 


* = r 0 + p(cos t + i sin f)» 0 < * < 2n. 

JU ^ JJ Jij Oj^-a(r-6-P) Jl 

I 2n (p(cos t + i sin t)) m p( — ain t + i cos t) dt 
j o 

= ip m +1 |^ 2ff (cos (m + 1)£ + i sin (m + 1)0 dt 
= 0 


j . (j^i^ lj ^ jr<>j) in = —I j^ij ni <* Lw y 



m — — ], 

Itl £y*+-iP jjLw- ^ 


y 



t j-iL < J4 S ^ iwJa_a jv>ij R l5vj j* /(z) jJ*! ^ ^j—i ^ JL- 2 * - 

^)5Li 4j la—> C„ ^laij Jj>- jj-Lj ^^ OljJ 1 j/(0 ol? 0^ 





f(z) =-— + o 0 + a,(z - z 0 ) + a 2 (z - z 0 ) 2 + • • • 

2 - 2 0 


^ Jjbj ^ uLiJ i 7 1t aJojOj Jais J^Li «jL' 4^-j j. _. J* iJjj Jl j 


0-1 = ~£ J t ,/(0 o?C = Res[/(z), z 0 ]. 


(f-fi-?) 


-Lili (wwiaj f (z) * JjLfl jjli L (3^ ^ ~”6—? ) ^hl*^ 

pjjb . y ilfLt-j 


lim (z - Zo)f(z) = a-i « Res[/(2), z 0 ]. 


(6-6-?) 


• y* 6Lj 61 oLj! 6j-b a£ t jij jl a>w> 

V> V 1 * 5 ^ <^L> b ^ J j J*i XI L/i 1 —* ^ Ar* U*j : r “ fi - f M 

al? jl . JLilj 


fm - ] 


KH/U). 2 0 ] = —-— 1 lim - y ((2 - 2 0 r/(2)). ^ 

(ffl lj. z—l 0 &£ 

^i^Jl j£zi\ An—La oJjLa t ^jN-i ob 6 LLj yj ^.1 L—a£ j^1? 6L^a 


(?- 6 -?) 


* p-fr 4 lS^t- 4 

Caj L*>-\j ji j Cy f (z) J AIL-j bL jn—4<^ji C ysji : (cJuLa 4~Ju) f-6- 9 AmJ 

6^ j- 5 • ^ «■ *•■ 1 V 'i 6c^ j* 


n 

( /(z) dz = 27n' ^ Res[/(z), zj\. 


(V-6-?) 


• J j- 1 ^ '“■* ‘^-f s T" j^>C*S 

X^S ^L-a-ljyJ Jl^&l r-fi-f JUc 


J ~±~ dz, 


2—2 


. ('f 6-? ^J^wi) ^ 0-S CL> 


z(3z + 1) 

lim -—= -1 

z-*0 2(z 1) 


~* j f-U« £ j* 4j j T <j (_5l < jjb C <$ 



( 2 - 1 ) 02 + 1 ) , 

lim- : ---— 4; 


Z -* l 


z{z - 1) 


Jl I 


J 


T-6-Pa 


^ir 


L_* aU—tl_ a 



V 




exp (2 jz) dz. 



r-a-f ju* 


I l jA Aj J Y Aj ijl OjJ bCtf 


■ ^ £j ^ £ = 0 <laU exp j^L" L : J*- 


exp 



Z I 2 2 3 2 4 

1 f Z + 2! + 3! + 4! + 


2 22 i 2 3 i 2 * 

1 + z + 2!? + 3!?" + 4!? + 


/(2) = z“ exp 



= 2 2 + 2z + — + 


2! 3 \z 



+ • ■ • . 


(A-i-f) 



]at^A jJC* - p, .t. * J-uai 


(A-D-^ ) jSZ 


a , = Restflz), 0] = -- 


_p . 0^1 C Aj _p kiaJaj L^j 2=0 ( j*j 


jVji 


. 0 ^ *1 87liO jj\jj oJLi *J>b Jl ^£j\ jlJLi* j 

cO-^1 jJL^fi J ^yil* t ^l—£ j1 jj A_£ lj (A - fa'"? ) aJ^L** JJjL» <jj k-$j 

r^1 ^ jLiJ jC-l i{Sj-*Cri\ ■ 

L 1 / (z) iSj** 

t 

f{z) = ^ 0„(2 - z n )", 


1 f A*) J 
an 2wJc(z-z 0 )' + ,d2 


Xj-i^ ojb yj Oj^ <J 


(A-A-?) 


J i. plk* c-~iic— l (z - 5,) (ji'li isM*; j 

. ^jb j!j_p <Sj^ jjb*! '. * » i c..<l (z — 2 j,} jl (J-*!-" <Jj-* »—j j"i 

. (j—b lj T fyij '*■*) i Z*~*a\ ejjb Jj> *->-Lj {Sj~* 

■ °-' 1 jjlj.UiJ jl^ 

I j kifljl) k«5\J ^L1>»J £flj jljJU ‘LS' jLtj Ijjj ^ oJl^Ij (JfA J J '^-> 

. jb> oLjI jj-b Ij <L4i • jl J* ('-f* (SjT^ J 1 Ij 

CxzS^}\(^tSJtJcj\JjAji) d-A-f M 
ol^ jl . JLiL ^LL > ij C (_£jJ j C4 j ^j J^ipA A->-Ij in-Ssj j->/ ( 2 ) flJLi 

Az 0 ) = h f —^ dz - (\'-*-?) 

0 2m Jc z — z 0 

p*' y~ 4 pjc^ j jjUj Aj jl(> jl j?l 




'•w - £ i < 2 ^ »->•*•». 


(U-D-^) 


^j^l J j ( \ A<if - ^ A ^ r) i Pierre A. Laurent 0 






rw 


X* jjj ji a-a-fju« 

r* 5 z 2 4- 2z 4- 1 

Jr -(TroT-*- 

. o*i-i jb d« d-.pl—< (J>Ia AjjAC' <z*Sj>~ c^-^- jj 45" Cm«1 I z I = 2 o^b C 45" 

(\ ^ — &—9 ) <bU* j o—0 fU / (z) = 5z + 2^ + 145" ^^5 ^ 

c J-iL -\Oni y\j jij\Xk* ^ ^\j&\ f" (0 = 10o^>- ■ z^ = Ijn = 2 L 1 j 

. d_J ykl>-4j ^ytU C~*^p 45" 

• fiji Lf* J* <++* ^ ^ L> u^i OhJ 

. J£d~A O-jIj g)y t jbOl jS y l (^JjjjmJ 4 +*£s) f- A- ^ <W J 

45" *yrjM c-j\j . XiL jb 01 jS <-&/ (z)XdST 

\f(*)\ < M 

ai ib Z^jH = 1 L 0 ^ ' '9 > ') 4b Lx* 


|/'W| = 


.! r /<*> d _ 

<1 r 

f{z) 

27lJf(2-2 0 ) 2 

2n Jt 

(z - z 0 ) 2 


dz 


1 

2n 



M 

r 


• #i >Jj ^ lj l/'(^)l Oly ^ ^jj, .lyJj -u r^U^I L . Iz - zj = r *S 

f(z) <. z \j> <.f J (z) = 0 t c- UjJd z,,o^- c _, /'(z;,) = 0 




cos (m 4- 1)/ df = 



m. = —1, 
m y.^ y.b- 


| J n sin (m 4-1)/ d* — 0 


JUoOUl (^ “\ 






nv 
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£jll p-J*1j^*J (^Jl — T 


„ , * + 1 
ft 2 > = 


z(z^ - 3z 4- 2) 


aS'C- 


C—1 f ^ 4 fr-d>* * + 1 lSW^ ^IjjJ lSj^ ‘-& <* L> 

dwrfl 4j JLA3 -C 4- 1 ^L^jI J? L>W> Ij 

(2 4- l) 2 - 2(2 + 1) 4- 2 
2) _ (2 +—1,(2+ 1 - 2)(2 4 1 -3) ‘ 

pjjjT^ u^i <» ( ^u <r -s’ <o <»^hj j C=z +1 ^ 

C 3 -2C + 2 1 2 5 

- 1)(C - 2)<C - 3) 2(C - 1) c - 2 + 


Jjj jl Cw<i <; \j yj j\jji J j- 


ivL 2 v/?Y s_ v 

2 ^4? 44 w 2 c4w’ 


l^.|£l>3jl^ 


XAi utii jiljfki 


2 2 4- 1 


2 ( 2 " — 3 2 + 2) 2 


1 

2) = 2 X (1 " 2 "* 2 + 5(3) " )(Z + ir, ’ +l> > 


. t^w<1 k 4- II > 3 

jij^i \—6—£ 4.^ j l jJ>j> Ij <ujIL* jJ> V-6-? < u.JaJ jJ 


J r fO) rfz 


. CwjI oJLi 

. JbjjT C-w0 4j ( \ • — £—f 1 ) IjO ^ aJ^Ih* 

Jl>fcl 

- 4 ilJ • 

C : z = 4 ^ 0 < <|» < tc ; c^L- <jjip j* 

C: £ =4 °> 0 < 4» <2tc; c~pL*» ci^U- (w* 




r<u 


j.5 ^ Jl? (1, 0) Jaal jl 4-5" Ij L -a j£j~* *J Y <i kl—*1 * C (k-o 

. c~pL< ^Ukj^ap 

Jl^&l 

[ r A» dz 

( 7 4 * 2 1 

. Jl%l£ *L^ l>«_* i Jij LSUr*Jj***t Cjf(z) = -—7 - \j 

<. 

C :x 2 +v 2 = 4 cupL- ^[jkjjA* j:> i (-Y <. •) \J (Y t 0 j! (Jl 

C : jc 2 4 - > 2 = 4 opL *41 —j j *—- (w 

C :* 2 +y~ = 4 <jupL< ^U-u^ap c*$*- ji i (-Y t 01 (Y «. *) jl (y 

. J X S ^ — 9" iajI j^t j} 9 j & £>!jj \j>- J—40 ^tw? 

Ij Ji^&i 

r (9 '^_ _ — + ~ 4 -^ z 

■Kz(z 2 +'lj 

ty lS^* j—S'-u jl ■ ^UiaIj) . cJ c-^ c~ 4 pt j± j \z I = 2ijjb C aS' 

(. J oLLI 

l^>- JLj O t JLiU 41—o C j tl 4^- j} jl |Jj1 4 .L»j>-Jl 1>- k_Ssj P fl U) /' 


-F 


-V 

-A 


-<\ 


j: ^ 


dz = 0. 


J-J*0 jLto . ll—^ 1 oJu£ 0^ eJU y" - ^ ~>- J.5 <5* JuiU 41«J j+~~A i*_Ssj C JvJhS” jj ~ ^ * 


I 


z" 1 4- 2z |67riZn, J-iL C jjjj r<>^1 

-t a£ = <! 

<’(*-2 0 )‘ (0, jjiL 


ji-n 


t 


/ z 


t(z-l) 


jdz, 


L 


e z 4- sin z 


dz, 


C- ^ .‘> ' j \ z — II — 1/2 4i—j jt*~* C *£ t ~li£ uL*-1 j 

-Li 5 ^L ^>-1 j ^jj Jl j^ijl - \ Y 


. * 


41—4l^>' 4^ C—-I 1 z — 21 = 3 41—0 -w1 C 4 S" 



r<\\ 


'La j~*—* — - ^1 * 


. JLlX.«* rt J jli <1)1 jJJ jl »L AJ) 

fl > 1 <JU^ JL>- t /^(z) C<_aji 


-\r 


sin z (< 
cosh z C 


1 


e (_j 
sinh z (c; 
<-Jai IfJ -u-jj L 


-\f 


1 + z 2 (z 4- 0(z - 0 


JU jj\ Cm*0 4j 1 J jJ J A>vJl( C d'W'l Z — i C->L- L j ./3 


J 


dx 

-- - 7Z. 

1 + X 2 


*-bjjl d^O <0 ^»j A >w j i ^ T ^!mjj jl L ~ \ & 


J 


dx 
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1 + x 4 v '2 


J-jo jLi; -\9 


l 


x COS (DX 71 

. - 2 ; —i - - exp ( —wa), a > 0. 

* ar + x z a 


- - = 1 + z + Z 2 + 2 3 + • • • . 

1 - Z 


1 

“ z + 1 



jl*qjUl; > r: ~i;L (<Jti\ -w 


Juj *0 (jLli ^j'V jJfc> Ij (u 


<Sj~* j I < I (e-ijl) >»!■ »-J tSj~* oLJLj l!■■ ■■■■■-j o j^jl jl o^1 L 

. c—-1 Iz I > I (<—') 



JuJbb <jhij ii J*? ^ ^ ^ j^?*J diLii—ml \j (e-ill — \ A 


1 1 1 
(1 - z)( 2 -z)~ z- 1 + z - 2' 

1 1 








Juo 


oUtj 


t < * 


1 


2 - 1 



1 

-2 + z 



I \z i > l j» *S jj' j 

JoJ*0 J^ 9 lj (v~J 


b I < 2 ^ iSjAji Ji\ j 

tSbi b <^b_^ <5^ 


1 

(1 - z )(2 - 2 ) 


. JLilj jLJca 1 < J^ I < 2^1^ 45 wL—Jjli jt» 

<5b* b ^b^ l5 > ^ 

' 1 

(z - 1)(z - 3)’ 


. j_ jt JLilj 1 < le I < 3 ^1^ 45 
• f iS° j2 j o 4j ±£jj*Jj <Jy»y \j P r {z) <5 W - ^ 

i d"(* 2 - ir 

p n( ,) _..L._J_, n = 0, 1, 2, . . . 


2 n rc! d<r" 


. Jj jj I d— 4j !j ^jj ^JLL*j 0 'i A — ^i^5L»5 4j 


P(2 , J r « 2 - i) n d r 

" 2ffi J('2 n (C-z) n + l ^ 


. jjb yjs \j z 4uaiJ45 c_-l ^lejL* 4L—j ^ C45 


exp 


■> r>^ ^ O'y ij* 'j n LV £\r J—; (V l jj ~ Y ' 


^ lSJ 1 —* ’" j Jj-i ^'-5 -k—; < j' .yV (5^— v-^j^ V’T *-* J 7 lt-*J 

(A- - 9 ") jl AiLajL^I L . Sji j>- J n (z) y ^jL-P 4 ^>xJLj c Jj^-5 ota jl_^ 



Y * \ 


jijj 

j„{z) - - cos (/if? - z sin 0) dO. 
n 


jl' f(z) dz 





^Jjj\ O— a 4j lj yj 


JuAi jUi . -LiL /(z) /l - Y r 


"-2 J 0^ ,*?**• J>' ^ 


Ub^jlT 

«jyr • 'j £d'y j 1 j- 3 

ijJ* ,y #jl:L> y <5* <, jjb Oj£[jy£ j jljly ^U^^jjLS' 4 g \y 

^rLr 4 J- 5 ^ -P 'j . X>j~£^ yy \j \aa^>-a^a 

. C-jL jl y ^A i Jj| a-Ui C~*yJ w-'llS’ 


Jj’T^j-* *i ‘ts’r 

QjP «S P(l)/Q(z)^jj-^><) i _ r *j\y l Jju iVjj-? -S' O 4j_j^J 

jl «j'>^ 4j . ‘Jrr^ ^! t ^y*J> CjL->Ijj jJ . ->jb ^Lj ^U^jLS' 4 ^1 Ju>- 

J ‘ ^<£-*-* Jd-i-j M-i-* . lj —i ^ *_^Jlk41.Sj—-? J'j-^- 1 ' tS 1 —«—-Jj 

ey— 1 jjjl jl Ia oJwjL^a .jUL J O^Jj~ a "~ a £>l^ L -^'d ^J" '* C,-—O 4.j ^ly L 

. ^ y* Ul.* I 

<2U) i»-y J m t P(z) i^y /^/QU) y y tj-J'U- y 

<l)ly ij oXL^^y L 4 U J^_p * L-^ ^ *L?OT t tn > /? . m < n j c_-I « L yly 

4 « c>—*1 j ~ * * 5 * ryj jl Oj y& oT 45^ C-Jjiaj jA Ij 

Ij-XjI . y* b QU) l$\ Jc^-yt *jyr L r*^ [ 

el? jT . XJ »\J yUl» J^lyp JjI JulS' y 


J* «L-1jj y. ujljb J»l, 


-*jlL ^(v )c-jIjj—- p ^1 <L»jp y # 


\Lh^ 





t * Y 



P(z) 

Q(z) 



(z - Zj)f(z) = <pj(z). 





= Aj, j- 1, 2, ..., n, 
Aj = Res[/(z), «,■], 


lT** 


. (jj 5 tj <5-6-? k!iUj) cwl Zjj* /(z)iJiJl» 



'j y.j iSkjZ + 


1-f-f J14# 



-72 - 1 
z 3 — 7z + 6 


/ ( 3 ) 


tXi (c — 1) l _ r j tc—l z — lz + 6 = 0 i—.ijj i z = 1 : Ji*- 

u (V _—i’ LjL-j gj* . J-ilj ,_y> 


-72- 1 -72-1 

' (Z) _ 2 3 - 72 + 6 “ (2 - l)(z - 2)(2 + 3) 

A1 A j A-j 

=- - -f- - H-—» 

2-1 2-2 2+3 


i 0 — ^ — ?) j \ olilJ L j 


=2, A. = -3, A 3 = 1. 


. JLilj 4l£b z, U-Jai ^5o/(z) =/ > (s)/Q(z) <S pjjS 

fe)= pw A . ^ 


Q(2) 2 - 2, + (z - z,) 2 + + (2-2,)" 


</>(z) = (2 - Zi)"f(z) 

= Ai(z - zj" -1 + A 2 (2 - 2,)" -2 + • • • + A„, 









= 0(*l)- 


6 tP ~ j) (z ) 

A J = ~(n --]j\- = Res ^ (z) ’ 2 J> 


/(*) = 


3z 2 + 82 + 6 

“(z + 2) 3 


(*TU b 




Ajb (8-0-8) VJjU- L 

'j Ji3 liY^ V-f-f Jlie 


(*i>' J W- Oi 1 J A '■ ch 


0(2) = (2 + 2)Y(z) 

= 32 2 + 82+6 

— A |(2 + 2 ) 2 + A 2 (2 + 2) + Ajj 


Aj = 0( —2) — 2. 


Ui'A 


l jUj 



0'(2)= 2Aj(2 +2) + A 2 

J 

0"(2) = 2A„ 


A 2 = 0'(-2) = 6(-2) + 8 = -4 



fH) 

2 



J 


3z 2 + 82 + 6 3 

(2 + 2) 3 = 2 + 2 


4 2 
(2 + 2) 2 + (2 + 2 ) 3 ' 


cr-i 







jI oJ>l a." ..I L jly ( y> JUjta ft > l 4 —<-> j-* ._■ V> 1 jyJ*> j o .51— ^ 1 ^ I,,. 1~3> A_S \j i t j*^)y 

^y^y 'j {yy} j' ^' L *~* • *y ^ <■ £dj^ ^ j* -P ^ jl y 

• W-dj^-P 


cr^yjHr 7 


yJ 




^—V—Y* aJ^L_*_4) aj ^ v—^ 


1 


- . e” . t' 





A*)= f* AOe"'<A. 

J — Of) 


<*-?-?> 


C /( 0 = 0 p-JO jl^ t t < 0 ^\ y J ^J5 J jj-JU / > 0 ^LLa 4_*A ^ y \j fi t) J\ 

C-> AjIj(Y _ 9' — 9) Atal*-a ijljH '1 fiJuJt C-jSj j-J«J Ja>- f ©Iff 01 


A«)=Jj 1 ' AOe'® dt, 


yy ij 


pdJj'<^ci— oaj©1?oT t j > ()AS'(/)(j)^d> jly J 

F(s) = J t ; A<)e " dt, ir-9-9) 

i Cl j ,\i C---*oa^^Ld-^ <^\y &\£ jA aSi\z jLio Of y ^ . cl—*1/ (/} ‘—0 jju Ob-* a£ 

I AO I < M exp (at) 

?yyL* aj t ^ . ci—I j£L*jb Re(s) > a *S h. L m s j*<j \y (X-9-? ) 4bU«* J\&>\ elf oT 

Jd-b lSW=T jj 4 s ‘°jy^<i r «j y>- j' Jd^ ^i. Jd-V * 

jl XS jLe Lf A ; i -> oJl^ a£ ^0*0^ 

AO = exp (at)<-*F(s) = -> s > a, 

S Q 

^y^<y *^y yj^jy^^i^cy} j* 

AO — exp (at)<-*F(s) =-—, 

s - a 


Re(s) > Re(a). 


(T-?-?> 



A 


jJtjk _ >, .!„,t J-uai 


C**£b jUflil C)ljJ 0^>- < C~-l <->-jJ ^y Jj-*j* l>- J*> 

4—S’ i M -)lla4 ^jjl ^jX-^wb L . CU#1 j ^r-'^Aj'V O^U-LJ Jj-i —>- l_£j ij j-iai £jIj j> 

^dj ° JJ-* ^ 1 Jj j'- S p-* ^ JJ Jj-V* ^ lS'j 1 - 5 *dJ_>j (Ji-V 

-*iW/(/> «. J-ilj ij^rj^f(t) *ijjj JjJ-j (1)T(_?l_^ 

ijjl (_£jb-w . (■ X -- 5 1j ^ -V-V <--b* ) *LiL ^jJj <JIj^IjI ^Ua* jjb* 

* (c**^i ojL^-u ^iLJ_a sin cor) -l i>Lw^i ^jJ u JI ^zj\ ^JLIx* j i ~’‘ j ^ - -z 3 L j a«^^j 

1 +Jj£j ^tU J^j — 00 < / < 0 XO = Q^-J-S* v—4J^I t wijl? jl 

(p(t) = exp (-yt)f(t), y > 0, (6-?-?) 

^1 jb (|>( /) ■ (V ^^ jjOjJI C^ x * jj-^i —*" -la>-^<t J (0 “L? of 

( j j y l ^ T—T'-'T <bbu>) ob J Oj^9 *J 0-^1 4j;j ji (J^ J>^>\ ^j\^i L^J 

J * X , S% y, 

<j(i(f)=—J_ ( exp (ir\t) dt] J o <p(0 exp (-iCrj) d£. 

^jjb jl Ji (6-9-9) UjUj Jl<t)(r)(_5l>- 


/(/) = eX ^'^ J_’ r exp (itjt) dt ; J q ' /(c) exp (~£(y + if?)) d£. 


Jn'^^r bf'k« 


r* 


s = y + it}, ds = i dt], F(s) = |* o ' /(C) exp (-s£) dq, 


fit) = - 1 - f r + " 7 F(s) exp (s<) ds, 
2m J>->® 


6 Ll ~ - ' 


ju~t« jJ_p y j Ui^ 


(T ^ O—J 

(?-?-?) 

y Ji-L? 

SisV-t-ty .jj 


i {j) • C-.-il kb>«^ ji |» .a:..* Ja>- Ojj-a << j?~* lXj J_jk jJ ^-alSCuj! Jlj^dj 1 
jljj ^ Ij (,9—9—9 ) 4JjL*_^ Lb > «-» j! <>- ^.S'l . ^ «j_—« lj j j— 


jtj ^j>\j (' AV(i) i T. J. I.A. Bromwich 0 






t) 


f«P 


. JSLiji \S jT Jj o ^ JjJJ Jl —, 

Jlla L . q^LaImjI Ia ajJU 'aj jlaj j j£ <Jl jl <5* c—*1 y oiL* JL>- -ApI 

b 


oJ-i oili ^ij ^lj 1*—P— P Jttft 


F(S) = 


S 2 4- CO 2 


juLj (9—9 -’9') ^JjJLj <J y y jl aiLa i **>l UI j _/*( ?) 


f-u'- 1 : J*- 


«‘> - Si t* 


>• + f OCJ s exp (s£) 


03 s 2 4- CD 2 


ds. 


Ij (3 j ol ^*«Ji i»l*2L« iJp lj y . Ju Jaj ji Ij ^ ~P — P j3 aJL-i aili jUU A1*~j j-*—- a 
y ± i p IpIju jl 4-5" Ll_* ySy aj <j;\ o^jb <£ ^jI aijS” jLjljM 15 j-Li aj <^iJLp 

O-ijJ Jly y ^>jy* Cj>) j> • SJ> b ^ 0)^L- <jlfJas 3ji£ ^ 

f/A v 1 f s exp (sf) 1 f S exp (st) , 

AO = lim — I _ —y--r ds - lim — 2 r 

2** J^y + C* S : 4 W /j-* x ,27wJ^ s 2 4- (l) 2 

4Cwl jM ji <£ 3b dl^0\yy 

*L-J JT ^J» • (TP Cwl j-4^> C-^F(5) 

I jl Cwl OjLp ( V —6— P) kJilica ^jLj jljlio c ijli ^ji lj ail—* ji <5* c—*1 

ia> exp (iojt) — i(o exp (— icot) 


2 ioj 


— 2i.oj 


= cos cot. 


jU l )£**ij^’F(t>\*>sJSj> 


F(s) = 


p(s) 

Q(S) 


L/ k>-ji^lje(j)/l . ^\p(s)‘*srj> jl juS jrt i’^-jj jl^l 

j'>" <j* 'j o Ji-V* y ='-^ jT i 7 = 1 , 2,.... n i (j - Jj) 




Z pCsj) exp (SjO 

w 


(V-f-p) 



- r 1 ^ J- 8 * 


fL: j* • -U-L ^ (Heaviside) Jj L-y-» J»~w !j J_^ 

./>{■$•) 


>■ 





\j ^ - oJJJ*5 £ 3 ' ^ ’ j ■ ■? _J ■& J k»^*_aUj.}j jjl ) W- l .1^1 J - 

<JW- J^J t t>*i J' 5 ^ J A 'j ^j-T • (HUs^^ 

xy Q-vfl.s'? jA . Cm«1 XV 4>ijs_v> ji 0^ jbij AIjL* L i LiA XV 4 ji af<3 ^Jl^ 

‘ ‘ j j' (J- 51 —• JL—^ tj* i/y jr^** ■ JJ J- i Lf* 

■ Jf’»^JL-'lj < jJL- l >^>- • c~-l j 

()) £_jL j oij^i y\j. ^ ^ 'C~~S'j—* c—-<1 j-jAiU jj i_J 1 . .* o_^>- 

d£ <j^-U jA jA ^jA tAj'V jA (j) ^j! jJ . Xl^U l jA c.Py*4 ^J- -- 1 Ll; 1 j ^*5" 4 d— 

lSJ^H ^-V lT^J-H ^ b ,XS‘ l ^O^ tXilj *U- J jjAi 

0*/ *r* jjbi . ,b ala V v j V cfU L V 


i (v - dx+v > dy) =jj (^ - ^) ^ *■■ 


JLil , _L-^ 


. xS. gA i i R >-Lj d£ l oL** a “ — 


<SoC*S 





f *A 


d it =v 

■-> i 

OX 


aS" <l^\ olfoT 4 (V xV =0) 

wjUmjl I j <(>(-*> >’) £^>£jsy>rj *y>-**y<>c^ * ' z ~*\ ji*-* j>)ji j* ^ <^Lr=i 

, *-v, 

dy 

*y* ^ jL> <* hiz*+* jJc u Sj jI j* 4j V jb^i 

* ^ £<6 

v = v, + t v y = / + J r, 

J (5x tty 

. c—l <J) il)L>1 j? V JUo jLiJ *£ 

PS. lS u ‘ <^*-' oli^- c^- ji K t j V, L V pjj o^ 

^ C—1 oT lS^wLI^ pS\j ij-i ■ (6 oijp) V f j -V y j\ -UJjLp jL^r*- y *y>* 
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jly^>^>c^d)=0( V *c =0/1 Ja^j cu =0(0)1 -A 

«cO jl^c, ^O^i^CjQ +0u, +0u x + ... + 0u (i =0(^ 







rt j.^ J oc l (l,0,0)+f 2 (l, 1,0) + c 3 (l, 1, 1) = (0,0,0) -? 


fc | + Cj + c 3 = 0, 
C 2 + C 3 = 0, 
c 3 =0, 


. L—I 6’, = C' 2 = = 0 Jy ol y? (j\ jb -*5 

a( 1,0, 0) + ft(l, 1, 0) + c (1, 1, \) +d (-1, 2, 3) = U J ^ 2 ,^)(c-iJl 


-V 


1 

0 

,0 


1 1 -1 

1 1 2 

0 1 3 



*2 1 ~ I 0 
0 


0 0 —3 x { — x 2 

1 0 -1 x 2 -i 3 

0 1 3 x 3 


JUo^y* oLU v c =x 3 t. b =x 2 -x^ 4 <3 = jc, ^b 4 d = Ou-jUcjl L ^1 y\± 

c (1,0,0)31 ^ v «*. j>. ^ Ij R : ' ^ j'v ^ 

-c-ijJd, l,l)j * (I, 1 , 0 ) 

bja^jj** j jj]oj (1, 0, 0) + b(\, 1, I) = (*,, x v 

x 2 =x^*Sb\/^i^^- 

*jL(u r u v u y )+Hv r u,, U,) = L(u, + u,, u 2 + u,, 0) 
ui l y. s J^ • L [(«!- W 2 , « ? ) + (u 1> U, u,)} = L(u, + V r u 2 + Uj, 0) 

L (cu v cu v cu y ) -L(cu r cu 2 , 0) -eL (« p u } ) 

. j £<*>- ker Ljyi obL> 

4 U, = u 2 j-> . L(u r u 2 ) = (w 2 , u v l ) = (v r l^)-L ji (oil! 

. c-l t5j! JLl* c~il& Ju*o ^ OLi; ^ c = I 4 u, = «j 

jjy^J Uj — 1 A>%JUP jJ W, 


ii,« 2 <>vl^ jJ <k5J ijC (o 
. XjjT^ JuJj lj k ^Lyai (o j (oil! 

1, 1) + A (1, 2, 3) + c(2, 2, 0) = (l t 0, 0) 4jl_S—. jl._*(o 


-A 




\ * 
\T 






(-^i* ^ 2 ^ ^ !-*jb^4_^ J*Li ^Lyai^ Ujb^ ->A 





t TV 


? - / 

l b = x 2 i a = x, aj 0 (1,0,0, - I) + fc (0,1,0, 1) + c(0,0, 1, 1) = (x ; , x 2 , x v x 4 ) 

• i j-£ ^ X 4 = -x, + x 2 + x^ c c = X 1 
. C w iU y JJ>** A> xy 4>%Ju0 4 jojLi Sa JjJLJ (*—I 

{(0, 0, 1), (0, 1, 0), (1,0, 0)} ap J^A * c—I^ Ail uSl (0, 0, 0)jl^i (>Ji 1 

• -■' *ji ^ ^d 

) ( 1,0, -3), (0, 1, Ail^i (1,-1, -1)>^( V 

, c «~*1 ajI ^- 5 sj 

vii ^ b Ji-V 

/0 1 0 2\ 

(x„ * 2 .* 3 ) 0 1 1 0 = (0, x, + x 2 + x 3 , x 2 - x 3 , 2xi + 4x 3 ). 

\0 1 -1 4/ 


K—fr y » - q . AjI (—2, 1 , 1 ) A— ...A ^ AjLj 

.C-l {(0, 1,0,2), (0, 0, 1,-2)} 

(2, l, 3)j fc (— 1, 2, 1 ) l (0, 0, jS> AiaijA— Jx^jj a 5^1 A>*jfl-p(«*Jl 

<* 

0(1, 1,0,0)+ 2(1,0, 1,0)-3(0, I, 1,0)+ 3(0, 1,0, I) = (2, 0,-1, 3)(^l 


, JLil^jiaal-4 ^-jIj (cj_j i (k_J i (i_J 

2 (_ 1 3(^1 

. —a j *► (-^ 

* 6 = arctan (pc 2 /x i )a 5 t (3tf/2) -20AjjljA> uljj^ (*_«Ji 

i tjL* A> (<—-J 

• ~' Vf 1 V <J*>- ^ j* *1 jj*+* ji jij-A* 

{(-1, 1,0, 0), (-1,0, 1,0), (-1,0,0, 1)} 

J (I, 0, 0. 0)1 (0, 0, I, 0)j (0, 1,0, 0) ji c-1 c_i_~ S*. 


-H 
-Y • 


-Y ^ 
-YY 


-Yf 


-Y ? 
-YV 
-Y ^ 

-r • 


-r\ 


-rr 

-r? 


■ ( 0 , 1 , 0 , 0 ) 





TY A 


UiJI 


LM (x,, x 2 , x,) = (x,, Xj, -x 3 ), (». 

ML (x,, x 2 , x-,) = (x,, Jtj, -2x, - 2^ - x 3 ); 

LA/ (x,, x^, x 3 ) = (x 2 , 0, x,), ( 

ML (Xj, x 2 , x,) = (2Xj + 2x, + 2x.„ x, + x v -2x, - 2x 2 - 2x.,); 

. uJu, -aj »nJ 


{(1,0,0, 1),(0, 1,0,-1),(0, o!0)} 


(Xj + x 2 , x 2 , x 3 ) 7 . 

. L ~— J CmJ k. J J 


-1. (1. -1) t ;A 2 = 3, (1, l) r ; 
0, (2, — l) 7 ; 2 3 = 3, (1,1) T 


9 1 Ig&a . f-1 x Jin 


—■ 1 — 11 2^—1 + i4 A| — 1 

-a, i, ofj (i, o, i) r ji 


J 5 - 1 ji l *i «jd u ^ OLiJ AjI 

.juwij \-r-\ 

j * 1 '* jl c j Lo r— «1 L \j o0—* Jii 


2, = -1, (6,2, — 7) r ; 2 2 = 1, (0,1, -1) T ; 2 3 = 4, (3,1, -l) 7 ; 

2 , = 0 , ( 1 , 1 , 1 ) T ; 2 2 = 1 , ( 1 , - 1 , 2 ) T ; 2 3 = 2 , ( 2 , 1 , 2) 7 

2, = -1,(0,1, — 1) T ; 2 2 = 3, (1, 0, 0) 7 ; 2 3 = 7, (0,1, l) 7 ; 

2, =2 2 = -2, (1,0, -1) T -» (1, -1,0) 7 ;2 3 = 4,(1,1, 1) t 

2i =1,(4, 3, -l) r ; 2 2 = -i, (l — i, 1, — l) T ; 2 3 = i, (1 + i, 1, -l) 7 ; 

2 1 = 2 J =0,(1,0,-l) 7 J (1, -1, 0) 7 ; 2 3 = 3, (1,1,l) 7 

2i = 2j = 1, (1, 3, 0) 7 -> (0, —2, 1) T ; 2 3 = 2, (2, 1, 2) 7 ; 

2, = 2 2 = —3, ( — 2, 1, 0) T j (3, 0, l) 7 ; 2 3 = 5, (1, 2, - 1) T ; 

2,=2 2 = -2,(1,0,2) 7 j (O, 1, 2) 7 ; 2 3 = 7, (2, 2, — l) 7 ; 

2j = 2 2 = 2 3 = 1, (1, 0,0) 7 ; 2j = 2 2 = 2 3 = 1, ( — 3,1,1) T 

2 , = 0 , ( 1 , 0 , 0 ) r ; 2 , * 1 , ( 0 , 1 , 0 ) 7 ; 2 3 = 2 , ( 1 , 0 , 1 ) T ; 

2, = -y/2, (1, 0, -1 - V2) 7 ; 2 2 = ^2, (1, 0, ^2 - l) 7 ; 2 3 = 2, (0, 1, 0) 7 ; 

= 1, (3, —1, 3) T ; 2, = 2 3 — 2, (2, 1, 0) 7 j (2, 0, l) 7 ; 

2, = 0, (3, -2, l) 7 ; 2, = (5 + „/5)/2, (2, 2,^5- l) 7 ; 2 3 = (5 - Jl)j2, 
(2,2, -v/5-1) 7 ; 

.. (Jj)ai <* 


( v 

(kill - 
(^ 

(Jjl - 

(_> 

t 

Cv_AJI - 


(*-211 

(^ 

(o 



tr<{ 




= -1, (1, o, 0, 0) T ; A 2 = 0, (2,1, 0, 0) T ; A, = 2, (1, 3, -3, 0) r ; 
A* = 4, (7, 10, -15, lO) 7 




2 ) ;dlaB ^ 3, _2 ) ; ( 'r l P ~^(^ ^;diag(4,2); <'-^ 1 

p = ^(J _l); dia ^(°' 2 > (o 


-1 1 


P= A= 


V6 

V3 

V2 

1 

-1 

1 


7s 

71 

2 

i 

0 

i 

71 

71 


-W 


/ 2 A -1\ 

/-F 0 -= 

V5 V5 

P = 0 1 0 ; diag (0, 2, 5) 

1 o A 

V /5 Tty 

Oj^o^A 1 - I8 A j + 99A-I62 = 0 -U 

.^^>J(A-3)(A-6)(A-9) = 0 


VV AmUt , 6-1 jiw 

^ JLU c^l ^ylS' -P 


/| = (-3 + yi3), (2, 1 + Vl3) T ; Aj = A ( _3 _ ^13), (2 , l - ^/l3) T 

4m Zm 

X = Ci ^ exp (0 + c 2 ^ exp (4Z); 

* = c,( |j exp (30 + CjQ'j exp (-30; 


-\£> 
(ua\ -\r 


x = cj 5 exp( —2/) + cJ 4 exp(-0 + cJ 1 j exp (2/) 
\ 7/ \ 2/ \-l/ 



CO I to 




fT 


x = (exp(f),0) r (._iJ1 -W 


x = 4 





- \ A 


COS t\ 


x = Cj| ^ exp (50 + c 2 (] )exp(-0; 


X = C, (l) exp( ^ + ° 2 (3) exp ( - ^ 


M -r\ 



x = c 


x = c, 


x = c, 


X = 


X = Ci 


exp (-20 + c 3 | 2 I exp (30 

1 


_exp (i) + c 2 ^_ jj'jJ exp (0 + ^® | exp (t) |; 

3\ /1\ \ (( 1\ /3\ . , 

^ cos / — ^ J sin t J + c 2 ^ cos t + ^ | sin t |; 

— 1 / ex ^ (2i) + c2 ((_i) <exp(2i) + (_°) ex P < 2J >|; 




o\ // o\ /r 

1 j exp (20 + c 2 ^ II t exp (20 + I 0 | exp (20 


+ c- 



exp (2/) 


M -YY 


Ml -YT 


M -YT 





tr\ 



(will -YP 


*f + *1 = c] + c| (^ 


_ /sinaA 

Cl \co8 at) 


+ C 2 


cos at 


-sin a// 


\ (will - 


TV 


AA • 9 -1 jiiy 


x, = 1.200, x 2 = -0.400, x, = 0.200; (wjill -T 

x, = 1.125, x 2 = -0.344, x, = 0.125; (w 
x,= 1.189.x, =-0.395, x, =0.198 (y 
j:, = -0.591,x, = -1.340,x, =4.500, x 4 = 3.477 -9 


x, =-1.500.x, =-3.625,x, =-2.875 
x, =Xj = x, = l.UO(w Sx, = 1.00, jc, = 1.09, jc 3 = 0.94(will 
x l =x 2 =x i ~ 1.000 tx, = -1496.000, x,= 2.000, x, = 0.000(^1 




-V 

-A 

-1 


x, = 0.880, x, = -2.35, x, =-2.66 -\* 

x, = 0.9998, x 2 = 1.9995, x, = -1.002 
(0,464, 0.733, 0.323 ) 7 (>-j ‘ 55.385(^1 T 

4 


/0.190 0.260 -0.107' 

{0.009 0.184 0.149 
\0.173 -0,110 0.144 



x =(2.556,1.722, —1.056) r <will -\T 
x = (1.453, -1.589, -0.275/ -\? 

(1.000, 0.691, 1.812 ) T (^ 1 7.004(i ill -\Q 

A,,=4,(l,0,0) r ; A, =2, (-1/2, 1, 0) r ; A, = -1, (1/15, -1/3, l) T (wiJl 


4.053, (1.000,0.053, -0.001 ) T 


3.491,(1.000, 0.936, 0.777) t -W 



A, = 8.387, (0.808, 0.772, l) r ; A, = 4.487, (0.217, l,-0.947) r ; 

A, = 2.126, (1,-0.567,-0.370/ 
. o~,l jlai- 19.29 

. Xi —a j T ViLr* cSW-iA* 

T — ?— \ *£ *jj£ jUa uU -.yi j y\ jl L jl y I j ‘jiJ jl4A* 

► <j 4 *JLi ob jL!Lj 

\H I = 1.65 x 10“ 7 


-\4 


-T • 

-^n 

-T6 

-T ? 


adj ^4 — 


adj -A = 


adj A 
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7 

!6\ 

-2 

7 

-2.|A| 

t- 

1 

TP 

1 

-4/ 

6 

21 

-9 -36' 

-1 

1 

6 -3 

10 

17 

-6 -51 

3 12 

4 

-4 

8 

-8 

-8\ 

2 

-4 

6 , \A\ = 

-6 

4 

-2/ 
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) ♦r aa&^ 4 V-1 j-i«j 

. ^jb^j ^UL^i IflT 

((cos j:, 0), (0, sin *)} 

(»—j «> & (twill — )Y 

(vJi ->r 


. W = 27 


GuUl -\T 



JU0 u 


-1 

1 

1 




-\b 



sJ t jli aIwJ 4j eJLal JUJj (JjL*<a3 — Y ^ 


{jc 3 ,x 2 ,x, 1}; (*—iJ! -TV 



trr 






nvt^. i-r^ 


F^,r 2 +/ + z^ =0; (^ 



F(2x - y 2 , z exp (->)) = 0; (cj F(2y - x 2 , z exp (-x)) = 0 


(will 

<_ 


-Y« 


F(x 2 + y 2 - x 2 , xy + z) = 0; 



*=/(?) exp (x 2 y)(^ 
z = y*t 3 + jc 2 } 1 +/(x)(o 



4 z=/(x)exp(->’ 2 )(wiJ' -U 
i z =-x cos (y/x ) +/(x ) (i_j 
z = x'/ 3 +/(2x + >■) (kij 


Z = Cc + >') 2 -YY 

Z=1 + ^/l-2(x -y) <v 4 FU-4>’-z 2 /2) = 0(wiJI -YYT 

F(^,jt 2 + y 2 + z 2 ) = 0(aJ! -YT 
22,+ }^ = Jt 4>’2 v -2=0(^j 4 2j y +Z v = 0(^i)l - Y 9 

x 1 z K +y 2 z y = xy(o 
z=f(xY)(<JA\ 


z=f(bx-ay) 
i z = /c;y(^iJ1 


-YY 

-Yr 


irv*«irf. r-r ^ 

* = 0 J*. J 6 yHr* 4 x> 0 ji J ^ J J hi -b 

^J V.' J Ax? tj\> 

. C—I tSj+ir* 

XX-i jla>(ij t (d i (u — YY 
4 (w> 4 (l_< 4 (>—ail -W 

. c—' js* 1 >' = 0 Ij-r = 0^1 iSj+ir* (o 




oUSLj 


irA*«^.r-T 


“(*. y) = 


3 sin x sinh (b — y) 
sinh b 


0.9721 (, 


‘ 0 (, 


‘ 0(i 


. , B, nn nn 

^ u.Q.y)-s,M 


‘ 3 (^1 -A 


-\y 


irv i*i*.r-r 


y(x, t ) = ^(sin (x + at) + sin (x — at)) = sin x cos at 


y(x, t) = - cos x sin cf 
a 


exp(icot ) = cos cot + i sin (Ot*S JLiS'(x, t) = 3 sin — x cos 2nat 

L L 


-^r 


(. oJUj 

2 L 3tcx . Srcal 

^' () = ^ sln T 91n T 


*r Jm* y t (X’ 0 ) = 0 J 


‘ «V' (x) - g = 0 ( j —^ 9 Cjij^ 0^7 iS j J—* J u • «^-* 

«. 4 g(x-L/ 2) 2 = 8 fl 2 > + gL 2 jlc— I >’ ( 0 ) = >' (L) = 0 

. c—l -gL 2 / 8 a 2 jl^^^j^jS’Ujdyyx - 0 |*jjbx = L 


-\T 


-W 


i-r jiiu 

.LToT jJ\ ./(x) = -/(-x).L?uT .J_Jl*j_i/(x) jJ’l 

/(x)g(x jL^J 45 4 /(x)£(x)= -/(-x)g(-x) jjI^L .g(x)=g(-x) 


i 2/3 (, 


t 4jr(i_ail 


, , _ 4 v sinh (2m ~ l)(b->')sin(2m - l)x , 

J • n m=l ( 2 m -l)sinh ( 2 m- l)b 

n 

* cos n k = ( - 1 ) *S J jl 



L?l Ji J 


fro 


u(x t y) = 2 


i 


(_ 1)»+1 ginh n (5 _ y) B j n nx 

n sinh (nb) 


-\T 


0.617 -IT 

I 1.2337 ^yalj jlJJu .ajt^c_-3<o 1.2087 Jjl^U^ 10 j1<v -16 
f(x)=f(x+l) = (x+\)-(x+ 1 f =-x 2 -x =/(-*) -W 


tv****.r-r j^u 

. C ^l JL»IhI 4 OjJ ^Lf Aj [— Ly L ] s jli jJ <p —T 

. C—-1 -^(.r) JLliU Oj^Aj/(x) t -TTCJt <0^!^ -T 

. Cwj -(-* ) = ^ (~x) XiZJjj^Ajf(x) i -7Z <X <0<j\ J> -? 


4 

n 


I 

n =* l 


. nnx 

sin- 

2 


n 


(v^JI 

a (t_j - ^ « 
» 


tc ^ n \ n 2 * 2 

n = 1 ' 


sin nnx; 


1 4 ^ i-ij 

- + -T > - 5 — COS rtTCX 

3 tc 2 Lu n 2 

a = 1 


(-1)' 


\ ( fiI ~ i) ■+ 4 ]T 


* = l 


(-l)"e 2 -l rtTix 

4 + n 2 7c 2 2 


2 4r cos 2/171* 

jc 7i 1 — 


2 4r 

- + - > 
jc jc 


H« i 

( —1)" cos 2n* 
1 “ 4n 2 


4 n* 


sin tcx; 


8 v -1 n sin 2nx 


-S 

JC 

** 1 


4n 2 — 1 ’ 


ji j* x = i i (^jji) ^ 2 + Tt 2 ^ 

*» 1 


cos (2n — l)?cx 
(2n - l) 2 


4 rn sin (2n — l)x 


-z 

n 

** 1 


2/i — 1 


(c-iJl -U 

(u -\r 

-\r 

(t-iJl -IT 
<i_iJl -1A 


-11 





JlJO jly X = 7T/2 t (waJI -Y« 

JUo jly x = 7T /4 <. \ *\ jC A>%^t j* (^ 

fjS <S *z~* 1oT ajr S^(will -Y ^ 


/(s) = 


1 — s, 0 < s < 1, 
s - 1, 1 < s < 2. 


jiJ *iJJ* \£t* u r^ li'j'* 5 


4 / 2\ . ns 4 ( 2 \ 3 ns 

- I 1-sin — + — 1 + — sin -— 

n\ n) 2 3ti ^ 3tt/ 2 

4 / 2 \ . 5ns 

+ — 1 - — sm — + * ‘ * • 

5 n V 5tt/ 2 


c^^<» aJ^ o^b x- 1 d>jS jty£A?r ^ 

4 x* l. ■ j^n aS JL. * . S aI^p-^a . Jla 1 j>- JLy & a f (s ) 

* JuiL * jin j£\ c n = 2 f(inK) j(n = 0 j) JuiL n t = 0 


2 1 

f(x) ~ ) •--- exp (i(2n - l)nx/2). 

I7T “ 2rt — 1 


2 1 
A*)-- y ? — T 

in ^ 2n - 1 


^y yj ^jy* * &\js ^ 1 j ^ -U* a^jj 


(2n - 1 )tt . . (2n — 1 )ti 

- -x + i sm ——- x 

2 2 


r$ji J* y*yr* J>j ^y^ ^ 


4ia^}L* Jl>- 


4^1 

/(x) — 2 o-T 

n a-j. 2n — 1 


1 . (2n — 1 )tt 

-sin---x, 

- 1 2 


. ijb dXoT 11. — o <i ( p- Y-t) 4j^u^* j! 4^ 4>wj L 4^ 

J c i) - I ol . JjjjlC*~OAi -1 <X < 1 c/(x) = 1 g\Z jl £jj Jjjjb: y <Sj 

■ C n = 0 V*^ jjL* fj\y 

^ ^ ^ ^ , . . njtx . mKx 

*S A*ryi J Jjjf* iX^^U^ljSin —j— sin • 


-YA 



tr y j Cr - ^ 

* m =* /I 45 jl jX* Cm 

•' j*-* s. u 

4/t v- sin (2n — 1)** 
n ” 2n — 1 

-r\ 

• 

)AAimk0.T-r JJq 

C-1 Jtl Jll/SI jUm jjUs (Ui\) cu* 

_i C U Jm* -0 

- f T COfl - a ^ da is valid for - ao < x < ao 
n 1+ a 2 

-U 

, k sin 2 (aa/2) 

* a) - fl ^*/21 2 

-NA 

T* 


2 aexp(-a 2 fct)*ina*da 

-Y 

U(X ' 0 'Jo a 2 + l 


«(x, 0 - - \ /(s) cos as cfs P° exp (~* 2 kt) cos ax da 

n J0 

-r 

2« fl r J , ..Naina* 

a(x r 0 * ^ Jo h exp ( a 2 *0j ^ da 

-V 

u(x, 0 * — f °° (1 - cos aL) exp (- a 2 kt) — — da 

7t a 

-* 

, 2 cos («7i/2) 

1 - a 2 

(^ili ->« 

0 - - Hy®) - 5 erf C®) '» "'(yffi)) 

-H 

• c— 1 ( W 0 ) 

= A//m 0 -\r 

. dy(a) 

= 1 2 

-w 


nt wu. i-tA 

► jl £ oUlJ sinh (A -B) = sinh A cosh B - cosh A sinh£.»U«;1 jl -T 





tta 


u(x, y, z) = Yj X Binh w "^ n ~ *) ain sin (”*> 


*■ t m = 1 


m * n 2 sinh (nw mm ) * D 

B 4(-ir*"ofc 

S,B n 2 mn sinh (cco«) 


- J* J 0 " f(s, t) sin (ns) sin (mt) ds dt J 0 ) mm = 


'n^+m 2 . 


. J LwS* r j! 


2 r co a sinh a(6-y) . 


sin ( ax)dx 


* - «' j> * J. ptr w * (ox)A 

c-iL LfJiJ j*l>- jo f exp ( - ax )sin 6x dx = ——— *1? <1)1 a > 0 


a~ + b 




2 p* sin (X7i sinh a(fr - 

~L :-?— . . , — sin ax da 


t „ v ^ sin sinn a {0 - 

V(x t y) = - -- 1 - ~ — 

nJ° 1 — a sinh (a6) 

, v 4rn cos 2nx sinh 2n(?r - y) 2 

*> - ; Inr^EWhisr + ? ■<* - « 

, ■ _ 2fl sinh (a(l - x)) co s(a>) 

^ ' ji (a 2 + a 2 i sinh 


(o 2 + a 2 ) sinh a 






<P,(x,y ) = -0 v (.r, >■)^l-n 


B__ = 


64o 2 fc : 


*M 6 


x 6 (2n - l) 3 (2m - 1) 


3» n = 1, 2, .. ., m = 1, 2,.. . 


u(x, y,t) = k sinN^J sin cos f-^ \/a 2 + b 2 t); 


f “ —- V° 2 + 6 2 sec 1 


“(*’ ^ 0 “ X £ j4 ™" sin sin (\“) 8in ( co v0 
= i6cV m ; Jo Jo * (r> 8in (T) 8in (*r) dx 


rr^^.r-r^ 






6 2 „_ ! = 4kLicn 2 (2n - l) 2 , n = 1, 2,... 





/ ^ ^ ( ■ ( nx \ ( CKt 
u(x, t) = —y \ sin I — I cos I --- 


— - 9in (3nxlL) cos (3 cnt/L) + 


, A V k / — n 2 (2n — l) 2 \ . (2/1-1)71 

“(*’ o - 2 - 62 "-' exp - 172 - 1 a,n — 71 r— * 


2 fi. ,, v . (2n - 1 )jt 


b i'-i = 7 JJ'/(*) sin 


fc, = 0.213 L 


s ds, n = 1, 2, 3,... 
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